3 Sturm-—Liouville theory

3.1 Orthogonal polynomials

3.1.1 Properties of linear vector space V = L?([a, b])

- {f(:z;) e L2(ja,1]) - /b Pa)dz < oo}
L*([a, b]) is the space of Square—integr;ble real-valued scalar func-
tions f(x) on the finite interval = € [a, b].
1. addition
Vf(z),g9(z) € L*([a,b]) :  3f(z) + g(x) € L*([a,b])
2. scalar multiplication
Vi(z) € L*([a,b]), A€ R:  3IAf(z) € L*([a, b))
3. null-vector
flz)=0 V€ la,?]

4. norm

Vf(z) € L(a,8) = (@)l = (/ f?@)dw) :

5. inner product
b
V(@) o) € llat): (1) = [ flaglonds

(@) (f; f)=lf@)]* >0
(b) (f,9) = (g, [)
(c) (f, Ag+ph) = X(f,9) +uplf,h)

6. dimension - infinite-dimensional

oo .

7. ortho-normal (orthogonal and normalized) basis {e;(x)}52;:

@) el =y = { 17



3.1.2 List of orthogonal polynomials
1. Legendre polynomials P,(x)

(1 —2by" =229/ +nn+1)y=0, —1<x<1

/ P,(z)Py(z)dr =0, n#m

1

2. Chebyshev polynomials T},(x)

(1—a®y" —xy +n*y=0, —1<2<1

! T (2)T () .
/1 N dr =0, n#m

3. Laguerre polynomials L, (z)

vy’ +(1—x)y +ny=0, >0

/OO e "Ly(z)Lp(x)dx =0, n#m
0

4. Hermite polynomials H,,(x)

y' —2xy +2ny =0, x €R

/OO e_QJQHn(x)Hm(x)dx =0, n#m

0,9)



3.1.3 Common properties of orthogonal polynomials

e Occur in second-order scalar ODEs with regular singular points

e Represent the only solutions of the ODE which remain contin-
uous at the regular singular points

e Can be enumerated according to the polynomial degree

e Represent an orthogonal and normalized basis in L*([a, b]),
subject to weighted orthogonality relations

e Satisfy the general recurrence relation
¢n—|—1 + (CLnCL' + bn)@% + Cn¢n—1 — 07 n >0

starting with ¢_1(z) = 0 and ¢g(z) = 1, where coefficients
(an, by, ¢,,) are found from orthogonality relations

e Can be generated algorithmically from a generating function

Example: Legendre polynomials P,(x)

e First members of the family:
1 1
Ph=1, P =2z, P = 5(3332 —1), Py= 53:(5;1:2 —3)

e Normalization relations:

1
2
P,(1) =1, / P(z)dx = , n>0
-1 1+ 2n

e Recurrence relation:

(n+1)P,1(x) — 2n+ DxP,(x) +nP, 1(x) =0, n>0

e Generating function:

0

1

(1—2zh+ h2)2 ZO W E(@)




