
Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 1 of 42

Go Back

Full Screen

Close

Quit

Numerical Modelling of
Waveguide Interface

Clayton G. Webster
Department of Mathematics and Statistics

McMaster University

August 11, 2003

Supervisors:
Dimitry Pelinovsky, Walter Craig



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 2 of 42

Go Back

Full Screen

Close

Quit

Outline of Presentation



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 2 of 42

Go Back

Full Screen

Close

Quit

Outline of Presentation

1. Formalism of Electrodynamics



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 2 of 42

Go Back

Full Screen

Close

Quit

Outline of Presentation

1. Formalism of Electrodynamics

Numerical Algorithms:



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 2 of 42

Go Back

Full Screen

Close

Quit

Outline of Presentation

1. Formalism of Electrodynamics

Numerical Algorithms:

2. Periodic Boundary Conditions



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 2 of 42

Go Back

Full Screen

Close

Quit

Outline of Presentation

1. Formalism of Electrodynamics

Numerical Algorithms:

2. Periodic Boundary Conditions

3. Absorbing Layers



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 2 of 42

Go Back

Full Screen

Close

Quit

Outline of Presentation

1. Formalism of Electrodynamics

Numerical Algorithms:

2. Periodic Boundary Conditions

3. Absorbing Layers

4. Summary



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 3 of 42

Go Back

Full Screen

Close

Quit

Collaborators

http://dmpeli.math.mcmaster.ca/
http://www.math.mcmaster.ca/craig/index.html
http://photonsrvr.mcmaster.ca/huang/home.htm
http://www.apollophoton.com/


Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 3 of 42

Go Back

Full Screen

Close

Quit

Collaborators

• Prof. Dimitry Pelinovsky,
Department of Mathematics, McMaster University
dmpeli.math.mcmaster.ca

http://dmpeli.math.mcmaster.ca/
http://www.math.mcmaster.ca/craig/index.html
http://photonsrvr.mcmaster.ca/huang/home.htm
http://www.apollophoton.com/


Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 3 of 42

Go Back

Full Screen

Close

Quit

Collaborators

• Prof. Dimitry Pelinovsky,
Department of Mathematics, McMaster University
dmpeli.math.mcmaster.ca

• Prof. Walter Craig,
Department of Mathematics, McMaster University
math.mcmaster.ca/craig/index.html

http://dmpeli.math.mcmaster.ca/
http://www.math.mcmaster.ca/craig/index.html
http://photonsrvr.mcmaster.ca/huang/home.htm
http://www.apollophoton.com/


Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 3 of 42

Go Back

Full Screen

Close

Quit

Collaborators

• Prof. Dimitry Pelinovsky,
Department of Mathematics, McMaster University
dmpeli.math.mcmaster.ca

• Prof. Walter Craig,
Department of Mathematics, McMaster University
math.mcmaster.ca/craig/index.html

http://dmpeli.math.mcmaster.ca/
http://www.math.mcmaster.ca/craig/index.html
http://photonsrvr.mcmaster.ca/huang/home.htm
http://www.apollophoton.com/


Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 3 of 42

Go Back

Full Screen

Close

Quit

Collaborators

• Prof. Dimitry Pelinovsky,
Department of Mathematics, McMaster University
dmpeli.math.mcmaster.ca

• Prof. Walter Craig,
Department of Mathematics, McMaster University
math.mcmaster.ca/craig/index.html

• Prof. Wei-Ping Huang,
Department Electrical and Computer Engineering, McMaster Uni-
versity
photonsrvr.mcmaster.ca/huang/home.htm

http://dmpeli.math.mcmaster.ca/
http://www.math.mcmaster.ca/craig/index.html
http://photonsrvr.mcmaster.ca/huang/home.htm
http://www.apollophoton.com/


Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 3 of 42

Go Back

Full Screen

Close

Quit

Collaborators

• Prof. Dimitry Pelinovsky,
Department of Mathematics, McMaster University
dmpeli.math.mcmaster.ca

• Prof. Walter Craig,
Department of Mathematics, McMaster University
math.mcmaster.ca/craig/index.html

• Prof. Wei-Ping Huang,
Department Electrical and Computer Engineering, McMaster Uni-
versity
photonsrvr.mcmaster.ca/huang/home.htm

• Dr. Chenglin Xu,
Apollo Photonics, Inc., Hamilton, Ontario
www.apollophoton.com

http://dmpeli.math.mcmaster.ca/
http://www.math.mcmaster.ca/craig/index.html
http://photonsrvr.mcmaster.ca/huang/home.htm
http://www.apollophoton.com/


Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 4 of 42

Go Back

Full Screen

Close

Quit

The Research Objectives



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 4 of 42

Go Back

Full Screen

Close

Quit

The Research Objectives

• To develop a computational algorithm for solving the stationary
Maxwell equation at the interface between two planar waveguides
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• To develop a computational algorithm for solving the stationary
Maxwell equation at the interface between two planar waveguides
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The Research Objectives

• To develop a computational algorithm for solving the stationary
Maxwell equation at the interface between two planar waveguides

• Extent the computational algorithm to absorb outgoing waves
from mirror-reflected waveguides
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1. Formalism of Electrodynamics

Stationary Maxwell equation
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1. Formalism of Electrodynamics

Stationary Maxwell equation

∇×∇× Eω(x, ω)− n2(x, ω)
ω2

c2
Eω(x, ω) = 0
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1. Formalism of Electrodynamics

Stationary Maxwell equation

∇×∇× Eω(x, ω)− n2(x, ω)
ω2

c2
Eω(x, ω) = 0

• Eω(x, ω) is theFourier Transform of E(x, t)
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1. Formalism of Electrodynamics

Stationary Maxwell equation

∇×∇× Eω(x, ω)− n2(x, ω)
ω2

c2
Eω(x, ω) = 0

• Eω(x, ω) is theFourier Transform of E(x, t)

• E(x, t) is the electric field vector
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1. Formalism of Electrodynamics

Stationary Maxwell equation

∇×∇× Eω(x, ω)− n2(x, ω)
ω2

c2
Eω(x, ω) = 0

• Eω(x, ω) is theFourier Transform of E(x, t)

• E(x, t) is the electric field vector

• Eω = (Eω,x, Eω,y, Eω,z), x = (x, y, z)
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1. Formalism of Electrodynamics

Stationary Maxwell equation

∇×∇× Eω(x, ω)− n2(x, ω)
ω2

c2
Eω(x, ω) = 0

• Eω(x, ω) is theFourier Transform of E(x, t)

• E(x, t) is the electric field vector

• Eω = (Eω,x, Eω,y, Eω,z), x = (x, y, z)

• n2(x, ω) is the frequency-dependent dielectric constant
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1. Formalism of Electrodynamics

Stationary Maxwell equation

∇×∇× Eω(x, ω)− n2(x, ω)
ω2

c2
Eω(x, ω) = 0

• Eω(x, ω) is theFourier Transform of E(x, t)

• E(x, t) is the electric field vector

• Eω = (Eω,x, Eω,y, Eω,z), x = (x, y, z)

• n2(x, ω) is the frequency-dependent dielectric constant

• c is the speed of light in vacuum
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Geometric Configuration
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Geometric Configuration

• 2D waveguide problem that is y-independent
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Geometric Configuration

• 2D waveguide problem that is y-independent

• ω = ω0 (a single frequency)
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Geometric Configuration

• 2D waveguide problem that is y-independent

• ω = ω0 (a single frequency)

D− = {(x, z) ∈ R2 : z ≤ 0} D+ = {(x, z) ∈ R2 : z ≥ 0}.
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0

• Ψ(x, z) = Eω,y(x, ω0), Ψ : R2 → C



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 7 of 42

Go Back

Full Screen

Close

Quit

TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0

• Ψ(x, z) = Eω,y(x, ω0), Ψ : R2 → C

• q(x, z) = n2(x, z)
ω2

0

c2
(quantum potential function)
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0

• Ψ(x, z) = Eω,y(x, ω0), Ψ : R2 → C

• q(x, z) = n2(x, z)
ω2

0

c2
(quantum potential function)

The PDE Problem:
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0

• Ψ(x, z) = Eω,y(x, ω0), Ψ : R2 → C

• q(x, z) = n2(x, z)
ω2

0

c2
(quantum potential function)

The PDE Problem:

q(x, z) =

{
q+(x), for z ≥ 0

q−(x), for z ≤ 0
Ψ(x, z) =

{
Ψ+(x, z), for (x, z) ∈ D+

Ψ−(x, z), for (x, z) ∈ D−

lim|x|→∞ q±(x) = q±∞ > 0
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0

• Ψ(x, z) = Eω,y(x, ω0), Ψ : R2 → C

• q(x, z) = n2(x, z)
ω2

0

c2
(quantum potential function)

The PDE Problem:

q(x, z) =

{
q+(x), for z ≥ 0

q−(x), for z ≤ 0
Ψ(x, z) =

{
Ψ+(x, z), for (x, z) ∈ D+

Ψ−(x, z), for (x, z) ∈ D−

lim|x|→∞ q±(x) = q±∞ > 0

⇓
∇2Ψ+(x, z) + q+(x)Ψ+(x, z) = 0, (x, z) ∈ D+

∇2Ψ−(x, z) + q−(x)Ψ−(x, z) = 0, (x, z) ∈ D−
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TE Case: Eω(x, ω0) = (0, Eω,y, 0), x = (x, z)

⇓
Stationary Schrodinger equation

∇2Ψ(x, z) + q(x, z)Ψ(x, z) = 0

• Ψ(x, z) = Eω,y(x, ω0), Ψ : R2 → C

• q(x, z) = n2(x, z)
ω2

0

c2
(quantum potential function)

The PDE Problem:

q(x, z) =

{
q+(x), for z ≥ 0

q−(x), for z ≤ 0
Ψ(x, z) =

{
Ψ+(x, z), for (x, z) ∈ D+

Ψ−(x, z), for (x, z) ∈ D−

lim|x|→∞ q±(x) = q±∞ > 0

⇓
∇2Ψ+(x, z) + q+(x)Ψ+(x, z) = 0, (x, z) ∈ D+

∇2Ψ−(x, z) + q−(x)Ψ−(x, z) = 0, (x, z) ∈ D−

BC’s: Ψ−, Ψ+ → 0 as |x| → ∞

MC’s: Ψ−(x, 0) = Ψ+(x, 0), ∂Ψ−

∂z
(x, 0) = ∂Ψ+

∂z
(x, 0)
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Separation of Variables: Ψp(x, z) = Φ(x)θ(z)
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Separation of Variables: Ψp(x, z) = Φ(x)θ(z)

d2

dz2
θ(z) + λθ(z) = 0

d2

dx2
Φ(x) + q(x)Φ(x) = λΦ(x) (?)
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Separation of Variables: Ψp(x, z) = Φ(x)θ(z)

d2

dz2
θ(z) + λθ(z) = 0

d2

dx2
Φ(x) + q(x)Φ(x) = λΦ(x) (?)

• λ is a constant parameter.
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Separation of Variables: Ψp(x, z) = Φ(x)θ(z)

d2

dz2
θ(z) + λθ(z) = 0

d2

dx2
Φ(x) + q(x)Φ(x) = λΦ(x) (?)

• λ is a constant parameter.

(?) ⇒ 1D spectral problem for the Schrodinger operator
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Separation of Variables: Ψp(x, z) = Φ(x)θ(z)

d2

dz2
θ(z) + λθ(z) = 0

d2

dx2
Φ(x) + q(x)Φ(x) = λΦ(x) (?)

• λ is a constant parameter.

(?) ⇒ 1D spectral problem for the Schrodinger operator

L =
d2

dx2
+ q(x)
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Separation of Variables: Ψp(x, z) = Φ(x)θ(z)

d2

dz2
θ(z) + λθ(z) = 0

d2

dx2
Φ(x) + q(x)Φ(x) = λΦ(x) (?)

• λ is a constant parameter.

(?) ⇒ 1D spectral problem for the Schrodinger operator

L =
d2

dx2
+ q(x)

⇓
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General Solution

Ψ(x, z) =
∑
sp(L)

cλΦλ(x)e−iβz +
∑
sp(L)

dλΦλ(x)eiβz
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General Solution

Ψ(x, z) =
∑
sp(L)

cλΦλ(x)e−iβz +
∑
sp(L)

dλΦλ(x)eiβz

• Φλ(x) are eigenfunctions

• β ≡
√

λ =

{
βR, if λ = {λj}N

j=1 or 0 ≤ λ ≤ q∞
iβI , if λ < 0
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General Solution

Ψ(x, z) =
∑
sp(L)

cλΦλ(x)e−iβz +
∑
sp(L)

dλΦλ(x)eiβz

• Φλ(x) are eigenfunctions

• β ≡
√

λ =

{
βR, if λ = {λj}N

j=1 or 0 ≤ λ ≤ q∞
iβI , if λ < 0

• cλ represent the reflected wave coefficients

• dλ represent the incident and transmitted wave coefficients
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General Solution

Ψ(x, z) =
∑
sp(L)

cλΦλ(x)e−iβz +
∑
sp(L)

dλΦλ(x)eiβz

• Φλ(x) are eigenfunctions

• β ≡
√

λ =

{
βR, if λ = {λj}N

j=1 or 0 ≤ λ ≤ q∞
iβI , if λ < 0

• cλ represent the reflected wave coefficients

• dλ represent the incident and transmitted wave coefficients

Left of the Interface:
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General Solution

Ψ(x, z) =
∑
sp(L)

cλΦλ(x)e−iβz +
∑
sp(L)

dλΦλ(x)eiβz

• Φλ(x) are eigenfunctions

• β ≡
√

λ =

{
βR, if λ = {λj}N

j=1 or 0 ≤ λ ≤ q∞
iβI , if λ < 0

• cλ represent the reflected wave coefficients

• dλ represent the incident and transmitted wave coefficients

Left of the Interface:

Ψ−(x, z) =
N−∑
j=1

c−j Φ−
j (x)e−iβ−j z +

∫ 0

−∞
c−(λ)Φ−(x, λ)eβ−I (λ)zdλ +

+

∫ q−∞

0

c−(λ)Φ−(x, λ)e−iβ−R (λ)zdλ +
N−∑
j=1

d−j Φ−
j (x)eiβ−j z



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 10 of 42

Go Back

Full Screen

Close

Quit

Energy Balance



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 10 of 42

Go Back

Full Screen

Close

Quit

Energy Balance

∇ · S0 = 0
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Energy Balance

∇ · S0 = 0

• S0 is the time averaging Poynting vector
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Energy Balance

∇ · S0 = 0

• S0 is the time averaging Poynting vector

TE Case: S0 = (S0,x, 0, S0,z)
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Energy Balance

∇ · S0 = 0

• S0 is the time averaging Poynting vector

TE Case: S0 = (S0,x, 0, S0,z)

S0,z ∼ iΨ
∂Ψ

∂z
− i

∂Ψ

∂z
Ψ
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Energy Balance

∇ · S0 = 0

• S0 is the time averaging Poynting vector

TE Case: S0 = (S0,x, 0, S0,z)

S0,z ∼ iΨ
∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

Conservation of Energy across the interface:



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 10 of 42

Go Back

Full Screen

Close

Quit

Energy Balance

∇ · S0 = 0

• S0 is the time averaging Poynting vector

TE Case: S0 = (S0,x, 0, S0,z)

S0,z ∼ iΨ
∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

Conservation of Energy across the interface:

∂

∂x
(S0,x) +

∂

∂z
(S0,z) = 0
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Energy Balance

∇ · S0 = 0

• S0 is the time averaging Poynting vector

TE Case: S0 = (S0,x, 0, S0,z)

S0,z ∼ iΨ
∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

Conservation of Energy across the interface:

∂

∂x
(S0,x) +

∂

∂z
(S0,z) = 0∫ ∞

−∞
(S0,z) dx = C
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2. Periodic Boundary Conditions
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2. Periodic Boundary Conditions

The Propagation Problem
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2. Periodic Boundary Conditions

The Propagation Problem

[
d2

dx2
+ q(x)

]
Φ(x) = λΦ(x), x ∈ R

Φ(−M) = Φ(M), Φ′(−M) = Φ′(M)

q(x) =

{
q∞, for |x| ≥ ρ

q0, for |x| < ρ
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2. Periodic Boundary Conditions

The Propagation Problem

[
d2

dx2
+ q(x)

]
Φ(x) = λΦ(x), x ∈ R

Φ(−M) = Φ(M), Φ′(−M) = Φ′(M)

q(x) =

{
q∞, for |x| ≥ ρ

q0, for |x| < ρ

• ρ is the width of the waveguide
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2. Periodic Boundary Conditions

The Propagation Problem

[
d2

dx2
+ q(x)

]
Φ(x) = λΦ(x), x ∈ R

Φ(−M) = Φ(M), Φ′(−M) = Φ′(M)

q(x) =

{
q∞, for |x| ≥ ρ

q0, for |x| < ρ

• ρ is the width of the waveguide

• −M ≤ x ≤ M
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2. Periodic Boundary Conditions

The Propagation Problem

[
d2

dx2
+ q(x)

]
Φ(x) = λΦ(x), x ∈ R

Φ(−M) = Φ(M), Φ′(−M) = Φ′(M)

q(x) =

{
q∞, for |x| ≥ ρ

q0, for |x| < ρ

• ρ is the width of the waveguide

• −M ≤ x ≤ M

• q = q±(x) and Φ = Φ±(x)
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2. Periodic Boundary Conditions

The Propagation Problem

[
d2

dx2
+ q(x)

]
Φ(x) = λΦ(x), x ∈ R

Φ(−M) = Φ(M), Φ′(−M) = Φ′(M)

q(x) =

{
q∞, for |x| ≥ ρ

q0, for |x| < ρ

• ρ is the width of the waveguide

• −M ≤ x ≤ M

• q = q±(x) and Φ = Φ±(x)
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The Finite-Difference Frequency-Domain Method
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)

• Apply Central Differences for the second derivative at each
mesh point:
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)

• Apply Central Differences for the second derivative at each
mesh point:

Φn+1 + Φn−1 − 2Φn

h2
+ qnΦn = λΦn, n = 1, 2, ..., 2N
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)

• Apply Central Differences for the second derivative at each
mesh point:

Φn+1 + Φn−1 − 2Φn

h2
+ qnΦn = λΦn, n = 1, 2, ..., 2N

• Φn denotes a numerical approximation for Φ(xn)

• qn = q(xn)
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)

• Apply Central Differences for the second derivative at each
mesh point:

Φn+1 + Φn−1 − 2Φn

h2
+ qnΦn = λΦn, n = 1, 2, ..., 2N

• Φn denotes a numerical approximation for Φ(xn)

• qn = q(xn)

AΦ = λh2Φ
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)

• Apply Central Differences for the second derivative at each
mesh point:

Φn+1 + Φn−1 − 2Φn

h2
+ qnΦn = λΦn, n = 1, 2, ..., 2N

• Φn denotes a numerical approximation for Φ(xn)

• qn = q(xn)

AΦ = λh2Φ

A =



Q1 1 0 . . . 1
1 Q2 1 0 . . . 0
0 1 Q3 1 0 . . . 0
...

. . .
...

0 . . . 1 Q2N−1 1
1 0 . . . 0 1 Q2N

 ,Φ =


Φ1

Φ2
...

Φ2N
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The Finite-Difference Frequency-Domain Method

• Divide [−M, M ] into 2N equal parts of width h = M
N

• Set x0 = −M and x2N = M as the boundary mesh points

• Set the interior mesh points: xn = −M + nh for n=1,2,...,(2N-1)

• Apply Central Differences for the second derivative at each
mesh point:

Φn+1 + Φn−1 − 2Φn

h2
+ qnΦn = λΦn, n = 1, 2, ..., 2N

• Φn denotes a numerical approximation for Φ(xn)

• qn = q(xn)

AΦ = λh2Φ

A =



Q1 1 0 . . . 1
1 Q2 1 0 . . . 0
0 1 Q3 1 0 . . . 0
...

. . .
...

0 . . . 1 Q2N−1 1
1 0 . . . 0 1 Q2N

 ,Φ =


Φ1

Φ2
...

Φ2N


• Qn = h2qn − 2, n = 1, 2, ..., 2N
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Linear Systems for Two Waveguides
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Linear Systems for Two Waveguides

Left of the Interface: A−Φ−
j = λ−j h2Φ−

j
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Linear Systems for Two Waveguides

Left of the Interface: A−Φ−
j = λ−j h2Φ−

j

Right of the Interface: A+Φ+
j = λ+

j h2Φ+
j
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Linear Systems for Two Waveguides

Left of the Interface: A−Φ−
j = λ−j h2Φ−

j

Right of the Interface: A+Φ+
j = λ+

j h2Φ+
j

• eigenvalues λ±j are real
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Linear Systems for Two Waveguides

Left of the Interface: A−Φ−
j = λ−j h2Φ−

j

Right of the Interface: A+Φ+
j = λ+

j h2Φ+
j

• eigenvalues λ±j are real

• eigenvectors Φ±
j are orthogonal in R2N
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Linear Systems for Two Waveguides

Left of the Interface: A−Φ−
j = λ−j h2Φ−

j

Right of the Interface: A+Φ+
j = λ+

j h2Φ+
j

• eigenvalues λ±j are real

• eigenvectors Φ±
j are orthogonal in R2N

⇓
D− = Q−1

− A−Q− = QT
−A−Q− = diag{λ−1 , λ−2 , ..., λ−2N}

D+ = Q−1
+ A+Q+ = QT

+A+Q+ = diag{λ+
1 , λ+

2 , ..., λ+
2N}
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Linear Systems for Two Waveguides

Left of the Interface: A−Φ−
j = λ−j h2Φ−

j

Right of the Interface: A+Φ+
j = λ+

j h2Φ+
j

• eigenvalues λ±j are real

• eigenvectors Φ±
j are orthogonal in R2N

⇓
D− = Q−1

− A−Q− = QT
−A−Q− = diag{λ−1 , λ−2 , ..., λ−2N}

D+ = Q−1
+ A+Q+ = QT

+A+Q+ = diag{λ+
1 , λ+

2 , ..., λ+
2N}

• Q± is 2N x 2N matrix whose jth column is Φ±
j respectively
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Spectral Decomposition Formulas
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Spectral Decomposition Formulas

Left of the Interface: z < 0
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j

• aj and cj are the discretized reflected and incident wave coefficients
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j

• aj and cj are the discretized reflected and incident wave coefficients

Right of the Interface: z > 0
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j

• aj and cj are the discretized reflected and incident wave coefficients

Right of the Interface: z > 0

Ψ+ =
2N∑
j=1

bjΦ
+
j e+iβ+

j z, β+
j =

√
λ+

j
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j

• aj and cj are the discretized reflected and incident wave coefficients

Right of the Interface: z > 0

Ψ+ =
2N∑
j=1

bjΦ
+
j e+iβ+

j z, β+
j =

√
λ+

j

• bj are the discretized transmitted wave coefficients
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j

• aj and cj are the discretized reflected and incident wave coefficients

Right of the Interface: z > 0

Ψ+ =
2N∑
j=1

bjΦ
+
j e+iβ+

j z, β+
j =

√
λ+

j

• bj are the discretized transmitted wave coefficients

At the Interface: z = 0
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Spectral Decomposition Formulas

Left of the Interface: z < 0

Ψ− =
2N∑
j=1

ajΦ
−
j e−iβ−j z +

2N∑
j=1

cjΦ
−
j e+iβ−j z, β−j =

√
λ−j

• aj and cj are the discretized reflected and incident wave coefficients

Right of the Interface: z > 0

Ψ+ =
2N∑
j=1

bjΦ
+
j e+iβ+

j z, β+
j =

√
λ+

j

• bj are the discretized transmitted wave coefficients

At the Interface: z = 0

2N∑
j=1

cjΦ
−
j +

2N∑
j=1

ajΦ
−
j =

2N∑
j=1

bjΦ
+
j

2N∑
j=1

β−j cjΦ
−
j −

2N∑
j=1

β−j ajΦ
−
j =

2N∑
j=1

β+
j bjΦ

+
j
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Solutions of the Interface Equations
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Solutions of the Interface Equations

Projection Operators Pk:
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations

2N∑
j=1

cj

〈
Φ+

k ,Φ−
j

〉
+

2N∑
j=1

aj

〈
Φ+

k ,Φ−
j

〉
= bk

2N∑
j=1

β−j cj

〈
Φ+

k ,Φ−
j

〉
−

2N∑
j=1

β−j aj

〈
Φ+

k ,Φ−
j

〉
= β+

k bk
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations

2N∑
j=1

cj

〈
Φ+

k ,Φ−
j

〉
+

2N∑
j=1

aj

〈
Φ+

k ,Φ−
j

〉
= bk

2N∑
j=1

β−j cj

〈
Φ+

k ,Φ−
j

〉
−

2N∑
j=1

β−j aj

〈
Φ+

k ,Φ−
j

〉
= β+

k bk

⇓
2N∑
j=1

aj(β
+
k + β−j )

〈
Φ+

k ,Φ−
j

〉
= −

2n∑
j=1

cj(β
+
k − β−j )

〈
Φ+

k ,Φ−
j

〉
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations

2N∑
j=1

cj

〈
Φ+

k ,Φ−
j

〉
+

2N∑
j=1

aj

〈
Φ+

k ,Φ−
j

〉
= bk

2N∑
j=1

β−j cj

〈
Φ+

k ,Φ−
j

〉
−

2N∑
j=1

β−j aj

〈
Φ+

k ,Φ−
j

〉
= β+

k bk

⇓
2N∑
j=1

aj(β
+
k + β−j )

〈
Φ+

k ,Φ−
j

〉
= −

2n∑
j=1

cj(β
+
k − β−j )

〈
Φ+

k ,Φ−
j

〉
• aj are the unknown reflected wave coefficients
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations

2N∑
j=1

cj

〈
Φ+

k ,Φ−
j

〉
+

2N∑
j=1

aj

〈
Φ+

k ,Φ−
j

〉
= bk

2N∑
j=1

β−j cj

〈
Φ+

k ,Φ−
j

〉
−

2N∑
j=1

β−j aj

〈
Φ+

k ,Φ−
j

〉
= β+

k bk

⇓
2N∑
j=1

aj(β
+
k + β−j )

〈
Φ+

k ,Φ−
j

〉
= −

2n∑
j=1

cj(β
+
k − β−j )

〈
Φ+

k ,Φ−
j

〉
• aj are the unknown reflected wave coefficients

• bj are the unknown transmitted wave coefficients
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations

2N∑
j=1

cj

〈
Φ+

k ,Φ−
j

〉
+

2N∑
j=1

aj

〈
Φ+

k ,Φ−
j

〉
= bk

2N∑
j=1

β−j cj

〈
Φ+

k ,Φ−
j

〉
−

2N∑
j=1

β−j aj

〈
Φ+

k ,Φ−
j

〉
= β+

k bk

⇓
2N∑
j=1

aj(β
+
k + β−j )

〈
Φ+

k ,Φ−
j

〉
= −

2n∑
j=1

cj(β
+
k − β−j )

〈
Φ+

k ,Φ−
j

〉
• aj are the unknown reflected wave coefficients

• bj are the unknown transmitted wave coefficients

• cj are the known incident wave coefficients
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Solutions of the Interface Equations

Projection Operators Pk:

Pk(f) = Φ+
k

〈
Φ+

k , f
〉
, f ∈ R2N︸ ︷︷ ︸

applied to the interface equations

2N∑
j=1

cj

〈
Φ+

k ,Φ−
j

〉
+

2N∑
j=1

aj

〈
Φ+

k ,Φ−
j

〉
= bk

2N∑
j=1

β−j cj

〈
Φ+

k ,Φ−
j

〉
−

2N∑
j=1

β−j aj

〈
Φ+

k ,Φ−
j

〉
= β+

k bk

⇓
2N∑
j=1

aj(β
+
k + β−j )

〈
Φ+

k ,Φ−
j

〉
= −

2n∑
j=1

cj(β
+
k − β−j )

〈
Φ+

k ,Φ−
j

〉
• aj are the unknown reflected wave coefficients

• bj are the unknown transmitted wave coefficients

• cj are the known incident wave coefficients
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In matrix-vector form
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In matrix-vector form

Ba = g
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In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients
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In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients

B =
√

D+QT
+Q− + QT

+Q−
√

D−
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In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients

B =
√

D+QT
+Q− + QT

+Q−
√

D−

E = QT
+Q−



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 16 of 42

Go Back

Full Screen

Close

Quit

In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients

B =
√

D+QT
+Q− + QT

+Q−
√

D−

E = QT
+Q−

g = −
(√

D+QT
+Q− −QT

+Q−
√

D−
)

c



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 16 of 42

Go Back

Full Screen

Close

Quit

In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients

B =
√

D+QT
+Q− + QT

+Q−
√

D−

E = QT
+Q−

g = −
(√

D+QT
+Q− −QT

+Q−
√

D−
)

c

If B is nonsingular:
a = B−1g
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In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients

B =
√

D+QT
+Q− + QT

+Q−
√

D−

E = QT
+Q−

g = −
(√

D+QT
+Q− −QT

+Q−
√

D−
)

c

If B is nonsingular:
a = B−1g

⇓
b = E(a + c)
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In matrix-vector form

Ba = g

• a = (a1, a2, ..., a2N)T is the vector of reflection wave coefficients

• b = (b1, b2, ..., b2N)T is the vector of transmitted wave coefficients

• c = (c1, c2, ..., c2N)T is the vector of incident wave coefficients

B =
√

D+QT
+Q− + QT

+Q−
√

D−

E = QT
+Q−

g = −
(√

D+QT
+Q− −QT

+Q−
√

D−
)

c

If B is nonsingular:
a = B−1g

⇓
b = E(a + c)

⇓
Recover numerical solutions for Ψ−(z) and Ψ+(z)
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The Conservation Law
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The Conservation Law

C =

∫ ∞

−∞
(S0,z) dx ∼

∫ ∞

−∞

(
iΨ

∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

)
dx
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The Conservation Law

C =

∫ ∞

−∞
(S0,z) dx ∼

∫ ∞

−∞

(
iΨ

∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

)
dx

Left of the interface: z < 0
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The Conservation Law

C =

∫ ∞

−∞
(S0,z) dx ∼

∫ ∞

−∞

(
iΨ

∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

)
dx

Left of the interface: z < 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ−k >0

β−k (|ck|2 − |ak|2) = Iin − Iref = C−
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The Conservation Law

C =

∫ ∞

−∞
(S0,z) dx ∼

∫ ∞

−∞

(
iΨ

∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

)
dx

Left of the interface: z < 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ−k >0

β−k (|ck|2 − |ak|2) = Iin − Iref = C−

• C− is a constant in z
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The Conservation Law

C =

∫ ∞

−∞
(S0,z) dx ∼

∫ ∞

−∞

(
iΨ

∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

)
dx

Left of the interface: z < 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ−k >0

β−k (|ck|2 − |ak|2) = Iin − Iref = C−

• C− is a constant in z

• Iin =
2N∑
k=1︸︷︷︸

λ−k >0

2β−k |ck|2 is the energy for the incident wave
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The Conservation Law

C =

∫ ∞

−∞
(S0,z) dx ∼

∫ ∞

−∞

(
iΨ

∂Ψ

∂z
− i

∂Ψ

∂z
Ψ

)
dx

Left of the interface: z < 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ−k >0

β−k (|ck|2 − |ak|2) = Iin − Iref = C−

• C− is a constant in z

• Iin =
2N∑
k=1︸︷︷︸

λ−k >0

2β−k |ck|2 is the energy for the incident wave

• Iref =
2N∑
k=1︸︷︷︸

λ−k >0

2β−k |ak|2 is the energy for the reflected wave



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 18 of 42

Go Back

Full Screen

Close

Quit

Right of the interface: z > 0
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Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 18 of 42

Go Back

Full Screen

Close

Quit

Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+

• C+ is a constant in z
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Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+

• C+ is a constant in z

• Itran =
2N∑
k=1︸︷︷︸

λ+
k >0

2β+
k |bk|2 is the energy for the transmitted wave
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Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+

• C+ is a constant in z

• Itran =
2N∑
k=1︸︷︷︸

λ+
k >0

2β+
k |bk|2 is the energy for the transmitted wave

The Conservation Law: C− = C+



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 18 of 42

Go Back

Full Screen

Close

Quit

Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+

• C+ is a constant in z

• Itran =
2N∑
k=1︸︷︷︸

λ+
k >0

2β+
k |bk|2 is the energy for the transmitted wave

The Conservation Law: C− = C+

Iin = Iref + Itrans
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Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+

• C+ is a constant in z

• Itran =
2N∑
k=1︸︷︷︸

λ+
k >0

2β+
k |bk|2 is the energy for the transmitted wave

The Conservation Law: C− = C+

Iin = Iref + Itrans ⇒ 1 = R + T (balance equation)
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Right of the interface: z > 0∫ ∞

−∞
S0,z dx ≈ 2

2N∑
k=1︸︷︷︸

λ+
k >0

β+
k |bk|2 = Itran = C+

• C+ is a constant in z

• Itran =
2N∑
k=1︸︷︷︸

λ+
k >0

2β+
k |bk|2 is the energy for the transmitted wave

The Conservation Law: C− = C+

Iin = Iref + Itrans ⇒ 1 = R + T (balance equation)

• R =
Iref

Iin

• T = Itrans

Iin
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Visualization of a Particular Solution
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Visualization of a Particular Solution

Geometric Configuration:
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Visualization of a Particular Solution

Geometric Configuration:

• D = {(x, z) : −30 ≤ x ≤ 30,−30 ≤ z ≤ 30}

• h = 3
10

• ρ− = 1 and ρ+ = 2

• q±∞ = 1

• q−0 = 2 and q+
0 = 2 → 10
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Visualization of a Particular Solution

Geometric Configuration:

• D = {(x, z) : −30 ≤ x ≤ 30,−30 ≤ z ≤ 30}

• h = 3
10

• ρ− = 1 and ρ+ = 2

• q±∞ = 1

• q−0 = 2 and q+
0 = 2 → 10
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• At each q+
0 : R + T = 1 (balance equation)
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Fix q+
0 = 4:



Formalism of . . .

Periodic Boundary . . .

Absorbing Layers

Summary

Title Page

JJ II

J I

Page 21 of 42

Go Back

Full Screen

Close

Quit

Fix q+
0 = 4:
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Energy Spectrum Left of the Interface
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Energy Spectrum Left of the Interface

Waveguide mode: λ−1 = 1.4794
Incident Energy = 2.4326, Reflected Energy = 0.1091
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Energy Spectrum Left of the Interface

Waveguide mode: λ−1 = 1.4794
Incident Energy = 2.4326, Reflected Energy = 0.1091

Radiation Modes:
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Energy Spectrum Right of the Interface
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Energy Spectrum Right of the Interface

Waveguide modes: λ+
1 = 3.6238, λ+

2 = 2.5544, λ+
3 = 1.1270

Transmitted Energies: 2.2698, 0, 0.0268
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Energy Spectrum Right of the Interface

Waveguide modes: λ+
1 = 3.6238, λ+

2 = 2.5544, λ+
3 = 1.1270

Transmitted Energies: 2.2698, 0, 0.0268

Radiation Modes:




