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This supplemental material provides analytical and numerical details to corroborate the main
results presented in our related letter. We study the stability of dark solitons in a Bose-Einstein
condensate trapped on the two-dimensional surface of a spherical bubble.

DARK SOLITONS FOR SMALL ¢

Let us consider the profile f(6) : [0, 7] — R, bounded
at the end points [# = 0, 7], defined from the nonlinear
differential equation,

—["(0) — cot 0f'(0) + e f3(0) = nf(0),

where we use primes for derivatives, with € > 0 being
a small parameter for the defocusing nonlinearity. By
imposing the normalization constraint,

(S1)

/ d0sin 0] F(O)2 = 1, (S2)
0

then there exists a countable set of solutions {fu¢}reng,
uniquely parameterized by € > 0, which bifurcate from
the linear modes ©4(0) = Py(cos ) of the Laplace equa-
tion

2
— (d — cot 9d> O, = f(f + 1)@@,

d6? de (53)

where Py(cosf) is the ¢-degree Legendre polynomial.
Therefore, for small €, a solution of can be writ-
ten as

Py(cosb)
Uoﬂ df sin 6| Py (cos 6)|?] Yz

f0) = Oe), (54

with g having the following dependence on ¢:

o dfsin 6| Py(cos )[*
[Jo dfsin 6| Py(cos0)|?] 2

w(e) = L(l+1)+e O(g%). (Sb)

For ¢ = 0, we have the trivial constant solution

nie) = <. (S6)

1(6) = :

V2!
For ¢ = 1, we have a dark-soliton solution, derived from

and , for a small expansion in €, as

f(0) = \/gc059+5f1(0) +0(e?),

_ 9 2
ule) =2+ 1O€+O(€ ),

where f1(0) is a solution of

2
- % +cot0di6 + 2}]“1(9) = i)\/gcosﬁ (3—5cos?0) .
(59)
Under the normalization , there exist a unique solu-
tion f1(0) of (S9). Due to the orthogonality condition,
foﬁ df sin 0 cos 0 f1(0) = 0, which follows from , it is
proportional to Ps(cosf). Hence, Laplace equation
with £ = 3 implies that

f1(0) = 130\/3(3059 (3— 5 cos? 9) . (S10)

By substituting in , the solution for small ¢ is

f(0) = ﬁ cos 0 [1 +e%(3 —5cos”0) +O(e?) |, (S11)

which obeys up to O(e?).

DARK SOLITONS FOR LARGE ¢

We recall that the dark soliton profile f(6) vanishes at
0 = Z. As ¢ increases (¢ > 1), its reduction becomes

2
concentrated near § = . The asymptotic solution is

—[5(0) + e f3(0) = oo (€) foo (0).

By connecting it with the constant solution (S6), and

redefining it as foo(0) = go(z), with z = % (3

T —0), we
2
have go(z) = % tanh(z) as an exact solution of (S12)):

(S12)

—396(2) +eg3(2) = S00(2) = poe ()0 (2),  (S13)

d _ _Ved

where 45 5 7. Further, with f(0) = g(z), the
original equation can be written as

5@+ G an (22) 70+ ) = na(o). 510

A formal expansion for e — co generates the term zg'(2)
at lowest order O(1/¢). However, since we need to use the
normalization condition (S2)), the asymptotic expansions



of g(z) and pu(e), for e = oo, are modified by the O(1/+/¢)
terms, such that

92 =)+ a0 (1), 1)
i)

Substituting in (S14)), we obtain the equation for g;(2):
—g1(2) + [4 — 6 sech®(2)]g1(2) = durgo(z).  (S17)

Since L4 := —92 + [4 — 6sech2( )] has a kernel spanned
by sech?(z), and go(2) = f tanh(z) is an odd function,

a unique bounded solution exists for (S17)), given by

i [tanh(z) + zsechZ(z)] = m%[zgo(z)]. (S18)

z
gl( ) \/i
Next, we can fix pu; using the normalization constraint

(1S2)), together with (S15) and (S16)). From the expansion
2 1
P(2) = B) + —go(n(2) + O ()
NG
2/./,1 d
=g 1+ ——=|+—=2— o

and observing that go(z) = fOO(Q) is normalized to one
only asymptotically, for v/ — oo, such that

/ df sin 0 g%(z)‘
0

(S19)

=% (3-0)
- vo(ds)

the normalization constraint @ S2) yields

1/()7rd9s1n9f2 f/ dzcos(\Q/Zg) g*(2)

() (-3) ()

(S20)

(S21)

Hence, u1 = 1 in (S15)), to satisfy (S21]) up to the O(1/e)
order, implying

S zro(H)] wevw o2

STABILITY ANALYSIS

we) =5

For the stability analysis, the spectrum for each m-
angular mode is considered separately, with the following
coupled system for the operators L :

{W'&m:L;@@ma m :—Am—f—gfg(e)—ﬂ,

Wi = Liviog, L = —Ag +3ef2(0) — . %)

Mode m = 0:

where

2 2
A, = % + cot 0 j@ n
We need to determine the number of negative and zero
eigenvalues of the operators L if  and f(#) are defined
along the branch of dark soliton solutions . If Lt
are strictly positive, then the respective eigenvalues
* in the spectral stability problem are real [I],
implying that the dark solitons are spectrally stable with
respect to the m—angular Fourier mode. The number of
unstable eigenvalues w with Im(w) # 0 can be controlled
by the number of negative eigenvalues of L and the
multiplicity of their zero eigenvalues (see Theorems 1.7,
1.8, and 3.10 in [I]).

sin? 0

About the eigenvalues of L,
applied for every integer m > 0:

the following facts are

e They are simple because there may be at most one
bounded solution of the second-order differential equa-
tion LExE (0) = whxE(0) at each endpoint of the in-
terval [0,7]. The eigenfunctions x (#) in the domain
of Lt provide the connections between the bounded
solutions as 8 — 0 and — 7.

e The eigenfunctions are either even or odd with respect
to the midpoint § = %, since f2(0) is even about 6 = %.
Hence, if the elgenvalues are simple, then the normal-
ized eigenfunctions satisfy i (7 — 6) = +xt (0) (plus
sign for even and minus sign for odd functions).

e The smallest eigenvalue of Lm is associated with the
even eigenfunction about § = 7, with the second small-

est associated with the odd eigenfunction about f = 7.

The operators L enjoy two comparative relations:

Lt — L, =2ef*6) >0 (S24)
2m +1
LE  —LE= —ag 20 (S25)

Since L, > L;, for all § € [0,7]\{Z} and L%, ma1 > Lt
for all 6 € (0, ﬂ') the smallest elgenvalue of L is smaller
than the smallest one of L} ; and the smallest eigenvalue
of L: is smaller than the smallest one of LE +1- The same
holds for the second smallest eigenvalues of the same op-
erators in the subspace of odd functions about 6§ = 7.
The main results for the modes m = 0, m = 1, and

m > 2 are presented below.

We prove for the spectral problem
that there exists a single pair of eigenvalues w of
negative energy which are smaller than all other pairs
of eigenvalues w of positive energy for small values of .
These pairs can coalesce hypothetically for large values
of e, triggering another instability bifurcation. How-
ever, our numerical data does not support evidence
that this instability can occur for m = 0.



Mode m = 1:

There exists a simple zero eigenvalue of L; with the
eigenfunction given by the profile f(f) of the dark
soliton because Ly f(0) = 0 is equivalent to for
every € > 0.

By Sturm’s nodal theory, Ly has a simple negative
eigenvalue since f(6) has a single node on [0, 7]. The
rest of the spectrum of L, is strictly positive for
every € > 0.

Since the smallest eigenvalue of L, in the space of
odd functions about 6 = 7 is located at 0, the com-
parison implies that Lg has at most one neg-
ative eigenvalue and the second eigenvalue of Lg is
strictly positive for every € > 0.

Since the smallest eigenvalue of LT is 0 for every
€ > 0 (see the case m = 1), the comparison
for m = 0 implies that L(J{ has exactly one negative
eigenvalue for every € > 0. See the left panel of
Fig. [S]] for illustration.

For e = 0, we have L |._o = —A,, —2. By using the
eigenvalues of the Laplace equation with m = 0, we
obtain the asymptotic approximations of eigenvalues
in the stability problem . For small values of
€ > 0, a special pair of simple eigenvalues exists,

twy = 2+ O(e), (S26)
which has negative energy, since we have for the
eigenvector (@, 0) of (S23) with Fwp:
(L{d,a) = (Ly 9,9) < 0. (S27)
In addition, there exists the double-zero eigenvalue
due to the rotational invariance and a countable se-
quence of pairs of simple eigenvalues
twe = £l +1) —2]+ O(e),

(>2, (S28)

with the positive energies since we have for the eigen-

vector (@, 0) of (S23) with +wy:

(L, ) = (Ly 9,) > 0. (S29)
Since wy > wy for every £ > 2, there is some g¢ >
0 (which might be infinite) such that the stability
problem (S23)) for m = 0 and ¢ € (0,&p) admits only

real eigenvalues w.

The only way to get complex unstable eigenvalues w
of the stability problem for € 2 g is if eigen-
values fwy of negative energy coalesce with eigen-
values {£wy}72, of positive energy for some € = .
Numerical evidence shows that this does not occur
and £y = oo.

We prove for the spectral problem
(S23) that only real eigenvalues w exist for every ¢ > 0.
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. S1. The three smallest eigenvalues of L3 and Lj, re-

spectively, wg and w;, are given in (a) and (b), as functions of
€. The eigenvalues were calculated numerically by discretiz-
ing the operators with finite differences up to 800 points.
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A simple zero eigenvalue of LT exists, with the eigen-
function f/(0), as L f'(6) = 0 is equivalent to dif-
ferentiating with respect to € for every € > 0.

From Sturm’s nodal theory, L] does not have neg-
ative eigenvalues. f'(d) < 0 is sign-definite for
0 € (0,7) due to monotonicity of the dark soliton
profile . So, L] admits a simple zero eigenvalue,
with the rest of its spectrum being strictly positive
for all € > 0.

The comparison (S24]) implies that L] has at least
one negative eigenvalue for every € > 0.

Since the smallest eigenvalue of L in the space of
odd functions about 6 = 7 is located at 0 for every
e > 0 (see the case m = 0), the comparison
for m = 0 implies that L; has exactly one nega-
tive eigenvalue and the second eigenvalue of L is
strictly positive for every € > 0. See the right panel

of Fig. [S1] for illustration.

For € = 0, we have Lﬂgzo = —A; —2. By using the
eigenvalues of the Laplace equation for m = 1, we
obtain the asymptotic approximations of the eigen-
values in the stability problem for m =1 and
small values of ¢ > 0. There exists a double-zero
eigenvalue due to the derivative mode f’(6) and a
countable sequence of pairs of simple eigenvalues
{we}72,, defined by exactly the same formula .

Since all eigenvalues have positive energy for every
£ > 2 and no change of eigenvalues of Lli occurs in
e, the stability problem for m = 1 admits only
real eigenvalues w for every € > 0.

des m > 2: For these cases, it is demonstrated

that all eigenvalues of L are strictly positive for small

3

> 0 and that the eigenvalues of L} remain strictly

positive for every € > 0. The smallest eigenvalue of

-

- can cross 0 at € = £, > 0 and become negative

for € > €,,. If this happens, the smallest eigenvalue of

L

m41 crosses 0 for larger values of € compared to the

smallest eigenvalue of L., that is, €,, < €py1. Since
we show that €, = 4m(m — 1) + O(1) as m — oo in



7 this implies that the crossing at e,, exists for
every m > 2, triggering instability with exactly one
unstable eigenvalue w in the spectral stability problem
(S23). These analytical predictions are well illustrated
by the numerical results we are presenting in Fig. 2 of
the main text, for angular modes m =2, 3, 4, and 5.

e All eigenvalues of L are strictly positive for small
€ > 0 since Lﬁa:o = —A,,—2 and the eigenvalues of
the Laplace equation for m > 2 yield £({+1)—2 >0
for £ > m. Hence, there exists g > 0 such that the
stability problem form > 2and € € (0,¢9) ad-
mits only pairs of simple real eigenvalues {w,}3°, of
positive energy, defined by the same formula (S28)).

e Since the smallest eigenvalue of L} is 0 for every
g > 0 (see the case m = 1), the comparison
for m > 1 implies that the smallest eigenvalue of L;‘,‘I
for m > 2 is strictly positive for every ¢ > 0.

e Since the smallest eigenvalue of L] in the space of
odd functions about § = 7 is strictly positive for
every € > 0 (see the case m = 1), the comparison
(S25|) with m > 1 implies that the second eigenvalue

of L, for m > 2 is strictly positive for every € > 0.

e The comparison implies that the smallest
eigenvalue for L. is always smaller than the smallest
eigenvalue for L} . Therefore, it can be both posi-
tive and negative. The complex eigenvalues w in the
spectral stability problem may arise if and only
if the smallest positive eigenvalue of L, crosses 0 at
€ = &p. The comparison for m > 2 implies
that the smallest eigenvalue of L, always crosses
0 for smaller values of ¢ compared to the smallest
eigenvalue of L, ., so that g, <é&,11 for m > 2.

ASYMPTOTIC FORMULA FOR ¢,, AS m — o0

By using the asymptotic solution (S16) with pu; = 1,
together with (S19), and assuming m* = O(e) as € — oo,

2
Ly = —283 + tan (?—}) éaz + < +e’(:) —
13 2 [ 2=
COS (\/E)
2

2 p—
= _Z{aﬁ — —4? + 2sech®(z) [1 + 2~ 2ztanh(z) tanh(z)}

NG
vo(l }
-5
The spectrum of £_ = —d2 —2 sech?(z) includes a simple
negative eigenvalue at —1 with the eigenfunction spanned
by sech(z) and the continuous spectrum at [0,00). By

using perturbation theory for an isolated eigenvalue, we
obtain that L., has a zero eigenvalue if and only if

477712 4 [z(1 — ztanh(z))sech®(2)dz o (1)

=1 —
€ + Ve i sech?(2)dz

(S30)

(S31)

which yields the quantization formula for bifurcations at
{em }_,. From the above, 4m? = (\/&,, +1)> =1+ O(1),

VEm +1=

which leads to

A4m? +1 - 0(1),

Em = 4m(m —1)4+ O(1), as m — co. (S32)

In view of the inequality 0 < €, < €,41 for m > 2, the

asymptotic formula (S32|) implies that the lowest eigen-
value of L, crosses 0 at € = ¢, for every m > 2.

NUMERICAL METHOD FOR DARK SOLITONS

We define f = f(0) = f(6)+/e for solutions of (s1),

P df df | 7
pf = —q02 COt(G)@ + /7 (S33)
subject to the normalization
/ 40 cos(0) | F(0)]2 = e. (S34)
0

The problem is reformulated as for a given u, we obtain

the solution f(0) from (S33)) and define e from (S34]).
(1S33)

Since we are looking for dark solitons, we solve

just from @ = 0 to # = 7w/2 and then take the odd
continuation of f(#) from § = 7/2 to § = 7. It is a
two-point boundary-value problem with the boundary
conditions f/(0) =0 and f(7/2) = 0.

The boundary-value problem is solved by the shooting
method combined with the secant method [2]. In this
case, for a given u we shoot two close values of f(0) and
propagate Eq. with the Runge-Kutta method till
0 = n/2. From the values obtained of f(7/2) we can
estimate a new initial shot by the secant method until
we get f(m/2) = 0.

Results for 1 =2.2 and 3.4 are shown in Fig.[S2] Sweeping
u from 2 < g < 20 can be done by continuation [3], which
is performed as follows. Once we get a solution f#(O) for
a given u, we increment p by op = 0.1 and use fH(O)
as an initial ansatz, and after shooting combined with
the secant method, we obtain f,5,(0). Subsequently,
we keep incrementing p by dp and take the previous pu
initial value. For p > 20, continuation is not effective.
For larger values of i, we observe from that a good
approximation is given by f (0) = /i By using this
initial ansatz for each u, it was possible to obtain the
dark soliton solutions from p = 2 to p = 80. The value
of ¢ is obtained a posterior: by using Eq. . The
numerical approximations of f(#) and p(e) are shown in
Fig. 1 of the main text.
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FIG. S2. Shooting method for dark solitons. The left bound-

ary condition is f’(0) = 0. For fixed u one shoots f(0) and
propagate Eq. (S33) till the condition f(7/2) = 0 is satisfied.

NUMERICAL METHOD FOR THE GPE
We consider the time-dependent evolution of the GPE
for ¥ = (0, ¢,t), as in [4], with linear part given by

20 _
ot

1

sin? 0

1 _ ,
_ Lineag (sin 60y) + 34 . ($35)
To avoid problems at § = {0, 7}, the ¢ is expanded in its
Fourier modes, as

V(0 6,t) =D e y(6,1). (536)
k

A grid of M + 1 points is defined, with 0; = jh,j €
0,1,..M, where h = M/x. Foreach6,,j=1,..., M—1,
i is computed by using a fast Fourier transform al-
gorithm in the ¢ direction (Fy). In the poles, where
6 = {0,7} and there is no dependence on ¢, only the
mode k = 0 contributes. From and , we have
the following equation to be solved for ¢, = i (6,1),

in the interval § € (0,7) with boundary conditions

Yr(0,t) = by (m,t) = 0,Vk # 0:

e [0 e k2
T = e T8 T anTe

Vi |, (837)

Equation is evolved one time step 0t using the finite
difference Crank-Nicolson method for each k, (CNg st x)-
For k = 0, it is required the Neumann boundary con-
ditions, /009, = 0. We added one extra point at
each boundary to implement these conditions. After the
evolution, we perform the inverse Fourier transform in
the ¢ direction. To include the nonlinear term g|v|?, we
employ the split-step operator technique. The complete
scheme for one time step evolution is given by

_iglw|2st

Y(B.pt + 5ty =e "2

_igly|?st
2

T, 'CNo st wFob(0,6,t)e™ 2,

(S38)
where the computational operations are performed in a
sequence from right to left. The numerical solutions of
are shown in Fig. 3 of the main text.
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