2.2. General first-order and second-order differential equations

2.2.1. Important theorem on a system of ODEs

Consider the system of linear homogeneous equations with variable
coeflicients:

;l_?; :A(x)Ya l=u,

where y € R", A: R" — R" and y(0) = yy.

Theorem: Let {yi(z),ya2(x),...,yn(x)} be a set of n linearly
independent solutions of the system for > 0. Then,

1. The matrix of fundamental solutions

S(CB) - [y1<£l?), YQ(x)v A yn(x)]
is non-singular for z > 0

2. The Wronskian determinant W (z) = det(S(x)) satisfies the
first-order equation:
dW (z)
dz

= tr(A)(z)W(z)
3. The general solution of the system is

y(x) = ayi(z) + cya(z) + ... + cayn(),
where (cq, Co, ..., ¢,) are constants in x

4. The vector of constants ¢ = (cy, ¢a, ..., ¢,) ! is uniquely defined
from y(0) = yo as ¢ = S~10)yy.

Example:

Al) = (4/0952 —11/55)



2.2.2. Important theorem on a scalar ODE

Consider a scalar linear homogeneous n-th order equation with
variable coefficients:

dny dn—ly dy
g + an_l(x)d:v”—l + ...+ al(az)@ + ag(x)y =0,
where y = y(x) such that
y(O) =yo. YO =yp . y"I0) =y

Theorem: Let {yi(x), y2(x), ..., yn(x)} be a set of n linearly in-
dependent solutions of the scalar equation for £ > 0. Then,

1. The Wronskian matrix is non-singular for x > 0:

Y1 Y2 o Un
/ / /
sw=| T T 7"
—1 —1 —1

2. The Wronskian determinant W (z) = det(S(z)) satisfies the
first-order equation:

dW (x)
dx

3. The general solution of the scalar equation is

= —a,_1(x)W(x)

y(z) = cyi(z) + coyolx) + ... + cpyn(x),
where (c1, ¢s, ..., ;) are constants in x
Tis uniquely defined
from the vector of initial values y(0) = (yo, ¥j, ---, y(()n_1>)T as
c = S71(0)yo.

Example:

4. The vector of constants ¢ = (¢y, ¢a, ..., C)

o2y +xy — 4y =0

y'+3y +2y =0



2.2.3. Recipe # 7: Solution of a scalar n-order ODE with constant coefficients

Consider a scalar linear homogeneous n-th order equation with
constant coefficients:

dny dn—ly dy
N I —0,
T +a 1d$”_1 + ...+ aldﬂ? + apy
where y = y(x) such that
y(0) =y, YO =pp - y" O =g

1. Look for particular solutions by separating the variables:
y(z) = e D(A) =0
2. Find all roots of the characteristic equation D(\) = 0:
A=A, A=X, ... A=\,

3. If all roots are distinct, construct a general solution by the
Linear Superposition Principle:

y(x) = c1eM” 4 e’ + .+ et
4. Find the unique solution from the initial values:
cCi+cC+...+¢c, = Y
Acy+ Xy + ...+ e, = y6

Mo+ A e+ N, = yén_l)

or in the vector form: ¢ = V~lyy, where V is the Vander-
monde determinant of (A1, Ag, ..., Ay).

Example:
y//_pr — 0
y' +wiy = 0
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2.2.4. General solution of an inhomogeneous first-order ODE

Consider the linear inhomogeneous first-order equation:

- tp@ly=qlz),  y0)=uw,
where p(z) and g(z) are given smooth functions of x > 0

1. When g(z) = 0, the solution is found by method of separation

y(x) = yoexp (— /Oxp(s)ds> .

2. When ¢(x) # 0, the solution is found by method of variation
of constants:
y(x) = ypexp (—/ p(s)ds)
0

. ( /qu@) . ( /Osp(s')ds’) ds) e (_ /Oxp(S)dS>.

3. General solution of the inhomogeneous problem is

of variables:

y(@) = yel) + yp(),

where y.(x) is a general solution of the homogeneous prob-
lem and y,(z) is a particular solution of the inhomogeneous
problem

Example:
vy +(1+zy=e",  y(l)=3.

Note that = 0 is a singular point of the ODE.



2.2.5. General solution of an inhomogeneous second-order ODE

Consider the linear inhomogeneous second-order equation:

d*y dy
T3 @)@y =r(z),  y(0) =y, y'(0) = yo,

where p(x), q(z) and r(x) are given smooth functions of = > 0

1. When r(z) = 0, the general solution is uniquely defined by
two fundamental solutions y(x) and yo(z):

y(r) = ciyi(z) + coya(w),
such that

W(x)—(zi zZ)#O, x>0

2. When r(x) = 0 and one fundamental solution y;(x) is found,
then the other other solution ys(x) is found from:

T W(s)ds
0 Yils)

W)= o (~ [ pls)as)

3. When r(z) # 0, the particular solution of the inhomogeneous

ya(x) =y ()

where

problem:

[T r(s) (m(s)ya(z) — yi(x)ya(s)) ds
i) = /0 W{(s)

and the general solution is

y(r) = cryi(w) + caya() + yp(),

where ¢; and ¢, are constants.

Example:

' —2y=x,  y()=1,9(1)=-1
Note that = 0 is a singular point of the ODE.



2.2.6. Recipe # 8: Solution of a Euler ODE

Consider a scalar linear homogeneous Euler equation:

dn n—1

d d
g + an_lx”_ldxn_?{ + ...+ alxﬁ + agy = 0,

where y = y(z)

xn

1. Look for particular solutions by separating the variables:
y(x) =2 : D(o)=0
2. Find all roots of the characteristic equation D(o) = 0:

O=01, O0=09, .. O0=0y

3. If all roots are distinct, construct a general solution by the
Linear Superposition Principle:

y(x) = 127" + 0™ + ... + ™

Example:

2y’ —2y = 0

a:Qy”—l—xy’—nQy — 0



