2. Ordinary differential equations

2.1. Linear equations with constant coefficients

2.1.1. Recipe # 4: Solution of homogeneous systems of differential equations

Consider the homogeneous system:

dy
A
dt Y7

where y € R", A is constant n-by-n matrix, and y(0) = yy.
1. Look for particular solutions by separating the variables:
y(t) = eMx : Ax = Ix
2. Find all eigenvalues and eigenvectors of A:
Au;=Au;, 7=1,2..n

3. If eigenvectors {uy, uy, ..., u, } are linearly independent (form
a basis in R"™), then construct a general solution by the Linear
Superposition Principle:

)\ntun

y(t) = creMuy + cpe™uy + ...+ e
4. Find the unique solution from the initial value:
Y(O) = ujic] + u2ce + ... + uyc, = Yo,

which is an inhomogeneous linear system.

Example:
dy
— = 21+ 2
dt Y1 Y2
d
E dY1 — Y2

dt



2.1.2. Recipe # 5: Diagonalization of homogeneous systems of ODEs
Consider the homogeneous system:

dy
A
o y,

where y € R", A is constant n-by-n matrix, and y(0) = yy.
1. Find the basis eigenvectors of A:
Au; = \Nu;, j7=1,2,...,n
such that S = [uy, uy, ..., u,] is non-singular, e.g. det(S) # 0

2. Apply the similarity transformation:
dz

y(t) = Sz(t) : i Dz,

where D is a diagonal matrix of eigenvalues Ay, Ao, ..., A,

3. Solve the uncoupled first-order ODEs:
dz.
ﬁ = )\jZ,

dt
such that z;(t) = c;e!

4. Construct a general solution by using the similarity transfor-
mation:

)\ntun

Y(t) = SZ(t) = clehtul + 626)\275112 + ... +cpe
5. Find the unique solution from the initial value:
y(0) = wjc; + ugcs + ... + uw,¢, = Sc =y,

such that ¢ = S~ 1y,.

Example:
dy
— = 2y; +2
dy2 _ By —

Coordinates { z1(t), zo(t), ..., z,(t) } in basis {uy, us, ..., u,, } are called
normal coordinates.



2.1.3. Recipe # 6: Solution of systems of second-order equations

Consider the second-order homogeneous system:

d*y
M—+ Ay =0

with the initial values:
Y<O) = Yo, y,(o) = Po,
where y € R", A is constant n-by-n matrix, M is a constant
n-by-n diagonal matrix with positive coefficients.
1. Look for particular solutions by separating the variables:

y(t) = cos(wt + 0)x : Ax = w*Mx

2. Find all eigenvalues and eigenvectors of the generalized eigen-
value problem:

Au]':)\jMU_j, ] = 1,2,...,7]

where )\j = wJQ.

3. If eigenvectors {uy, uy, ...,u,} form a basis in R", then con-
struct a general solution by the Linear Superposition Principle:

y(t) = 1 cos(wit+01)ug+co cos(wat+d2 ) us+...4-¢,, cos(w,t+0d, ) uy,
4. Find the unique solution from the initial values:

y(0) = ujcy cos 01 + ugcy cos 0g + ... + Uy,c, €OS 0, = Yo,

y’(()) = —U w1 SN 01 —UowsCs SIN d9—...— U, W, Cp, SIN 0, = Po-
Example:
A’y
m— +kyr +k(y1 —y2) = 0
d*y
M-y k(y2 —y1) +kya = 0

Figenvalues {wy, ws, ...,w, } are normal frequencies of oscillations
Eigenvectors {uy, uy, ..., u,} are normal modes of oscillations



