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Abstract

This dissertation is concerned with analysis of orbital stability of solitary waves
and well-posedness of the Cauchy problem in the integrable evolution equations.
The analysis is developed by using tools from integrable systems, such as higher-
order conserved quantities, Backlund transformation, and inverse scattering trans-
form. The main results are obtained for the massive Thirring model, which is an
integrable nonlinear Dirac equation, and for the derivative NLS equation. Both
equations are related with the same Kaup-Newell spectral problem. Our studies
rely on the spectral properties of the Kaup-Newell spectral problem, which convey

key information about solution behavior of the nonlinear evolution equations.
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Chapter 1

Introduction

1.1 General Background

The Hamiltonian H with n degrees of freedom is completely integrable in the
Liouville sense if there exist n independent first integrals Iy = H, Is,---, [, in
involution, i.e., {;, I;} = 0. These integrals are used as new coordinates in which
corresponding dynamics is linear in time. Concept of Liouville integrability can
be extended to an infinite dimensional Hamiltonian with a countable set of first
integrals in involution.

A new theory of completely integrable Hamiltonian systems was stimulated by
Gardner, Kruskal and Miura [40] who found that the eigenvalues of the Schrodinger
operator

L= -0+ u(z,t)

are invariant with respect to ¢ if u(z,t) evolves according to the KdV equation
Uy — 6Uly + Uppy = 0. (1.1)
Peter Lax [65] formulated a Lax representation of the KdV equation in the form:
L, =[A, L], (1.2)

where [-, -] is a Lie bracket and A is a skew symmetric operator which is given by
3 d
A= —4— + 6u— + 3uy.
s + bu I + ou

The KdV equation (1.1) is associated with the linear equations defined by the
operators L and A,

Lo =X, A= o

If a spectral parameter X is independent of space x and time ¢, a simple computa-

1



Ph.D. Thesis -Yusuke Shimabukuro Mathematics - McMaster University

tion shows
(Lo) = L+ Loy = (Ly + LA)D,  (Lo)r = (\p)e = AAp = AL¢

from which the Lax equation (1.2) is derived.

From the spectral problem L¢ = \¢, solution behavior of the KdV equation
can be studied in great detail by the inverse scattering transform [40] where the
Gelfand-Levitan-Marchenko equation

K(z,y,t) + F(z +y,t) +/ K(z,z,t)F (2 +y,t)dz = 0 (1.3)
is crucial to express the KdV solution wu(z,t) as
(x,t) 2 d K(z,x,t)
u(x,t) = —2—K(z, z,t).
) dx ) Y

The inhomogeneous part F(z) distinguishes two important parts of the KdV so-
lution,

N
1 . )
F(z) =" cne—w&%w% /R r(k)eSF ke g (1.4)
n=1

where the first term is related to N solitons and the second term is related to
dispersive wave packets. The explicit pure N-solitons are derived by setting r(k) =
0in (1.4).

The study of linear differential equations dates back to the nineteenth century
when Sturm and Louville studied spectral property for the second-order ordinary
differential equations. At the same time, transformation methods, related to lin-
ear and nonlinear equations, were investigated by Darboux and Backlund. For
example, Darboux [25] showed that the linear equation

y" =my+ f(z)y, m = constant (1.5)

is related to another linear equation

,, ? [1

through w = ¢/ — %y, where 0" = f(z)f. The potentials in (1.5) and (1.6) are

related by
d (1
f(z) — 03 (5> ,

whereas the structure of the linear equations (1.5) and (1.6) are invariant.

The same idea was applied to the linear spectral problems whose potentials
correspond to solutions of nonlinear PDEs. Thanks to Zakharov and Shabat [118],
the cubic NLS equation

i + Uy + 2|u)*u = 0 (1.7)

2
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can be associated with the linear systems

A 2+ ur Gpudt 20
Outp = [—ﬂ —A] ¢ b =i [&Uﬂ— AT 2\ — [uf?2| ¥

If A is independent of x and ¢, u(x, t) must be the solution of the cubic NLS equation
(1.7) that can be represented as 0,0;¢ = 0;0,¢. There exists a transformation [79]
for the above linear systems whose structure remains invariant and the potential
u is transformed as _
_ 4Re()\0)¢1¢2

6117 + [d2]*
where ¢ = (¢1, ¢2)" is a solution of the same linear systems for a particular value
Xo. If one starts with the zero solution v = 0 with k& = 2)\g € R, one obtains a
pure one soliton u = ksech(kxz)e™*t. i.e.,

(1.8)

ur— —u

0 — ksech(kz)e™".
The transformation (1.8) can be iterated to generate, for example, N solitons:
0 — 1 soliton +— 2 solitons — 3 solitons — - - - +— N solitons.

The procedure can be made more efficient by transforming zero solution to N
soliton at once [96], called the n-fold Bécklund/Darboux transformation, due to
the fact that permuting the order of inserting solitons does not affect the final N
soliton state. This is called Bianchi’s permutability.

In the construction of the inverse scattering transform, the solution to a com-
pletely integrable system is expressed in terms of the one to the Riemann-Hilbert
problem. In its simplest case, the Riemann-Hilbert problem is set to find section-
ally analytic function g(A) in C \ T satisfying the jump condition

9+(A) +a(Ng-(\) = 5(}), Ael

for a given contour I' in C, and given functions «a, 5 on I'. The functions g, and
g_ are the non-tangential limits of g from the two sides of the contour I'. The
contour I' can be closed or open, bounded or unbounded, as in the figure below:

A function g(A) is closely related to fundamental solutions of the Lax system with
a spectral parameter A. This beautiful aspect of complex analysis, seen in the
inverse scattering transform, implicates connection to other branches of science
that can be formulated through the Riemann-Hilbert problem. Random matrix
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theory, for example, has been known for its connection to the Riemann-Hilbert
problem and the integrable systems [28]. A hermitian N x N random matrix, as
an example, gives a probability distribution p of eigenvalues A in the form of a
Vandermonde determinant with a Gaussian weight and the normalized constant

Cn
p= e T T (=)

1<i<j<n

which can be re-expressed as orthogonal polynomials, such as the Hermite poly-
nomials. The orthogonal polynomials can be formulated in the Riemann-Hilbert
problem [39]. An eigenvalue behavior as limit n — oo exhibits mysterious connec-
tion to the integrable systems, for example, to the fifth Painlevé equation [51].

Deift and Zhou discovered an advantage of the Riemann-Hilbert formulation for
analytical treatment of integrable PDEs. For example, they developed the steepest
decent method to study decay estimate of an oscillatory solution [30]. This led
to a number of applications, in particular, to decay estimates in integrable PDEs
as well as to orthogonal polynomials. More recently, this type of technique was
extended to studying stability problem. Pelinovsky and Cuccagna have studied
an asymptotic stability of the NLS soliton using the steepest decent method [24].
Along the same line, the Miura transformation [72], the dressing method [22], and
the Bécklund transformation [46, 79], just to list a few, have been used to treat
the stability of solitons in the integrable systems.

This dissertation intertwines analysis of PDEs and beautiful methods from
integrable systems. The main goal is to construct a mathematical proof for orbital
stability of solitary waves and well-posedness of the Cauchy problem associated to
integrable PDEs. It presents novel ways to treat solution of completely integrable
systems in a defined function space. The corresponding results are formed in
Chapters 2, 3, and 4.

Chapter 5 is concerned with line soliton in the 2D Dirac system. Chapter 5
shows that line soliton of the 2D Dirac system which corresponds to exactly one
soliton of the 1D Dirac system is not spectrally stable with respect to transverse
perturbations. This adds the first instability result of the Dirac line soliton with
respect to transverse perturbations. Instability of line soliton is common in many
equations reported in literature, since instability behavior is geometrically richer
in 2D than in 1D.

The following sections overview results and techniques obtained in this disser-
tation and explained in details in the subsequent chapters.

1.2 Orbital stability of Dirac soliton by energy

method (Chapter 2)
Chapter 2 is based on our published paper:

D. E. Pelinovsky and Y. Shimabukuro, Orbital stability of Dirac solitons, Lett.
Math. Phys. 104 (2014), 21-41.
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Here, the massive Thirring model (MTM) is an integrable version of the nonlinear
Dirac equations written in the form,

{ i(ug + ug) + v = 2v|u, (1.9)

(ve — V) + u = 2ul*v.

Solution of the MTM is denoted as s(t) = (u,v)" with an initial data sy := s(0).
The explicit Schwartz function

. V1—w?
) = V1 + wcosh(v/1 — w2r) +iy/1 — wsinh(y/1 — w?z)

for w € (—1,1) gives the stationary one soliton s,e™" which solves (1.9), where
= (8u,5,)". The orbit of Dirac solitons is defined as, for a fixed w € (—1,1),

Yo (t) i= {su(- + 20)e™™|(zy, a) € R?},
for every t € R.

Definition 1. Fiz somew € (—1,1). We say that the orbit ¥, is stable in a Hilbert
space X if, for every e > 0, there exists a 6 > 0 such that, if distx(sg, X,,(0)) < 4,
then distx(s(t), X, (t)) < € for every t € R.

The distance metric dist x is defined as dist, (f, X, (2)) := infyes, @ ||f — gl x for
some Hilbert space X equipped with the norm | - || x. We essentially use Grillakis-
Shatah-Strauss orbital stability theory [41], which says that the orbital stability of
Y., holds if s,, is a local minimizer of the energy functional that is constant with
respect to the time evolution of the MTM, under some constraint. However, the
Dirac Hamiltonian H

H—%/(uam—uxﬂ—vﬁx+vx’l7) dll?+/ (—va — uv + 2[ul*[v]?) dv
R R

is sign-indefinite, i.c., there exist infinite-dimensional subspaces Y. C H'?(R)
such that
H(s+s,)— H(s,) 20

for every s € Y.. Therefore, the Dirac Hamiltonian H is not suitable for every
s € Y. to prove orbital stability of s,,. Nevertheless, the MTM is an integrable
nonlinear PDE, which possesses arbitrarily many conserved quantities. The main
idea is to find a higher conserved quantity on H'(R) that has a coercive structure.
Section 2.5 gives derivation of the conserved quantity R given as

R(s fR ngﬂ|2 + |vg? = ( et — Uyu)(Jul® + 2[v)?) + %(Um@ — 0,0) (2[ul? + |v]?)
—(uv + UU)(|U|2 + [0?) 4 2Jul? o (Jul* + |[v[*)] dz

defined on H'(R). This energy functional exhibits much nicer structure due to
|u,|* + |v,|* which gives an elliptic operator. This term is not present in the Dirac
Hamiltonian H. The key ingredients of orbital stability of one soliton in the MTM

5
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is that one soliton s,e™? is a critical point and a local minimizer of the functional
A(s) := R(s) + (1 — w?)||s| 12

under some constraint. The coercivity of R is given in Lemmas 3, 4, 5, depend-
ing on different values of w. Coercivity is used to provide a global bound on
distzi(s(t),2(t)) in the time evolution of the MTM under constraint of either
fixed mass or momentum, given in Lemma 7. This leads to proving orbital stabil-
ity (Theorem 1) by a contradiction argument, given in the end of Section 2.4.

1.3 Orbital stability of Dirac soliton by Backlund
transform (Chapter 3)

Chapter 3 is based on our published paper:
A. Contreras, D. E. Pelinovsky, and Y. Shimabukuro, L? orbital stability of Dirac
solitons in the massive Thirring model, Comm. PDEs 41 (2016), 227-255

Here, orbital stability of one soliton in the MTM is considered by using the
Backlund transformation. The transformation can be used to relate N soliton
solution and (/N — 1) soliton solution of the same equation.

The underlying idea of this Chapter is to relate stability of solution around
one soliton to stability of solution around zero. Solutions to MTM are stable in
L? norm, thanks to the mass conservation and L? global well-posedness [15].

Let the Bécklund transformation be denoted as B. If s := (u,v) is a MTM
solution, then q = Bl[s] is again a solution of the MTM. It is schematically clear
that if distz2(so, £(0)) is sufficiently small and s = (u, v) is a solution to (1.9) with
initial data sy = (ug, vg), then there is a constant C' > 0 such that

SQ L S(t)
laollr2 gy < Cdistzz2(uo, %(0)) BB B 1 dist2(s(2), 2(t)) < Clla(®)llp2(r)

qlo%HL?(R) = Hq(t)||L2(R)( )

The main idea presented above is that the global bound on distz2(s(t), 3(t))
comes from the L? conservation of q, whose size is controlled by the initial condi-
tion.

The Béacklund transformation B, spectrally speaking, removes or adds an eigen-
value of the spectral problem 0,¢ = Lyry¢ with the Lax operator Lysras

L Ll = [oP)os — 2o (o) + o) + L (- L (1.10)
= - — 03 — —0 —0 = ——= o :

MTM = 37 501 N 1 2 ) 0%

where W (f) = (g %

Let {A\;}72, be a set of eigenvalues of Lyry with the potential sg = (o, vo).

>, and o1, o3 are the Pauli matrices.

6
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Let p be an eigenvalue of Lyry with the pure one soliton s,,. If distz2(sg, 2(0))
is sufficiently small, then the first step is to locate a unique eigenvalue A; that is
close to p.

—_—
Tm(\) P
Re())

The eigenvalue \; contributes to the largest soliton in the initial data sy. After this
eigenvalue is removed, the eigenvalue picture of Ly, with a potential qg := B[sg]
may look like

Tm(\) P
: -
Re())
Possible eigenvalues A9, A3, - -+ contribute as small solitary waves. These eigen-

values do not affect orbital stability theory. If, on the other hand, one asks for
asymptotic stability of a soliton, it is important to rule out all eigenvalues in qq
and to obtain dispersive estimates of the remaining wave packet in a suitable norm.

1.4 (Global well-posedness of the derivative NLS
equation (Chapter 4)

Chapter 4 is based on our submitted paper:
D. E. Pelinovsky and Y. Shimabukuro, Ezistence of global solutions to the deriva-
tive NLS equation with the inverse scattering transform method, arXiv:1602.02118

The Cauchy problem of the derivative NLS equation is given as

{ i 4 Uy +i(Jul?u), =0, ¢t>0, z€R, (1.11)

U|t:0 = Ug-

An interesting open problem concerns with global well-posedness of the Cauchy
problem (1.11) with a large initial data ug, see introduction of Chapter 4.

7
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Definition 2. The Cauchy problem (1.11) is globally well-posed in a Banach space
X if a solution u(t) € X is unique and depends continuously with respect to ug € X
for every t € [0,00). We say that a solution map X > ug — u(t) € X is globally
well-posed.

Global well-posedness comes naturally from a local well-posedness in X and a
global bound on solution in X. However, for the derivative NLS, in order to obtain
such uniform bound by its energy, smallness condition on an initial data ug in L*-
norm must be imposed. The inverse scattering transform, instead, constructs
a global solution map in Definition 2 without taking use of conservation laws.
Chapter 4 is devoted to proving solvability of (1.11) by the inverse scattering
transform R that is bijective and Lipschitz between weighted Sobolev spaces. A
global solution map is obtained through the following sequence of maps:

ug — R(ug) — Rlug)e® ' — R (R(up)e® ') = u(t)

where an important assumption on ug is that the spectrum problem of d,¢ =
Lgnps® with the Lax operator Linrs

. uy 0
LdNLS = —Z)\20'3 + )\0'1 (%0 Uo) (112)

does not admit any eigenvalue, i.e., ug does not support any soliton. While a
sufficiently small initial data satisfies such condition, it is not yet known if large
initial data satisfy this condition.

In order to conclude the global well-posedness of the derivative NLS with a
large initial data, the case of N solition solution must be considered. We do not
include this in this dissertation, due to the lengthy algebraic computations. In
fact, once pure dispersion case is established, then adding solitons is more like
an algebraic operation. The n-fold Darboux transformations for the Kaup-Newell
spectral problem are found in [50, 100]. An excellent exposition of deriving various
families of solutions is given in [114].

Let us denote X as a function space such that Lyyrs admits N simple eigen-

values in the first quadrant. Combining with the result from Chapter 4, global
well-posedness of the derivative NLS would follow from the following scheme:

XNDuUg-------------mmmm e — - su € Xy
Darboux Darboux
Xo 2 ug u € Xp

Globally wellposed via IST

This scheme defines a global solution map Xy 3 ug +— u(t) € Xy, which sup-
ports IV solitons. Such initial data is taken to be arbitraly large. Continuity and
bijectivity of the above map are, yet, to be proven on defined function spaces.

8
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1.5 Transverse instability of Dirac line soliton
(Chapter 5)

Chapter 5 is based on our published paper:
D. Pelinovsky and Y. Shimabukuro, Transverse instability of line solitary waves
in massive Dirac equations, J. Nonlinear. Sci. 26 (2016), 365-403

This problem arises in the Gross-Pitaevskii equation with a periodic potential
V(z,y), ie.,
Wy = =AY+ V(z,y) + N(¢) (z,y) € R, (1.13)

where N (1) is a nonlinear term. When V' (x,y) is periodic in (x,y), a solution in
the equation (1.13) with N(¢)) = 0 is expressed in terms of Bloch functions by the
Floquet theory. If a nonlinear term is considered, one may make an ansatz where
coefficients of Bloch functions now vary in space and time. Direct subsitution may
lead to finding that these coefficients satisfy evolution equations of the Dirac type.

Chapter 5 presents the 2D massive Thirring model and the 2D Gross-Neveu
model that both can be formally derived from the Gross-Pitaeviskii equation
(1.13). The former is the case of the waveguide grating, e.g., V(x,y) = ecos(x),
and the latter is the case of the honeycomb lattice. Here, line soliton is considered
to be a trapped wave in waveguides. In Chapter 5, line soliton is defined to be
exactly one soliton solution for 1D case which is independent of y and decays expo-
nentially in x. Due to the fact that line soliton is independent of y, the eigenvalue
problem, after linearization around line soliton and the Fourier transform in y,
takes the form of

i\F = (Dirac, + Potential, + Parameter,)F,

where Dirac, is the linear Dirac operator in x, Potential, is the potential term
in x, and Parameter, contains a Fourier variable p that comes from y-derivatives
0y, ie., f(p) = Jo f(y)e?¥dy. The first two terms correspond to exactly the 1D
case. We prove that for small [p| > 0 in Parameter,, the eigenvalue problem
above is spectrally unstable, i.e., there exists some A\ € C with an L? eigenvector
F such that ReA > 0. The proof is based on locating an unstable bifurcation of
zero eigenvalue. Our result indicates spectral instability of line solitons in the limit
of long-period transverse perturbations, since a small number |p| corresponds to
long-periodicity. For a larger value of |p|, we give numerical results, which indicate:

e Spectral instability of the MTM line soliton persists for all transverse wave
number p

e Spectral instability of the Gross-Neveu line soliton occurs only in a finite
interval of transverse wave number p.

The latter observation is particularly interesting due to the possibility that spectral
stability could be observed in a narrow wavequide in the y-direction.



Chapter 2

Orbital Stability of Dirac Soliton
by Energy Method

2.1 MTM orbital stability result

We consider the massive Thirring model (MTM)

{ i(ur + ug) + v = 2Jv|?u, 2.1)

i(vy — vy) +u = 2[ul?v,

where (u,v)(z,t) : R x Ry — C?. We denote an initial condition (u,v)|,_, =
(uo,v9). It has been proven that the MTM is globally well-posed with (ug,vg) €
H™(R) for an integer m > 0 [15]. The stationary MTM solitons are known in the
exact analytical form:

U= Uw(l‘ + :L,O)eithria’
{ v = Uw(l’ + :UQ)GWHM, (2'2)
with
V1 — w2
U(z) = v (2.3)

V1 +wecosh (V1 —w?z) +iy/1 — wsinh (V1 — w?z) 7
where a and x( are real parameters related to the gauge and space translations,
whereas w € (—1,1) is a parameter that determines the frequency of the MTM
solitons inside the gap between two branches of the continuous spectrum of the
linearized problem at the zero solution. For the MTM (2.1), three conserved
quantities are referred to as the charge (), momentum P, and Hamiltonian H

functionals:
Q= [ (P + o) da,
R
7

P:—/(uux—uxu—l—vvx—vxv) dz,
2 Jr

and

H = 3/ (Ully — Uyl — VT, + VD) d:(:—i—/ (—va—u@+2\u|2|qj’2) dx.
R R

10
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To work with a vector function u = (u, v, %, )", we shall work in the function space
X = HY(R) x HY(R) x H'(R) x H*(R), equipped with the inner product

(0, v)x = / (W, - ¥ + - ¥)de,
R

where u, v € X are four component vector, and u-v denotes the usual dot product.
We define the norm on X as

[ullx = v/(u, u)x.

We denote the L? inner product as

(u,v)p2 :/u-de.
R

We use a notation T'(, s) for a two-parameter group of unitary operators on X
for each (6, s) € R?, i.e., T(6, s)u for u € X is defined as

T(0, s)u(z) = (e“uy(x + 5), ePua(x + 5), e Pug(x + 5), e Puy(z + 5))".
For a fixed w € (—1,1), we shall introduce the orbit
{T(0,s)u, : (0,s) € R*}
and a small neighborhood around the orbit

b, ={ueX: inf |lu-T(0,s)u < €}.

—{ue X inf u=T(shulx <o)
From now, u denotes a solution to the MTM subject to natural constraint in the
last two components of the vector, i.e., u = (u,v,%,)". The inner product (u, v) 2
is always real. The following Theorem presents the main result of this Chapter.

Theorem 1. There is wy € (0, 1] such that for any w € (—wo,wy) and any € > 0
there exists 6 > 0 such that if ||uy — u,||x < 6, then the corresponding MTM
solution u(t) satisfies u(t) € ®. for every t € R.

Here, one can easily construct a good candidate of a functional used for orbital
stability theory, that is,
E(u) = H(u) —wQ(u),

which satisfies E'(u,,) = 0, where a functional derivative E’'(u) is determined from
the Fréchet derivative:

= (E'(u), V)2 (2.4)

VveX: iE(u—kev)
de e=0

Critical points of E’'(u) = 0 satisfy the system of first-order differential equations

—i L — v 4 u = 2ul?v. (2:5)

{ +idt — vy + v = 2|v|u,
dx

11



Ph.D. Thesis -Yusuke Shimabukuro Mathematics - McMaster University

The stationary MTM solitons (2.2) correspond to the reduction v = U, and v =
U,, where U, is a solution of the first-order differential equation

dU _
i — 2|UU. 2.
i wU +U =2|U|°U. (2.6)

Using definition (2.4) above, we shall write the Taylor expansion of the func-
tional E(u) around u,:

E(u, +u) = E(u,) + (F'(u,),u) 2 + %(ku, we + -, (2.7)

where (E'(u,),u)z2 = 0 and

H,=D,+W,,
where
—i0, +w  —1 0 0 w? w0 vu
B —1 10y + w 0 0 o |uw u w0
Do = 0 0 10y + w -1 C o=ty v vu
0 0 -1 -0, 4w w 0 uv Jul?

where entries of the 4 x4 matrix W,, are all smooth and rapidly decaying at infinity.

The essential spectrum of the non-potential part D, coincides with the one of
H,. As a consequence of Weyl Theorem, see [95, Theorem XIII.14] and [83, B.15],
one can show this explicitly by constructing an approximating sequence as given
below. We denote A = w — v/1+ k2 < 0 for £ € R. We introduce the following

sequence:
Unge =12 (5) R (1 k+VI+ k21, —k+VI+ k),
n

where some smooth and rapidly decaying function ¢ (x) is suitably normalized so
that || kllz2 = 1 for every n € N for each fixed & € R. Using this sequence, we
can show that

lim [|(Hy — A)tplle =0 Vk € R.

One can show the same result, in the similar way, A = w + v1+ k%2 >0, k € R.

It follows from the result above that the essential spectra of H, is unbounded
both above and below:

Oess(Hy) =R\ (-1 +w, 1 +w). (2.8)

The essential spectrum (2.8) signifies the sign-infinite property of the energy func-
tional F/(u) since the Taylor expansion (2.7) gives

1
E(u, +u) — E(u) = é(ku, Wz + -,

12
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where the sign of the difference depends on the spectral property of the Hessian
operatoar H,,,.

In order to use the Grillakis-Shatah-Strauss theory [41], it is necessary to have
the condition that the negative spectrum of H,, is finite, which is not our case.

We shall consider the higher conserved quantity, denoted as R, whose derivation
is given in Section 2.5:

R = / [|uw\2 + vg > — %(uzﬂ — ) (Jul® + 2[v]?) + %(vﬁ —0,0) (2ul* + |[v]?)
R

—(uv +av)(|uf® + [0]*) + 2[ul*[v*(Jul* + [v]*)] dz. (2.9)

With the new energy functional A(u) := R(u) + QQ(u), Q € R, we consider the
critical point, A’(u) = 0, whose first two components are given by

d? d dv
d—;; + 2i(Jul® + '”'2%72 + 2iuvd—:: —2[v]*2Jul* + [v[*)u + 2lul* + [v]*)v + u*v = Qu,
d? d du
d—;; — 2i(|ul? + W)é - 2m£ —2ful2(Jul + 2v|P)v + (Jul® + 2Jv]2)u + v2a = Qu,

and the last two elements of A’(u) = 0 are conjugates of those. Using the reduction
u = U and v = U, we obtain a second-order differential equation
d*U dU

w+6z’]U|2%—6\U]4U+3|U|2U+U3 = QU. (2.10)

Substituting the first-order equation (2.6) to the second-order equation (2.10)
yields the constraint

(1—=w)HU+ 2U|*+ 2w|UPP = U* - U*) U = QU,

which is satisfied by the MTM soliton U = U,, in the explicit form (2.3) if Q =
1 —w?. Therefore, the MTM soliton (2.3) is a critical point of the modified energy
functional

A=R+(1-w)Q, we(-1,1) (2.11)

2.2 Spectrum of the linearized operator

From the Taypor expansion (2.7), we first see that the Taylor expansion of A,
around u,, is given as

1
Alu+u,) = Au,) + §<Lu,u)L2 +oee

13
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for u € X, where L is the Hessian operator from the energy functional A, around
u,,. This operator L is explicitly found as

L 2Ly Ly Ly
2Ly L1 Ls Lo

L=\"0) I, L 2L | (2.12)
Ly L, 2L, L,
where
d? dU, _
L = — 44|U,, |2——4ZU +10|U,[* = 2U2% - 2U2% + 1 — W?
dx? dx
dU,
L, = —2U, d—+4U2|U > —2|U, %
dU, _
Ly = —22'wa|2— — 2iU0,—= + 8|U,|* — U2 — UZ.
dx dx

By taking derivative of the stationary equation A'(T°(0,s)u,) = 0 in 6 or s and
setting # = s = 0, we find that the kernel vectors 7Ju,, and 0,u,, are in the kernels
of L, i.e.,

LiJu, =0, LJ,u, =0, (2.13)

where J = diag(1,1,—1,—1) is a diagonal matrix. By the Weyl’s theorem, we
see that the continuous spectrum of L is a semi-infinite strip [1 — w?,00), which
corresponds to the essential spectrum of the linear operator —2%5 4+ 1 — w?. The
4 x 4 matrix operator L is diagonalized into two 2 x 2 matrlx operators Li by
means of the self-similarity transformation

10 -1 0
L 0 1 01 O 1

tra + _ b
SLS—{O L}’ where S—\/§ 01 0 -1
1 0 1 0

is the orthgonal matrix, i.e., S* = S~!. The matrix operators Ly are found from
this block-diagonalization in the explicit form:

L+_(—6w(_]3 7. ) L—(gwg 3 ) (2.14)
where
d2
by = —%—mw |2—+6|U |* =302 + 302 — 6w|U,* + 1 — w?,
2
(. = dd2 2i|U, |2——2|U P = U2 4+ U2 - 2w|U, > + 1 —

The continuous spectrum of L., by the Weyl theorem, is [1 — w?, 00). By ap-
plying self-similarity transformation S* to kernel vectors iJu, and 9d,u,, in (2.13),

14
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we obtain
StiJu, = —iv2(0,0,U,,-U,)", S'O,u, =V2(U',U.,0,0).

Therefore, vectors (U, U.)" and (U, —U.,,)" are in the kernels of L, and L_ for
any w € (—1,1), i.e.,

L (U, U) =0, L_(U,~-U,)"=0. (2.15)

In addition, for w = 0, operators L, are diagonal, and we can explicitly find
that _, B
w=0:L,(U,,-Uy"=(0,0)", L_(Uy,Upy)" = (0,0)". (2.16)

Next, we count discrete eigenvalues of Ly in (2.14).

Lemma 1. For anyw € (—1,1), operator L_ has ezxactly two eigenvalues below the
continuous spectrum. Besides the zero eigenvalue associated with the eigenvector
in (2.15), L_ has a positive eigenvalue for w € (0,1) and a negative eigenvalue for
w € (—1,0).

Proof. Let us consider the eigenvalue problem L_u = pu, where u = (u, u) is an
eigenvector and p is the spectral parameter. Using the transformation

u(x) = So(x)e_if(flU“(r/)‘Qd’”/

where ¢ is a new eigenfunction, we obtain an equivalent spectral problem:

PR

where s = =02 + 1 — w? — 2w|U,, |* — 3|U,|*, thanks to the fact that

1_2

w
w + cosh(2v/1 — w?x)

Because the off-diagonal entries are real, we set

Yy = p(x) £ @(z), z:=V1-wz, p:=(1-w’)A

2 2 [T Uy (2")|2dx’ 2
Uweﬁol w(@)Pda’ _ = |U, %

to diagonalize the spectral problem into two uncoupled spectral problems associ-
ated with the linear Schrodinger operators:

d*y 3(1—w?) _
Cd2? + [1 (W cosh(2z))2] Ve = Xy (2.17)
and
d?_ 3(1 — w?) 4w B
Tz {1 ~ (wHcosh(22))?2  w+ cosh(Qz)} Y- =2 (2.18)

15
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The eigenvector (2.15) in the kernel of L_ yields the eigenfunction

1

Yolz) = (w + cosh(2z))1/2

of the spectral problem (2.18) for A = 0. Because the eigenfunction vy is positive
definite, the simple zero eigenvalue of the spectral problem (2.18) is at the bot-
tom of the Schrédinger spectral problem for any w € (—1,1), by Sturm’s Nodal
Theorem [83, Lemma 4.2]. Furthermore, the function

sinh(2z)

Ye(z) = w + cosh(22)

corresponds to the end-point resonance at A = 1 for the spectral problem

_d2_w+ - 8(1-w?) 4w
dz? (w+ cosh(22))?2  w + cosh(22)

W = A, (2.19)

Because the function 1. has exactly one zero, there is only one isolated eigenvalue
below the continuous spectrum for the spectral problem (2.19) by Sturm’s Nodal
Theorem. Now the difference between the potentials of the spectral problems
(2.18) and (2.19) is

5(1 — w?)
(w + cosh(2z))?’

where AV > 0 for all z € R and w € (—1,1). By Sturm’s Comparison Theorem
[83, Theorem B.10], a solution of the spectral problem (2.18) for A = 1, which
is bounded as z — —o0o, has exactly one zero. Therefore, the spectral problem
(2.18) has exactly one isolated eigenvalue A for all w € (—1,1) and this is the zero
eigenvalue with the eigenfunction )y.

AV(z) =

The difference between the potentials of the spectral problems (2.17) and (2.18)
is given by
4w

AV(z) = w + cosh(2z)

If w =0, AV =0, so that the spectral problem has only one isolated eigenvalue
and it is located at A\ = 0. Since AV > 0 for w € (0,1), the spectral problem
(2.17) has precisely one isolated eigenvalue for w € (0,1) by Sturm’s Comparison
Theorem and this eigenvalue is positive [54, Section 1.6.10], i.e., A > 0. On the
other hand, since AV < 0 for w € (—1,0) and ¢y > 0 is an eigenfunction of the
spectral problem (2.18) for A = 0, the spectral problem (2.17) has at least one
negative eigenvalue A < 0 for w € (—1,0) [54, Section 1.6.10]. To show that this
negative eigenvalue is the only isolated eigenvalue of the spectral problem (2.17),
we note that
w+cosh(22) >w+1+22% 2€R

16
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and consider the spectral problem

d*y 3(1 — w?)
- 1-— = . 2.2
iz [ (w+1+2z2)2} V=2 (220)
Rescaling the independent variable z := —Vl\/gwy and denoting ¥(z) := ¥ (y), we

rewrite (2.20) in the equivalent form

& 3 (1 1—|—w) b= (A — 1)2(1+w)¢. (2.21)

dy*> (1 +y?)?

It follows that the function

Ve(y) = \/T?ﬂ

corresponds to the end-point resonance at A = 1 for the spectral problem
d*) 3

A CEa

= 1)2<1 tw) s 2.2

Because the function v, has exactly one zero, there is only one isolated eigenvalue
below the continuous spectrum for the spectral problem (2.22). Because the differ-
ence between potentials of the spectral problems (2.21) and (2.22) as well as those
of the spectral problems (2.17) and (2.20) is strictly positive for all w € (=1, 1), by
Sturm Comparison Theorem, the spectral problem (2.17) has exactly one isolated
eigenvalue A for all w € (—1,1) and this eigenvalue is negative for w € (—1,0),
zero for w = 0, and positive for w € (0,1). O

For the operator L, we can only prove the statement for small w due to the
technical reason.

Lemma 2. There is wy € (0, 1] such that for any fived w € (—wy,wy), operator L
has exactly two eigenvalues below the continuous spectrum. Besides the zero eigen-
value associated with the eigenvector in (2.15), L also has a negative eigenvalue
for w e (0,wy) and a positive eigenvalue for w € (—wy,0).

Proof of Lemma 2. Because the double zero eigenvalue of L, at w = 0 is isolated
from the continuous spectrum located for [1,00), the assertion of the lemma will
follow by the Kato’s perturbation theory [54] if we can show that the zero eigen-
value is the lowest eigenvalue of L, at w = 0 and the end-point of the continuous
spectrum does not admit a resonance.

To develop the perturbation theory, we consider the eigenvalue problem L, u =
pu, where u = (u, u) is an eigenvector and p is the spectral parameter. Using the
transformation

ule) = pla)e ¥ Va P

where ¢ is a new eigenfunction, we obtain an equivalent spectral problem:

(8axz — 6LWory) [;} — {;} ,

17
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where s = —02 + 1 — w? — 6w|U,|* — 3|U,|* and
W = U3€61; I3 WUw ()2 da’
1 4+ wcosh (2”@ +iv/1 — w?sinh (2@@)2
(w + cosh (2\/1—7(,023:))3 .

Setting now z := /1 — w?x and p := (1 — w?)\, we rewrite the spectral problem
in the form

= (1—w2)(

=07 + 1+ Vi(2) Va(2) N
Va(2) —a§+1+m(z)H¢}A{A, (2.23)
where 3 y )
vie)= - (w + cosh(22))2  w + cosh(22)
and

(1 + wcosh(22) +iv1 — w? sinh(QZ))2
(w + cosh(22))® '
The eigenvector (2.15) in the kernel of L, yields the eigenvector (¢, @,,) with

_ wsinh(22) +1iv1 — w? cosh(2z)
B (w + cosh(2z))3/2 ’

Va(z) := —6w

Pu(2)

which exists in the spectral problem (2.23) with A = 0 for all w € (—1,1). Now,
for w = 0, A = 0 is a double zero eigenvalue of the spectral problem (2.23). The
other eigenvector is (g, —@g) and it corresponds to the eigenvector in (2.16). The
end-point A = 1 of the continuous spectrum of the spectral problem (2.23) does
not admit a resonance for w = 0, which follows from the comparison results in
Lemma 1. No other eigenvalues exist for w = 0.

To study the splitting of the double zero eigenvalue if w # 0, we compute the
quadratic form of the operator on the left-hand side of the spectral problem (2.23)
at the vector (¢g, —@p) to obtain

3 — 2w? — cosh(4z)

(w + cosh(2z))4 dz.

—2/(%@3 +Vgg03)dz = —12w/
R R

Since the integral is positive for w = 0, Kato’s perturbation theory [54, Section
VII.4.6] implies that the zero eigenvalue of the spectral problem (2.23) becomes
negative for w > 0 and positive for w < 0 with sufficiently small |w]. [

Conjecture 1. The spectral problem (2.23) has exactly two isolated eigenvalues
and no endpoint resonances for allw € (—1,1). The nonzero eigenvalue is positive
for allw € (—1,0) and negative for all w € (0,1).

To illustrate Conjecture 1, we approximate eigenvalues of the spectral problem
(2.23) numerically. We use the second-order central difference scheme for the
second derivative and the periodic boundary conditions. Figure 2.1 shows the only

18
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two isolated eigenvalues of the spectral problem (2.23) (asterisks) and the edge of
the continuous spectrum at A = 1 (dashed line) versus parameter w € (—1,1). The
nonzero eigenvalue is positive for all w € (—1,0) and negative for all w € (0,1).

Figure 2.1: Isolated eigenvalue A (asterisks) and the edge of the continuous spec-
trum A = 1 (dashed line) versus parameter w in the spectral problem (2.23).

From (2.16), by applying S to vectors (U(’J,—Ug,(), 0)* and (0,0, Uy, Up)t, we
deduce that

w=0: LU, ~Uy—UyU) =0, L(~Uy, Uy, —Ug, Up) = 0. (2.24)

Therefore, for w = 0, operator L has four zero eigenvalues with eigenvectors from
(2.24) and (2.13). Now, when w # 0, we have proved the following eigenvalue
bifurcations:

Corollary 1. There ezists a wy € (0,1] such that for any w € (—wo, wp) \ {0} the
operator L has exactly four eigenvalues below the continuous spectrum. Besides
the zero eigenvales associated wth eigenvectors in (2.13), the other two eigenvalues
are nonzero with different signs when w € (—wp,wp) \ {0}.

2.3 Positivity of the Hessian operator

We denote the positive subspace of the operator L in space X by P. The
positive spectrum of L is bounded away from zero. By spectral theorem, there
exists a positive constant ¢ > 0 such that

(Lu,u)2 > clfulk,

for every u e P C X.
We denote the eigenvector of L for the only negative eigenvalue of L by n
(ifw # 0):

ILn=—X°n, |n|z =1

We have additionally the two dimensional kernel of L for w # 0.
We first start with showing positivity of operator L for the case of w € (0,1).
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Lemma 3. There exists a wy € (0,1] such that for any w € (0,wp), if 0 =
(Q'(w,),y)r2 = (iJu,,y)rz = (O,uy,y)r2, then there exists a constant k > 0
such that

(Ly,y)r> > kllyl%,
fory e X.

Proof. Differentiating A(u,,) twice in Q = 1 — w? yields doA = @ and

RA(W) = (@), ou) 2 = ——0, / U, [2de = —— (2.95)
w R w

V1—w?

We see that 03A(u,,) > 0 for w € (0,1). Differentiating the stationary equation
R'(u,) + QQ'(u,) = 0 in  gives

Logu,, = —Q'(u,,).
We find for w € (0,1)
0 < {(Q'(n,),dquy,) 2 = —(Ldqu,, dou,,) 2.

This implies that a vector dqu,, is in a negative direction of L. We make the
spectral decomposition of dgu,, with respect to the spectrum of L:

dau,, = apn + byiJu,, + cd,u, + po, Po € P,
where some ag, by, cp € C. We find that
0 > (Ldquy, Oquy,) 2 = —|ao|* ? 4+ (Lpo, Po) 2 (2.26)

For any y € X with 0 = (Q'(w,),y)r2 = (iJuy,,y)r2 = (Ozu,,y)r2, we have the
decomposition
y=an+p, peEbPl,

where some a € C and since 0 = (Q'(u,),y) 2 we have
0= (Q'(uw), y>L2 = —<L89uw, y>L2 = aoa)\Q - <Lp0, p>L2. (227)

Therefore, by the Schwarz inequality (Lp,p)r2(Lpo,Po)rz > |{Lp, Po)rz|* which
follows from

. <Lp07pO>L2
L(po — A\p), - A 2 >0 with A=/ —777,
< (Po P) (po p)>L (Lp, p>L2
we find
L 2
(Ly,y)i2 = —[aP’A? + (Lp.p)ie > —|aPx? + LERPOLE o0 g gy
<LP0,P0>L2

The last strict inequality is due to (2.26) and (2.27).
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From (2.28), we see that the orthogonal subspace to which y belongs to P.
Since the spectrum of L is bounded away from zero, it follows that there exists a
constant k > 0 such that

(Ly,y)r2 > k.

When we replace y with y/||y|x in the above inequality, we attain the assertion
of the Lemma. m

We have seen that the vector orthogonal to the change in mass, Q' (u,), satisfies
coercivity of L. Since the solution stays on the manifold of constant () thanks to
the mass conservation, then, intuitively, the negativity of L that comes from the
change of mass does not contribute to instability.

To deal with the case of w € (—wp,0), on the other hand, we find that this
comes from the change in momentum,

P,(uw) = Z(_Uo/.n _U:”U"w Ualu)t

Proposition 1. The vector g := %xJuw + ﬁ’yguw, where v, = diag(—1,1,—1,1),
satisfies
Lg = P'(u,) (2.29)
and, furthermore,
Vg
(Lg, g)r2 = Ton

negative for w € (—1,0).

Proof of Proposition 1. In order to find g that satisfies (2.29), it is convenient to
carry out the block-diagonalization:

(S'LS)S'g = S'P'(u,) = iv2(0,0,U., U ).

Since the first two components of S*P’'(u,,) are zero, we deduce that the first two
components of S'g are zero as well since the kernel of L is already found in (2.15).
Now, the last two components of S'g is found by using the differential equations
(2.6) and (2.10):
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from which we can explicitly find g as well as we can easily compute the following
(Lg. )1z = ((S'LS)S'g, S'g) e

_ 2_L [ I rr!
_/R(|Uw| —— (0L Uwa)> de

_ i (UL~ U2 = U2+ 40| ULf?) da
1w 1 + wcosh(2v/1 — w?x)
W /R(w%—cosh(Q\/l—iw?x))? !
RYi=:

w

]

Thanks to Proposition 1, we can repeat the same proof in Lemma 3 to prove
the following:

Lemma 4. There exists a wy € (0,1] such that for any w € (—wp,0), if 0 =
(P'(w,),y)r2 = (iJuy,,y)r2 = (0, y) 12, then there exists a constant k > 0 such
that

(Ly,y)r> > kllyl%,
fory e X.

Here, we denote 7, = diag(1l,—1,—1,1) and v, = diag(—1,1,—1,1) so that

vectors y10,uy and 7oug are kernel vectors of L at w = 0 from (2.24), as well as
1Jug and d,uyg.

Lemma 5. For w =0, if 0 = (y10,0¢,y) 12 = (YoUg,y)r2 and 0 = (iJug,y)r2 =
(Oyug,y) 12, then there exists a constant k > 0 such that

<Ly7 Y>L2 > k”b’”?X?

fory e X.

Proof. This follows from the fact that operator L has exactly four zero eigenvalues
below the positive continuous spectrum that is bounded away from zero. O

2.4 Proof of orbital stability

Before giving a proof of Theorem 1, we will collect final key ingredients.
Lemma 6. There exist € > 0 and a differentiable map
9,s): d. — R?
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such that, for all u € ®., the following is true:
(T(O(u), s(u))u,iJuy)r2 = (T'(0(u), s(u))u, dyuy,)r2 =0 (2.31)

and the function p(6,s) = || T(0,s)u — u,l|%, has a local minimum at (0,s) =

(6(w), s(u)).

Proof. We define a function p(0,s) = ||T(0,s)u — u,||7, at a fixed w for every
u € ¢.. Derivatives of p in 6 and s yield

Opp = 2(T(0, s)u,iJuy)r2, 0Osp =2(T(0,s)u,d,u,)rz,

Oip =2(T(0,s)u,u,)2, 0%p=2(T(0,s)0,u,d,u,) e

and
O0s0gp = 090sp = 2(T(0, )0, u,iJu,) 2.

We find that 9pp = dsp = 0 at 0 = s = 0 and u = u,, but Jp = 2||u, |,
02p = 2||0su, |72, and 9s0pp = 0 at # = s = 0 and u = u,,. The determinant of
DGp  0:0pp

{aeasp 0zp
Lemma, we want to run the implicit function theorem on F(6,s) := (9yp, Osp),
since F'(6, s) = 0 implies the orthogonality (2.31) and the positivity of the Jacobian
of F together with F'(6,s) = 0 implies a local minimum of p(0, s) at (6, s).

The implicit function theorem tells that there exist ¢ > 0 and the neighborhood
I C R around (,s) = (0,0) such that for every u € ®. there exists a unique
solution (6, s) of F'(6,s) = 0. Furthermore, a map (6,s) : ®. — [isa C' map. [

} is strictly positive at # = s = 0 and u = u,. In order to prove

Thanks to the above Lemma, we can make the following decomposition in space
X:

Corollary 2. Let 6(u) and s(u) be the ones determined in Lemma 6. Then,
z :=T(6(u), s(u))u — u,
is orthogonal to the kernel vectors of L in space X, i.e.,
(z,iJuy) 2 = (z,0,u,) 2 = 0. (2.32)
Proof. This follows from (2.31), because u,, satisfies (2.32). O

The following Lemma states that u, is a local constrained minimizer of the
energy functional R.

Lemma 7. There exists a wy € (0,1] such that for any w € (—wop,wy), there exist
c¢> 0 and € > 0 such that

R(u) — R(u,) > | T(6(w), s(u))u — u,|*

for every u € O, with a fired mass Q(u) = Q(u,) and P(u) = P(u,).
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Proof. First, we consider the case of w € (0,wp). We begin by decomposing
T(6(u),s(u))u —u, as

T(0(u),s(u))u—-u, =aq+y, (qy) =0, (2.33)

where q = @’(u,,) and some a € C. Since )'(u,,) is orthogonal to the kernel of L,
from Corollary 2, y is also orthogonal to the kernel of L. Since Q(u) = Q(u,), we
find

(
(
(W) + {a, aq + y)r2 + O(|T(O(w), s(u))u — u,|72)
(w.) +allalZ2 + O(IT(0(w), s(u))u — u,|Z>),

that is, a = O(||T(A(u), s(u))u —u,||32). Next, thanks to smallness of constant a,
we can show

Aw) ~ Aw) = 5 {Laq +y).aq +y) e+ O(IT(6(). s(u)u — . )
= {0y ¥ + O(la?) + Ol T(O(w), s(u)u — w3
+O(IT(O(u), s(w)u — )
= ALy y)ie+ O(IT (), s()u— ).
We obtained

R(u) - R(u,) = %(Ly,ym +O(IT(0(w), s(w)u — uyl[3) (2.34)

Therefore, by Lemma 3, inequality (2.34) becomes

1
R(u) = R(w,) = eyl + O(IT(6(w), s(u))u = wfn). (2.35)
Since [ly[lx = IT(6(w), s(u))u —u, —aq|x > [T(6(u), s(u))u - u,[lx — |alllqllx
and a = O(||T(0(u), s(u))u —u,||3.), for sufficiently small € > 0 for @, inequality
(2.35) yields

R(u) - R(u,) > %CHT(G(U), s(w))u — u, ||

The other cases can be shown with slight modifications. For the case of w €
(—wo, 0), we replace q = Q'(u,,) with q = P'(u,) in (2.33) and use P(u) = P(u,)
to show smallness of a constant a, and use Lemma 4 to obtain (2.35) since P’'(u,,)
is orthogonal to the kernel of L, that is, y is also orthogonal to the kernel of L due
to Corollary 2.

For the case w = 0, we use the decomposition T'(f(u), s(u))u—ug = q+y with
q = a0, ug + byeug and (q,y) = 0 in (2.33). One can easily verify that ~;0,u
and voug are orthogonal to the kernel vectors of L, and so is y. Lemma 5 is used
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to obtain (2.35). O

Finally, we give a proof of Theorem 1. This is, in fact, a straightforward
consequence of Lemma 7 by a contradiction argument. We will denote {u,(0)} as
a sequence of initial data and {u,(t)} as a sequence of corresponding solutions.

Proof of Theorem 1. We only consider the case of w € (0,wy) since the other cases
follow in the same way.

Suppose that Theorem 1 does not hold. For every ¢ > 0, there exist N, > 0 and
a sequence {u,(0)} such that if n > N

aglefﬂa |u,(0) —T(0, s)u,||x <€

and

sup inf |ju,(t) —T(0, s)u,|x > 9.
t>0 Q,SER

Since u,(t) depends continuously on time ¢, we can pick ¢, so that infy seg [[u,(t,)—
T(0, s)u,||gr = d. By continuity of functionals R and @ on H' space,

R(u,(tn)) = R(u,(0)) — R(u,)
Q(u,(tn)) = Q(u,(0)) — Quy,).

We make decomposition:
Vp = un(tn) +r,

for each n such that Q(v,) = Q(u,) and a remainder ||r, ||z — 0. By continuity
of R, we have R(v,) — R(u,). Choosing e sufficiently small, we apply Lemma 7
to obtain

R(vyn) — R(uy) 2 || T(0(vn), (Vi) Vi — uw||§(,

for v,, € ®., where the left hand side goes to zero. Hence
[ (tn) = T(=0(vn), =s(va))usx < I T(0(Va), $(v)) Ve — vollx + [[rnlx <0,

for n large enough. This contradicts our assumption. O

2.5 Conserved quantities by the inverse scatter-
ing method

The MTM (2.1) is a compatibility condition of the Lax system
0 0
Lo=Lo, To=As (2.36)
where gz?(x, t): R xR — C? and L and A are given by

I B EA AN D W (L BN L
L—2(|v| |u|*)os \/5(1) 0> Jon (u O)+4()\2 /\>03, (2.37)
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= P o — A0 T (0 my L e

The MTM (2.1) is equivalent to the expression

When the potential (u, v) is sufficiently smooth in x and ¢, existence of fundamental
solutions in (2.36) can be approached by the standard ODE theory. Here, we give
a formal argument. As |z| — oo, the Lax operator L has the expression

which implies that solutions of ¢, = L¢, denoted as ¢4 and ¢ respectively, have
limits A ‘
lim e *Mp(z) = (1,0)", lim "7 (z) = (0,1)"

r—+o00 r—+o0
where k(X)) = (A2 = \2) e R if A2 € R.

Since ¢, = L¢ is the first order 2 x 2 system, a solution is spanned by two
independent ones, e.g,

po = a(N)ey +b(N)oy,
for A2 € R, where a()\) and b()\) are coefficients, given as

a()‘) = W(()O_, ¢+)7 b()‘) = W(90—7 904-)7 (238)
where W is the Wronskian determinant.
Now, looking at the time evolution system ¢; = A¢, we notice that since
) 1 (1 9
|:El\l£>nooA T (ﬁ A ) 7%

solutions ¢4 and ¢+ must be modified as e*"d(’\)tgoi and eM'p, to incorporate

the boundary condition for ¢, = A, where d(\) = X(A~2 + A?). In order to find
the time evolution of coefficients a(A) and b(\) according to the time evolution of
the Lax system, we write (2.38) as

CL()\) — W<€7id()\)tg077 eid(A)t¢+)7 b()\) — eQid(A)tW(efid(/\)th,, efid()\)tSOJr). (239)

The Wronskians of solutions are independent of x and t since trances of L and A
are zero. It follows that a()) is independent of time.

We make the following ansatz:

o (2.t )) = L(x}t; AJ exp (z’k()\)x 4 /

— 00

T

x(2' t; A)dm’) (2.40)
for some suitable functions v and y. By substituting (2.40) into (2.38) for a(\)
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and taking x — oo, we find

a(A) = exp ( / T @ )\)dx) = loga()) = / T @ Nde. (241)

—00 —00

Since the scattering coefficient a(\) does not depend on time ¢, expansion of
[ x(z; A)dz in powers of A yields conserved quantities with respect to t [64].
Substituting equation (2.40) into the x-derivative part of the Lax system (2.36),
we find that functions v and y must satisfy

: . 1
X = %(W —Juf?) - % (/\6+ Xa) v, (2.42)
where v satisfies a Ricatti equation
v 1 (2k(\) + |v]* = [u]?) v — u <>@+ lﬂ) V2 + i <>\v + lu) =0. (2.43)
TR S

We consider the formal asymptotic expansion of x(x;\) in powers for suffi-
ciently small A

X A) =D XX (@) + oY), vz M) = X'wy(x) + o(AY) (2.44)

and in inverse powers for sufficiently large A

NCDES %55”(9:) oY), A=Y %an(x) oA ). (2.45)

From (3.67), (2.43), (2.44) and (2.45), we can determine Y, and Y,, from which we
define

I, := / S (@)dr, I, = / " 5 (@)de. (2.46)

—00 oo

Using expansions (2.44) and (2.45) for (2.41), we find the important expressions:

loga(A) = Y AL +0(AY), loga(1/X) =) AT, +o(A")

even even

for sufficiently small . Finally, we arrive the formulas:

2n
lim [ d log a(/\)a(l//\)] =ID,+1 9,

A—0 | dAZ
. [a* a(N)
s sz log a(1/A)1 = b= Lo
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for n > 0. Let us explicitly write out first conserved quantities
I = /(\u|2+ P)de,
R
I, = /(—Zumﬂ + ivu + v — 2i|ul*|v|?)dz,
R

1_2::/(_m&@—4@u—¢av+2ﬂuPWFﬁM,
R

L = /[—4mm 9w+ Toy) + 4u(ufof), + dugm(ul? + [o2) + i(luf? + [o]?)
’ — 2iut(|ul® + [v]?) — 2iva(jul® + [v]?) + 4i|ul?|v*(Ju]* + |v|*)]dx,
and
I, = /[4ﬁvm — 2(uT + v, + 40(v|ul?)s + 4o 0(|u)? + |v?) —i(Jul® + |[v]?)
’ + 20w (Jul® + |v]?) + 2iva(|ul® + [v]?) — 4ilul*|v(Jul® + |v]*)]d.
Successively, we find the following:
Iy=@Q
R%%@+14:P

Re BMQ _ u)} .

where @, P, and H are mass, momentum, and Hamiltonian of the MTM.
The higher conserved quantity R in (2.9) is given as

-1
Re |:TZ(I4 — 1_4):| =R
and we shall also include
-1 9 9 b, _ _
Re TZ(IA‘ +14)| = [tz |* — vz |* + Z(uxv + v, — Uy — UTy)
R

5 (lul? + 200 (w7 = Tow) = S @Il + o) (0,7 = T,0) | de
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Chapter 3

Orbital Stability Theory by
Backlund transformation

3.1 Main result

We consider the MTM of the form

{ i(ug + ug) + v+ |v)Pu =0, (3.1)

i(vy — vg) +u+ |ul*v =0,

subject to an initial condition (u,v)|,_q = (uo, vo) in H*(R) for s > 0..

The Cauchy problem for the MTM system (3.1) is known to be locally well-
posed in H*(R) for s > 0 and globally well-posed for s > 1 [98] (see earlier results in
[32]). More pertinent to our study is the global well-posedness in L?*(R) proved in
the recent works [15, 48]. The next theorem summarizes the global well-posedness
result for the scopes needed in our work.

Theorem 2. [15, /8] Let (ug,vo) € L*(R). There exists a global solution (u,v) €
C(R; L*(R)) to the MTM system (2.1) such that the charge is conserved

lu( Oz + I DlIZ2 = lluollZz + [lvollZ2 (3:2)

for everyt € R. Moreover, the solution is unique in a certain subspace of C(R; L*(R))
and depends continuously on initial data (ug,ve) € L*(R).

We are interested in orbital stability of Dirac solitons of the MTM system (3.1)
given by the explicit expressions

{ uy(z,t) = i~ " sin(y) sech [a(z + ct) — %] e~ (3.3)

ux(z,t) = —idsin(y) sech [a(z + ct) + i3] e Plten),

where \ is an arbitrary complex nonzero parameter that determines 6 = |\|, v =
2Arg(N), as well as

52 _ 52

_ -0 Lo ooy Lo o
=S5 a—2(5 +077) siny, 6—2(5 +977) cos .
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Let us now state the main result of our work.

Theorem 3. Let (u,v) € C(R; L3(R)) be a solution of the MTM system (2.1) in
Theorem 2 and Ay be a complex non-zero number. There exists a real positive €
such that if the initial value (ug,vo) € L*(R) satisfies

€ := [Jug — o (-, 0) [ 22 + [[vo — v (-, 0)[ 22 < o, (3.4)

then for every t € R, there exists A € C such that
A= X0l < C, (3.5)
inf ([fu(-+a,t) — e ur( t)llz2 + ol + a,t) — e ua(, t)]12) < Ce, (3.6)

a,0eR

where the positive constant C' is independent of € and t.

Remark 1. One can expect extension of Theorem 3 to N soliton case by the N -fold
Bdacklund transformation.

3.2 Backlund transformation for the MTM sys-
tem

The formal compatibility condition (5;,;,5 = ggm for the system of linear equations
¢:=L¢ and ¢ = A¢ (3.7)

yields the MTM system (2.1), where L and A are given by

Ol — oy~ (O Ty (0w L
L= <(jul? = [o)os 2(@ 0>+2A<u O)+4(A A2>03 (3.8)

and

SIS A (A W L W SR
A= 4(|u| + |v|*)os 5 (v 0) o (u 0)—|—4<)\ +>\2)03. (3.9)

The auto-Backlund transformation relates two solutions of the MTM system
(2.1) while preserving the linear system (3.7). Now let us state the auto-Bécklund
transformation.

Proposition 2. Let (u,v) be a C* solution of the MTM system (2.1) and ¢ =
(¢1,P2)t be a C* nonzero solution of the linear system (3.7) associated with the
potential (u,v) and the spectral parameter X = de"'/2. Then, the following trans-
formations

€_i7/2’¢1|2 + €i7/2’¢2‘2 216~ sin 7$1¢2

t)=— t)— ' ‘ '
u(z,?) u(e, )617/2|¢1|2+6*W/2|¢2|2 12|12 + e3¢y |2

(3.10)
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and

P01 + e Pge*  2idsind ¢

t) = — t - - - -
V@) = @) R E e Plgal? eGP + e (gl

(3.11)

generates a new C solution of the MTM system (2.1). Furthermore, the transfor-
mation

&
€721 12 + €=/ |¢s]?|

b
|€772] 12 + e~/ |go]?|”

Y1 = (3.12)

Yo =

yields a new C* nonzero solution 1 = (11, 9)" of the linear system (3.7) associated
with the new potential (u,v) and the same spectral parameter \.

Proof. Setting I' = ¢1 /¢ in the linear system (3.7) with Lax operators (3.8) and
(3.9) yields the Riccati equations

{ L = 2068 = gD+ 5(1ul? = o)L+ i(p20 = )l = i(paT = i), 51

Ly =2i(p3 + p1)T = 5(Jul + [0*)T + i(p2v + pru)I? — i(po0 + p110),

where p; = % and py = % If we choose I := %, u = M(T;p1)f(T;u,p1), and
v = M(I; pa) f(T; v, p2) with
kP + & 4iTm (k*)T
M k) = — 2B o ep g k) = g 2P
Bk = —rppe STk =0ty

then the Riccati equations (3.13) remain invariant in variables IV, u, and v. The
transformation formulas above yield representation (3.10) and (3.11). Note that
if & =0 at one point (xo,t0), then ¢ = 0 for all (x,t). If (u,v) is C in (z,1), & is
C?in (z,t), and ¢ # 0, then (u,v) is C* for every z € R and t € R.

The validity of (3.12) has been verified with Wolfram’s Mathematica. Again, if
¢is C%in (x,t) and ¢ # 0, then ¢ is C? and ) # 0 for every z € Rand t € R. [

Let us denote the transformations (3.10)—(3.11) by B, hence
B : (u,v,g, A) — (u,v),

where gg is a corresponding vector of the linear system (3.7) associated with the
potential (u,v) and the spectral parameter \.

In the simplest example, the MTM soliton (3.3) is recovered by the transfor-
mations (3.10) and (3.11) from the zero solution (u,v) = (0,0), that is,

B: (07 07 57 )\) = <u>\7 U)\)'
Indeed, a solution satisfying the linear system (3.7) with (u,v) = (0,0) is given by

RN E (AT
{¢1 < ' ’ (3.14)

- efi'(/\Qf)\—Q)xfi()\2+)\‘2)t
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Substituting this expression into (3.10) and (3.11) yields (u,v) = (uy,vy) given
by (3.3).

Another important example is a transformation from the MTM solitons (3.3) to
the zero solution. We shall only give the explicit expressions of this transformation
for the case [\| = 6 = 1. By (3.12) and (3.14), we can find the vector ¢ solving
the linear system (3.7) with (uy,v,) given by (3.3). When A = ¢7/2, the vector
is given by

Uy = e%zsin.‘er%tiCOS’Y }sech (:c sir?fy — 2%)‘ , (3.15)
Wy = €727 3108 gech (2 siny — @%)| .

We note that 1Z has exponential decay as |z| — oo and, therefore, it is an eigen-
vector of the linear system (3.7) for the eigenvalue A = /2. Substituting the
eigenvector ¢ into the transformation (3.10) and (3.11), we obtain the zero solu-
tion from the MTM soliton, that is,

B: (u,\,v,\,ﬁ, A) — (0,0).

When |A] = § = 1 for (uy,vy) given by (3.3), we realize that ¢ = 0 and hence
the MTM solitons (3.3) are stationary. Travelling MTM solitons with ¢ # 0
can be recovered from the stationary MTM solitons with ¢ = 0 by the Lorentz
transformation. Hence, without loss of generality, we can choose \g = €?70/2 for
a fixed 79 € (0,7) in Theorem 3. Let us state the Lorentz transformation, which
can be verified with the direct substitutions.

Proposition 3. Let (u,v) be a solution of the MTM system (2.1) and let ¢ be a
solution of the linear system (3.7) associated with (u,v) and X = e"/%. Then,

' (z,t) = 0 u(kyx + kaot, kit + ko), P4 R
{ V'(z,t) = dv(kix + kot, kit + ko), hy 1= 2 ky = 2 (3.16)

is a new solution of the MTM system (2.1), whereas

& (2,1) := ¢k + kot, kit + ko), (3.17)

is a new solution of the linear system (3.7) associated with (u',v") and \ = §e™/2.

We shall denote the stationary MTM solitons at t = 0 as

. . o
{ u~ () = isin~ysech (xsm’y 15 (3.18)

),
vy (x) = —isinysech (zsiny +47),

that depend on the parameter v € (0, 7).

Let us now describe our method for the proof of Theorem 3. First we clarify
some notations: (u.,,v,,) denotes one-soliton solution given by (3.18) with a fixed
Y € (0,7), Jﬂm denotes the corresponding eigenvector given by (3.15) for ¢ = 0,
whereas L(u,v,\) and A(u,v,\) denote the Lax operators L and A that contain
(u,v) and a spectral parameter \.
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The main steps for the proof of Theorem 3 are the following. First, we fix an
initial data (ug,vo) € H*(R) such that (ug,vo) is sufficiently close to (u,,v4,) in
L?-norm, according to the bound (3.4).

Step 1: From a perturbed one-soliton solution to a small solution at t = 0. In
this step, we need to study the vector solution v of the linear equation

8,0 = L(ug,vo, \)¥  at time ¢ = 0. (3.19)

In addition to proving the existence of an exponentially decaying solution 1/7 of
the linear equation (3.19) for an eigenvalue A\, we need to prove that if (ug,vg) is
close t0 (U, Vqy) in L:norm, then ¢ is close to JVO in H'-norm and X is close
to €7°/2. Parameter A in bound (3.5) is now determined by the eigenvalue of the
linear equation (3.19).

The earlier example of obtaining the zero solution from the one-soliton solution
gives a good insight that the auto-Béacklund transformation given by Proposition
2 produces a function (pg, qo) at t =0,

B: (u07’U0>J7 >‘) = (p07QO)7 (320)

such that (po, go) is small in L2-norm. Moreover, if (ug, vy) € H?*(R), then (po, qo) €
H2(R).

Step 2: Time evolution of the transformed solution. By the standard well-
posedness theory for Dirac equations [32, 84, 98], there exists a unique global
solution (p,q) € C(R; H*(R)) to the MTM system (2.1) such that (p,q)|=0 =
(Po, qo). Thanks to the L%-conservation (3.2), the solution (p(-,t),q(-,t)) remains
small in the L?-norm for every ¢ € R.

Step 3: From a small solution to a perturbed one-soliton solution for all times
t € R. In this step, we are interested in the existence problem of the vector
function ¢ that solves the linear system

0,0 = L(p,q, )b, 016 = A(p, ¢, \)¢ (3.21)

where (p, q) € C(R; H*(R)) is the unique global solution to the MTM system (2.1)
starting with the initial data (p,q)li—o = (po,q) in H2(R). Using the vector ¢
and the auto-Backlund transformation given by Proposition 2, we obtain a new
solution (u,v) to the MTM system (2.1),

B:(p.q,é N — (u,v). (3.22)

Moreover, if (p,q) € C(R; H*(R)), then (u,v) € C(R; H*(R)). Some translational
parameter a and 6 arise as functions of time ¢ in the construction of the most
general solution of the linear equation 83392? = L(p,q,/\)qg in the system (3.21).
Bound (3.6) on the solution (u, v) is found from the analysis of the auto-Béacklund
transformation (3.22).

To summarize, there are three key ingredients in our method: mapping of an

33



Ph.D. Thesis -Yusuke Shimabukuro Mathematics - McMaster University

L2-neighborhood of the one-soliton solution to that of the zero solution at ¢t = 0,
the L2-conservation of the MTM system, and mapping of an L2-neighborhood of
the zero solution to that of the one-soliton solution for every ¢t € R. As a result,
if the initial data is sufficiently close to the one-soliton solution in L? according
to the initial bound (3.4), then the solution of the MTM system remains close to
the one-soliton solution in L? for all times according to the final bound (3.6). A
schematic picture is as follows:

(u07 UO) (U’v U)
(o, q0) (p;q)

Finally, we can remove the technical assumption that (ug,vy) € H*(R) by an
approximation argument in L?(IR). This is possible because the MTM system (2.1)
is globally well-posed in L?(R) by Theorem 2, whereas the bounds (3.5) and (3.6)
are found to be uniform for the sequence of approximating solutions of the MTM
system (2.1), the initial data of which approximate (ug,vo) in L*(R).

We note that the solution (p, q) to the MTM system (2.1) in a L*-neighborhood
of the zero solution could contain some L?-small MTM solitons, which are related
to the discrete spectrum of the spectral problem (3.19). Sufficient conditions for
the absence of the discrete spectrum were derived in [84], and the L? smallness of
the initial data is not generally sufficient for excluding eigenvalues of the discrete
spectrum. If the small solitons occur in the Cauchy problem associated with the
MTM system (2.1), asymptotic decay of solutions (u, v) to the MTM solitons given
by (3.3) can not be proved, in other words, (p, ¢) do not decay to (0,0) in L*-norm
as t — oo. Therefore, a more restrictive hypothesis on the initial data is generally
needed to establish asymptotic stability of MTM solitons. See [24] for restrictions
on initial data of the cubic NLS equation required in the proof of asymptotic
stability of NLS solitons.

We also note that modulation equations for parameters a and 6 in Theorem 3
are not included in our method. This can be viewed as an advantage of the auto-
Backlund transformation, which does not rely on the global control of the dynamics
of a and 6 by means of the modulation equations. Values of a and 6 are related to
arbitrary constants that appear in the construction of (E as a solution of the linear
equation 895(5 = L(p,q, )\)5 in the system (3.21). These values are eliminated in
the infimum norm stated in the orbital stability result (3.6) in Theorem 3.

3.3 From a perturbed one-soliton solution to a
small solution

Here we use the auto-Backlund transformation given by Proposition 2 to trans-
form a L2-neighborhood of the one-soliton solution to that of the zero solution at
t =0. Let (ug,v0) € L*(R) be the initial data of the MTM system (2.1) satisfying
bound (3.4) for Ay = €79/2, Let ¥ be a decaying eigenfunction of the spectral
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problem . .
aw,éb - L(“Oa Vo, )‘>¢7 (323)

for an eigenvalue . First, we show that under the condition (3.4), an eigenvector
1 always exists and \ is close to \g. Then, we write A\ = de”/? and define

e 2|y |2 4 €2 |ihy|? 206" sin v,
Po ‘= —Up /2 D) ) 5 /2 5 i)z D) (324)
eN/2ihy[2 + e 2 hg|2 T e |3hy | 4 e/ 2 iy
and iy /2 2 iv/2 2 -
Yy —vy 25 3
e g E e R idsingdi .

YR + P2l e R |? + e[
We intend to show that (pg, qo) is small in L? norm.

When (ug, v9) = (tyg, Vyy) and A = Ag = €70/2 the spectral problem (3.23) has
exactly one decaying eigenvector 1 given by

’ (3.26)

P = e2Tsin0 !sech (x sinyy — zé—o)
Py = e~ 3%sinY0 ‘sech (x sinyy — 272—0)

The other linearly independent solution 5 of the spectral problem (3.23) is given
by

2

€y = —e 25070 (2250% | 2 o5~ + 2 sin(270))| sech (zsinyy — 12 |.

Losin —2z sin 1 ] )
{ €1 = ea" (eI — g5in(2yp) )| sech (xsiny — %) |, (3.27)

This solution grows exponentially as || — oo. Therefore, dim ker(0, —L(t,, U4y, Ao))
= 1 for the kernel subspace of the L? space. For clarity, we denote the decaying
eigenvector (3.26) by 1., .

When (ug, vo) is close t0 (uyg, v4,) in L2norm, we would like to construct a
decaying solution v of the spectral problem (3.23), which is close to the eigenvector

... This is achieved in Lemma 8 below. To simplify analysis, we introduce a
unitary transformation in the linear equation (3.23),

il g (3.25)
where f(z) = et Jo (wl’~lw0l)dr jg well defined for any (ug,ve) € L2(R). Then, the
linear equation (3.23) becomes

—

B = M (ug, vo, \), (3.29)

where

i A2 — A2 2TMA™ — T\
M A) = — 0 0
(10,00, A) = 7 g a1 — ) £2 A2 2

The following lemma gives the main result of the perturbation theory. Below,
A < B means that there exists a positive constant C' independent of e such that
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A < OB for all sufficiently small e.

Lemma 8. For a fized g = €7°/2 with vy € (0,7), there exist a real positive ¢
such that if
[[to = a2 + [[vo = vy [l22 <, (3.30)

then, there exists a solution ¢ € H*(R;C?) of the linear equation (3.23) for A € C
satisfying the bound

A= Xl + 114 = dao et S lluo =ty 22 + lvo = w3022 (3.31)

Proof. Set ug = ., + us and vg = v, + vs, where (us, vs) € L*(R) are remainder
terms, which are O(e) small in L? norm, according to the bound (3.30). We expand
1/A? and 1/\ around )¢ and expand ugf? and vo f? in Taylor series, e.g.,

i (T 1
u0f2 = uge? Jo (uol?—[vo|?)dz _ (uvo + Us) (1 T+ §92 + O(g?))> ’ (3'32)

where

g := Z/ Re (usﬂvo — Usﬁ’yo) dx + %/ <|us|2 - |Us‘2)dx'
O O

Note that g is well defined for (us,vs) € L?(R). From these expansions, the linear
equation (3.29) becomes

(8 — M.,)é = AM, (3.33)
where
B B 1 . Sin Y Z‘(efi’yo/Qﬂryo _ ei’m/z@’yo)
M,y = M (tyy, Uyg, Ao) = B [z’(emﬂu% _ em/va) sin g

and the perturbation term AM applied to any gg € H'(R) satisfies the inequality

1AM 12 S (I = Aol + sl z2 + [[vs 216 a2 (3.34)

thanks to the embedding of H*(R) in L>(R) N L*(R). Note that the bound (3.34)
can not be derived in the context of the spectral problem (4.10) without the unitary
transformation (3.28), which removes the term £ (|u|? — |v|?)o3 from the operator L
in (1.10). This explains a posteriori why we are using the technical transformation
(3.28).

We will later need the explicit computation of the leading order part in the
perturbation term AM with respect to (A — Ag), that is,

()‘0 + )‘63) 4%&\62 + 6’Yo) 2
_ _ +O((A=Xo)~, |us|| 2, ||vs )
VI A 2 e (RS PR T
(3.35)
We aim to construct an appropriate projection operator by which we split the
linear equation (3.33) into two parts. Recall that dimker(9, — M,,) = 1 and let

gg% € ker(9, — M,,) and 7, € ker(d, + M ). These null vectors can be obtained

AM = %(A—AO)
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explicitly:

. 6% sin yo ) Yo . e—% sinyo ) Yo
Oy = [6_3511170] ‘sech <s1n70:1: — z?) s Ty = {_egsin%] ‘sech (sm%x — z§> ) .
1 0
0 —1
note that gz;% = @Evo given by (3.26) because |u,,| = |v,,|. We make the following
decomposition:

We note that (77,,, (E’YO>L2 = 0 but <037770,<;_5'70)L2 # 0, where o3 = [ } Also

6= oo+ b (037, Gs)12 = 0. (3.36)
To deal with the existence of such decomposition (3.36), we introduce the projec-
tion operator P,, : L*(R; C?) — L?*(R; C?) N span{o37,, }* defined by

-

g g % ﬁ 7¢ 2 7
Pyo=¢— < 3_,70—'>L Dro-
<0377’Yov ¢'YO>L2

Note that P%ggs = ¢, and P%gg% — 0. From equations (3.33) and (3.36), we define
the operator equation

F(@s, s, 05, \) 1= (05 — Moy)bs — AM (¢, + &) = 0. (3.37)

Clearly, since dim ker(0, —M,,) = 1 # 0, the Fréchet derivative Dz F(0,0,0, A) =

0, — M,, has no bounded inverse. Let 1570 = 03P, 03 and notice that ]570 :
L*(R;C?) — L*(R;C?) Nspan{i,, }*. We decompose equation (3.37) by the pro-

N

jection P into two equations

G(&S,us,vs, A) = p,YOF((ES,US,US, A) =0, (3.38)
H(fg, g, v5,A) = (I — Pyy)F (s, s, vs, A) = 0. (3.39

Since dim ker(9, — M,,) = dimker(d,+ M) = 1 < oo, then d, — M, is a Fredholm
operator of index zero. Observe that Range(G) = L*(R; C?) N span{7,, }*, where
1Ty € ker{0, + M> }. By the Fredholm alternative theorem, P, (0 — M,,))"' P, is
a bounded operator:

Py (8, — M, )t Py, : LA(R; C)Nspan{i,, }= — H'(R; C*)Nspan{osi, }1. (3.40)
We can write equation (3.38) as
(1 — Py, (0 — MVO)APWOAM)(?S = Pv()(ax - MvorlPVOAMﬁb'yo- (3.41)

The operator in (3.41) is shown to be invertible by the Neumann series for operator
and there exists a unique solution ¢, = ¢, € H' for (us, vy, \) € U, with sufficiently
small €, and furthermore ¢, is a C* function in A\, where U, = {(us,vs, \) €
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[L2(R)]2 % C : ||(ts,vs)|| 12 + |A — Ao| < €}. Furthermore, ¢, satisfies the estimate
[l S ”P%(az - M’YO)_IP'YOAMQS’YO”L2 < HAM¢%HL2
S A= Aol + flusllz2 + sl 2, (3.42)

if (us,vs, \) € Ue.
Lastly we address the bifurcation equation (3.39) to determine A € C. From
equations (3.37) and (3.39), the bifurcation equation can be written explicitly as

](u87 Vs, )‘) = <77707 AM($70 + (E*(u& Vs, /\))>L2 =0, (343)

where ¢, (u,, v5, \) is uniquely expressed from (3.40) if (us, vy, A) € U. and smooth
in A. By using the explicit expression (3.35),we check that s := 9,\1(0,0, Ag) # 0,
where

s = £<ﬁ <)‘0+)‘53) —(ﬂ%}\62+6w) (E )p2
200 | (U Ao Fvye) =Moo+ A% | TE

= et / (20870 Q)] + sin 50 |Q(x)[*) da
R

EP— / 1 + cos 7o cosh(2x sin vg)
B r (cosh(2z sin ) + cosvp)?

4ie="0/2

sin o

where Q(z) = sech (zsin~yp —i%2).

As a result, equation (3.43) can be used to uniquely determine the spectral
parameter A if (us,vs,\) € U.. From inequalities (3.35), (3.42) and (3.43), we
obtain that this A satisfies the bound |\ — Ag| < ||us|z2 + ||vs||z2- O

Remark 2. A spectral parameter A in Lemma 8 may not be on the unit circle
A = 1 while \g = €7°/2 is on the unit circle. Thus, a soliton corresponding to a
spectral parameter X may be a moving soliton in (3.3) att = 0.

o>

Tm()\) N

Re(\)

Remark 3. In what follows, we develop the theory when X\ occurs on the unit
circle, hence we write A = €"/? for some v € (0,7). All results obtained below
can be generalized to the case of |A| # 1 by using the Lorentz transformation in
Proposition 3.
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In Lemma 11 below, we will show that a solution gg determined in the proof of
Lemma 8 can be written explicitly as the perturbed solution around Q_S)W in suitable
function spaces. Then, in Lemma 12 below, we will use this representation and
the auto-Béicklund transformation (3.24) and (3.25) to show that (po, o) is small
in L? norm.

To develop this analysis, we first prove several technical results. We consider
the linear inhomogeneous equation

0, — Myt = f, (3.44)
where . .
M. — 1 ~ —siny i(e=?u, — /%))
T2 (e Py, — e, siny

We introduce Banagh spaces X = X; X Xy and Y = Y] x Y5 such that for @ =
(wi,wz)' € X and f = (f1, f2)' € Y, we have

[0]x = [lwillx, + lw2llxa, [ lly = Al + L fellve,
where
|willx, := inf Hvle’%m”’ cosh <a: sinvy — zl) ‘ H
w1=v1+uq 2 L
+ ‘ ure2 ™7 |cosh (m siny — iz) H ) ;
2 L2NLY
|wallx, := inf (vae§Sin7 cosh (x siny — Zz) ‘ H
wo=v2+us 2 Lgo
+ ‘ use” 257 |cosh (x sin~y — Zz> H )
2 L2NL%
and
) o . Y
L sin ~y L
Ifillvy = P (‘ gre>"" |cosh (“Hw ZQ)H 2
+ the—%sinv ‘cosh <:1: siny — ﬂ) ‘ ) )
2 L2NLL
Iy =it ([l 750 cost (s = i3]

b ot

cosh (:c siny — z%) H

L%mL;)

It is obvious that X and Y are continuously embedded into L*(R). We shall
estimate the bound of the operator P, (9, — M,)"'P, : Y — X, where projection
operators P, and P7 are defined in the proof of Lemma 8. First, we will obtain
an explicit solution @ € H'(R;C?) N span{os7],}* for the linear inhomogeneous
equation (3.44) when f € L2(R;C2) N ker(d, + M)+ Then, we will prove that
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the mapping Y > f — @ € X is bounded. These goals are achieved in the next
two lemmas.

Lemma 9. For any f = (f1, f2)! € L2(R;C2) N span{7j, }*+, there exists a unique
solution W € H'(R; C?) Nspan{osif,}* of the inhomogeneous equation (3.44) that
can be written as

I = 1~ e .
() = 36,() [K(P) + W- (@) + Wy ()| + 76, () / i (y) - )y, (3.45)
where
W_(z) = /_; e_%ySi”(ezysin + 2cosy + ysin(2y)) ‘sech <y siny — z%) ‘ fi(y)dy,
Wi(z) = /:o e_%ySiM(—l + e2Sin7y 5in(27)) ‘sech (y siny — Z%) ‘ fa(y)dy,

—

and k(f) is a continuous linear functional on L*(R;C?).

Proof. Since 9,— M., : H'(R; C?) — L?*(R; C?) is a Fredholm operator of index zero
and ker(0, + M>) = span{7, }, the inhomogeneous equation (3.44) has a solution
in H'(R;C?) if and only if f € L2(R;C?) N span{i,}*. For uniqueness, we add
the constraint @ € span{osf, }*.

Recall that U = [gz%, g}] is a fundamental matrix of the homogeneous equation
(0r — M,)U = 0 and 7}, is a decaying solution of (9, + M7)7 = 0. All functions
are known explicitly as

e%xsinw e—%xsin'y
¢'Y<x> = |:e—§a:sinv:| Q(I’), 777(.1') = [_eéxsin“/:| Q(x)’
and )
R B eEmsin'y<€—2xsinfy _ ZL’SID(Q’}/))
Hlw) = [—e‘él’sm”(eh“m + 2cosy + zsin(2y)) @),
where

Qz) = ‘sech (x siny — z%)‘ :

From variation of parameters, we have the explicit representation (3.45), where

k( f) is the constant of integration and the other constant is set to zero to ensure
that @ € H'(R; C?). It remains to prove that every term in the explicit expression
(3.45) belongs to L*(R; C?).
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z|

Since | ¢, (z)] < e~ 357 and |Q(x)] < e~171517 for all 2 € R, we have

WG, 1z2
S 6_%|x|5in7/ e 2V (2T 4 9 cosy + ysin(27))Qy) fi (y)dy
oo L2
SH/ 0D f )yl 4 e bl / (2 4 y))] o)l dy
—00 L2 —0o0 L3
<)l
and
Wi, [z S ||e2lelsin / 7BV (1 4 2Ty 6in(29))Q(y) fa(y)dy
x L%
oo ) 1 . o0 1 .
5’/ b iyl [l delsiny / eS|y | () | dy
T L% T L%
<1l

where notation || f(x)| 2 is used in place of ||f(-)||z2. Since f e LAR;C?) N
span{if, }*, then

/ Ty fly)dy = / ) - f)dy.

Using this equality, we can estimate the last term in the explicit expression (3.45)
as follows

 (x) / ") - Fw)dy

—0o0

L3

—Llosin ’ — Y 1o sin OO_) Ry
Slle e ”/ Ty (y) - fy)dy||  + ||e2 ”/ T (y) - f(y)dy
—o0 L2 z L2
r 1 : - & 1 : -
S / e2 WY £y |dy||  + / e~ 2Wmm sy £ ()| dy
—o0 L2 z L2
Sl e,

where |f] is the vector norm of the 2-vector f. Since <03ﬁ7,<57>L2 £ 0, k(f) is
uniquely determined from the orthogonality condition (o3, w)2 = 0. Since all
other terms in (3.45) are in L2(R;C2), k(f) is bounded for all f € L2(R;C2).
Therefore, k(f) is a continuous linear functional on L2(R; C2). O

Lemma 10. Let fe Y Nspan{7,, }*+ and let & be a solution of the inhomogeneous
equation (3.44) in Lemma 9. Then there is a f-independent constant C > 0 such
that || x < C| flly-

Proof. The solution 0 is given by the explicit formula (3.45). We assume now that
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f belongs to the exponentially weighted space Y and prove that w belongs to the
exponentially weighted space X. Since ||a¢>7||X < 2||a|| L~ for any a € L=(R), k(f)
is a continuous linear functional on L*(R;C?), and Y is embedded into L*(R; C?),
we have

() llx S RIS I1lze < 1FIly-
The second term in (3.45) is estimated by
Wm0l x

: H/ e VS (27 4 2 cosy + ysin(29))Q(y) f1(y)dy

Lg

. —lrsin L rsin
< it (e Q@) s + et Q) sz

fi=g1+h1
< Hf”Yw

where Q(x) = cosh(zsiny — iv/2).
Similarly, the third term in (3.45) is estimated by HW+¢7|| x < 1Ifllv,. The last
term in (3.45) is estimated as follows:

—

Hf f() < Ny + No+ N3+ Ny,
X

where

Ny = e‘““”/ n(y) - fly)dy ,

—0o0 LgenL?2
No = |esin(z) [ o) Fody|
N3 = ||e"*"7 / n(y) - fly)dy :
T LeenL2

Ny = ||(2cosy + zsin(27)) / n(y) - fly)dy

Since |n(z)| Se” 50 and ||e 2 S“”fHL ||ﬂ|y for all x € R, we have
M511’1
Mig| [ et a4y
LgenL2

<[le® 0 fullge + lle 5 foll s

S Iy

The other terms Ny, N3, and N, are estimated similarly. All together, we have
justified the bound ||@||x < C|f]ly for a f-independent positive constant C. [

Lemma 11. Under the condition (3.30), assume that X = /2 is the eigenvalue
of the spectral problem (4.10) for the eigenvector v € H*(R;C?) determined in
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Lemma 8. Then, the eigenvector can be written in the form (3.28) with

e%:csm’y(l —+ 7“11( )) —+ ef%azsin’yrm(x)
1
2

o h —i)|. (346
e :vsm'yT.Ql( )+62xs1n7(1+r22(x)):| ’SGC (1’811’17 Z2> ( )

¢(r) =
where components r;; for 1 <i,5 < 2 satisfy the bound

711l oo 4 (712l L2nzee + 1721l 2nLee + 722l S Il —uy || 22 + [Jvo — vy || 2. (3.47)

Proof. Recall the projection operators P, : L*(R; C?) — L*(R; C*) N span{os7j, }*+
and P, : L*(R;C?) — L*(R;C?) Nspan{f,}* introduced in the proof of Lemma
8. The existence of the eigenvector ¢ € H'(R;C2) of the spectral problem (3.29)
for the eigenvalue A = ¢”/2 has been established in Lemma 8. Therefore, we are
using operators P, and P to prove additional properties of the eigenvector qzﬁ

Using the projection operator P, we decompose gg = gz% + q;s and rewrite the
spectral problem (3.29) in the form

(0 — M,) ¢ = AM (6, + ), (3.48)

where AM is the anti-diagonal matrix that contains the perturbation terms g — Uy
and vy — v, only. Because ¢5 € H'(R;C?) exists by Lemma 8, we realize that
AM (gg7 + qgs) = PAM (57 - gz?s), which yields equivalently the constraint

(77, AM (¢, + )12 = 0. (3.49)
Therefore, we write the perturbed equation (3.48) in the form
Gs = Py (0, — M) PAM (6, + 6.). (3.50)

Note that the operator 157 applies to the sum of the two terms in the right-hand-
side of (3.50) thanks to (3.49) and cannot be applied to each term separately.

Since AM is anti-diagonal, for any ¢ = ((1,¢2)" € X, we have

IAMCly = [[(AM)12Gllv, + I(AM)31¢1 v,

which is bounded as follows:

IAM)12Glv, S (o = uyllze + oo — vy ll22)lIGall s, (3.51)
[(AM)21Glly, S (lluo = uyllze + lvo — vy ll2) |Gl x, - (3.52)
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Bound (3.51) follows simply from

—~

[(AM)aGally < it ([[(AM)ya€ae? ™ R()]|12
+ N ATD e 807 R 3

S NAM)iale it (lge? ™ R(w)]e

212
+ llmae” " R() |z )
= [[(AM)12] 2 (IG: ] x
where R(z) = |cosh (#siny —i})|. Bound (3.52) is obtained similarly. Because

(Ev € X, the bound ||@||x < ||Iflly in Lemma 10 and bounds (3.51) and (3.52)
imply

1B, (9, — M)  PLAM (6, + ¢9)llx S 1AM(¢, + ¢4)lly

S
S (lwo —usllze + llvo — vyllz2) (14 [ sllx ).

Since [Jug — u,||z2 + ||vo — vy L2 is sufficiently small, the component &, in (3.50)
satisfies the bound

19sllx < Mluo = wyllzz + [Jvo = vyl 2. (3.53)

This completes the proof of the bound (3.47) in the representation (3.46), because

the bound (3.53) on ggs in Banach space X yields the bounds on the components
r;; in the corresponding spaces. [

Corollary 3. In addition to the assumptions of Lemma 11, assume that (ug, vo) €
H™(R) for an integer m > 0. Then, r;; for 1 < i,j < 2 defined by (3.46) are
C™-functions of x.

Proof. The statement is proved for m = 0 in Lemma 11, because r;; are bounded
functions according to the bound (3.47) and they are continuous functions since
¢ € H'(R; C?).

For m = 1, we differentiate the equation (3.48) with respect to x to get

(0y — M) 8,0 = 7+ R + AM, s, (3.54)

where 77 := &C(AJ\A/M’,Y) and R := 8I(M7)+8I(A]\7). Recall that ¢, € X by Lemma
11. If (ug,v9) € H'(R), then 7+ R, € Y according to the bounds

17y < lluo = wyllm + l[vo = vyl

[Boslly S (14 lluo = uylla + [lvo = vyl 1) |5 x-

From bootstrapping of solution of the linear equation (3.50), we have c%ggs €
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H*(R). Then, since 7+ R¢, € Y, we have
7+ Réy + AMO,é, = P.(7 + Ré, + AMO,¢,)
Therefore, we can write the derivative equation (3.54) in the form
Opds = P, (0, — M) P (7 + R, + AMO, ). (3.55)

Using bounds (3.51) and (3.52) and the smallness of ||ug — w2 + ||vo — vy || 12, We
obtain . B
10205l x S N7+ Reslly < oo, (3.56)

from which it follows that 8,4, € H'(R) N X, hence Oyrij € C(R) for 1 <i,j <2.
Note that the bound (3.47) does not hold for 9,7;; because ||uo—u. || g1 +||vo—vy|| g2
may not be small.

For m > 2, we differentiate (3.48) m times and obtain the expression

(00 — M) Oy = T + AMOL S, (3.57)

where 77, = 8;"(AM57) + [0, M, + AM]¢, and we denote [8,, flg = 9:(fg) —
f0.(g). We note that the term [0, M, + AM], does not contain the m-th

derivative of qgs. By an induction similar to the case m = 1, we find that 7, € Y
according to the bound

17mlly < lluo = uyllzm + llvo = 03[

Hence if (ug,v0) € H™(R), then d™¢, € H'(R) N X, hence &r;; € C(R) for
1<i,j<2 0

Lemma 12. Under the condition (3.30), assume that A = e"/? is the eigenvalue
of the spectral problem (4.10) for the eigenvector ¢ € H'(R;C?) determined in
Lemma 8 and define

e Pl [? + e[ 2 sin ¢, ¥y
Po = U0 e AT L iy 22 (3.58)
e L e e L s (Y R O (]
i Y e (2 2isin 4,1y
Q=" B E T i T e (3.59)
e~ 2|2+ 2|2 emT2 4|2 + e/2 |y
Then, (po,q0) € L*(R) satisfy the bound
1Pollz2 + llaollz2 S Nluo — uyllz2 + [lvo — vy [| 2 (3.60)

If, in addition, (ug,vg) € H™(R) for an integer m > 1, then (po,qo) € H™(R).

Proof. Let us rewrite equation (3.58) as

2i sin i,

S =— . . ,
Po o + 6717/2|,¢}1|2 + 61’y/2|,¢}2|2

(3.61)
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where S is a module-one factor given by

e 2|2 4 e 2 iy |?

e[y [P + e

We use the representation (3.28) and (3.46) for the eigenvector . Substituting ¢
into the second term of (3.61), we obtain

2i sin 1,1y B 2if" sin~y [1+ €1 4 €™ + gze™*517]
e—i7/2|¢1|2 + €i7/2|¢2|2 T emsinw—iv/Z(l + 64) + e—msin'y+i7/2(1 + 65) + €6
e . .
= i’ sinysech (wsiny = i1 ) [1+O(a] +led] + les] + [es])] + Ollea] + [esl),

where f(z) = et Jo (mol?~lw®dr 414 we have defined

€1 = T11+ 7o+ T2 +Ti2721,

€y = T9o1 +T11T21,

€3 = Ti9 4 T12799,

e = i +Tu+ |rul?+ e ra

€5 = T99 +Too + |7022’2 + e—i'y|7a12’2’

€ = 2e7?Re(rig +Ti1ri2) + 2672 Re(rar + ra1Ta22).

Bound (3.47) in Lemma 11 implies that
|€1]| oo+ €2]| oomr2+-| €3] oomro+-| €al| oo+l €5 Loo Fl€6 | Loz S [Juo—1y || L2 4-][vo =0y || L2

Since w,(z) = isin~ysech (zsiny — i) and |f(z)| =1 for all z € R, we obtain

2i sin v, vy

—2
e P2l [2 4 e 2[dpl2 f o

S lluo = uy[[z2 + [Jvo — vy ]| L2

L2
Applying the triangle inequality to the representation (3.61), we obtain
2isin %, s i
. . — fu,
A+ e 2T

< lwo = Frugllz + o — us iz + oo — vyl 2.

—2
Ipollzz = [lpoSllze < lluo — fuyl[r> + H
L2

By the Taylor series expansion of f and the triangle inequality, we obtain

—2
[0 = wyllz2 + [y [ 211 = f7 [l 2o

—2
|uo — f u’YHL2 <
S o = uyllze + flvo — vyl 22,

which finally yields the bound (3.60) for ||po||zz. The bound (3.60) for ||qolz2 is
obtained in exactly the same way.

Now if (ug,v9) € H™(R) for an integer m > 1, we can differentiate equation
(3.61) in = m times and use Corollary 3 to conclude that (po,q0) € H™(R). O
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3.4 From a small solution to a perturbed one-
soliton solution

Here we use the auto-Backlund transformation given by Proposition 2 to trans-
form a sufficiently smooth solution of the MTM system (2.1) in a L?-neighborhood
of the zero solution to the one in a L?-neighborhood of the one-soliton solution.

Let (po,q0) € H*(R) be the initial data for the MTM system (2.1), which is
sufficiently small in L? norm. Let ¢ be a solution of the linear equation

with A = ¢”/2. Two linearly independent solutions of the linear equation (3.62)
are constructed in Lemma 13 below.

Now, let (p,q) € C(R; H*(R)) be the unique global solution to the MTM
system (2.1) such that (p,q)|i=o = (po,qo). This solution exists in H?(R) by the
global well-posedness theory for Dirac equations [32, 84, 98]. The time evolution

of the vector function gg in ¢ for every € R is defined by the linear equation

0ib = A(p, ¢, \)é (3.63)

for the same A = €"/2. Lemma 14 characterizes two linearly independent solutions
of the linear equation (3.63) for every t € R.

Lastly, Lemma 15 constructs a new solution (u,v) € C'(R; H*(R)) to the MTM
system (2.1) in a L2-neighborhood of the one-soliton solution from the auto—
Bécklund transformation involving (p, ¢) and gg for every t € R. Let us introduce
the following unitary matrices

M1 = diag(ml,ml) and M2 = diag(mg, m2), (364)

where my (z) = e 2o Pol* ~laol)ds oy, ma(z) = et Jo (polP—lo0)ds We make sub-

stitution

sin

G1(z) = =5 My (2) {9”1(‘”)} and  Ga(z) = €57 My(z) {Xl(‘”)l, (3.65)

pa(z) Xa(z)

into the linear equation (3.62) with A = ¢/ and obtain two boundary value
problems:

o) = L(e7py — e2g, )M,
I a2, 8/2 2 ; (366)
©hy = 5(e™%py — g0 )mipy + sin vy,

ISR

and

/

{ X1 = —sinyxa + g(e7"py — g )mixo, (3.67)
Xy = 5(e72py — €7 2qo)m3 1,
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subject to the boundary conditions

lim ¢ (z) =1, lim e®s"7y(z) =0,
lim GfoinngQ(:v) _ 07 and lim XQ(.I‘) -1 (368)

The following lemma characterizes solutions of the boundary value problems (3.66),
(3.67), and (3.68) if (po, qo) is small in the L?-norm.

Lemma 13. There exists a real positive 0 such that if ||pollr2 + ||qoll2 < 9, then
the boundary value problems (3.66), (3.67), and (3.68) have unique solutions in
the class

(1,92) € L¥(R) x (L*(R)NLZ(R)), and (x1,x2) € (L*(R)NL*(R)) x L¥(R),
satisfying bounds

o1 — Uz + ll@2ll2nre < llpollze + llqoll 2 (3.69)

and
Ix1llz2nzee + [Ix2 = 1|z S lpollzz + llqol|z2- (3.70)

Proof. The boundary value problem (3.66) and (3.68) can be written in the integral
form

{ p1(z) = Ti(pr, p2)(x) =1+ %mfm [e_ﬁ/Q]_?o(y) - ew/qu(y)} mi(y)ea(y)dy
pale) = Talpr, ) () 1= = [ e [e=12pq(y) — 0 2q0(y)] mi ()i (v)dy.

(3.71)
We introduce a Banach space Z := L®(R) x (L*(R) N L>°(R)) equipped with the
norm

[z := llullzee + [JuzllLoenr2

and show that T’ = (T1,T3)' : Z — Z is a contraction mapping. Using the Schwartz
inequality, the Younge inequality, and the triangle inequality, we obtain for any

@, P € Z,
HT1(9017902) - T1(§51,52)HL°°

= sup % /_ ' [e7 2Py (y) — €T (y)] M3 (y) (p2(y) — B2(y))dy

zeR

S% (lpollz2 + llgollz2) [[p2 — @2l 22
and
| T5(¢1, 02) — To(P1, P2) || Loonr2
S%HBISMHL;(R)nLg(R)He_szo — "0 2llor — Bl

<-=
sin y

(Ipollz2 + llgoll2) ler = Pall es-
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If |pol| 2 + ||qo]| L2 < ¢ is sufficiently small such that § < sin+y for a fixed v € (0, 7),
then T' = (T3, T3)" is a contraction mapping on Z. To prove the inequality (3.69),
we have

o1 = |z + lo2llzznre < [T (1, 02) — T(0,0)|2
llpol 2 + ||QO||L2(

< .
sin vy

L+ [lor = |z + llpallzoonz2)-

Since ||po||zz + ||qo]|zz < 0 < sin~y, the above estimates yields the inequality (3.69).
Repeating similar estimates for the boundary-value problem (3.67) and (3.68), we
can prove that (xi,x2) € (L*(R) N L¥(R)) x L>°(R) and the inequality (3.70)
holds. [

Remark 4. Bounds (3.69) and (3.70) imply that a parameter X is not an L?
eigenvalue in the spectrum problem (3.62).

Let us now define the time evolution of the vector functions ggl and 52 in ¢
for every x € R, according to the linear equation (3.63), where A = ¢”/? and
(p,q) € C(R; H*(R)) is the unique solution of the MTM system (2.1) such that

(P, q)|t=0 = (po, qo). We also consider the initial data for qz?l and ¢y at ¢t = 0 given
by the two linearly independent solutions (3.65) of the linear equation (3.62). The
linear equation (3.63) for ¢ o with A = ¢7/2 take the form

- —5(pP +laP) + §cosy  —5(e oY) ] -

8 — Ipl” i 1 i (372
912 Dk eig)  (pP + |g?) — Seosy | 912 (3.72)

We set

Gi(w,t) = e M (2, 0)(2,1), Gala,t) i= €3 My(a, t)X(w, 1), (3.73)
where M (x,t) and My(z,t) are given by (3.64) with

(i, 1) = ed acPEOP—lalsnBds 0y IR0 0R)s (3.74)
The following lemma characterizes vector functions ¢ and x.

Lemma 14. Let (py,q0) € H*(R) and assume that there exists a sufficiently small
& such that ||polze + |lqollz < 0. Let (p,q) € C(R; H*(R)) be the unique solution
of the MTM system (2.1) such that (p, q)|t=0 = (po, qo). Let b1 and ¢y be solutions
of the linear equation (3.72) starting with the initial data given by (3.65). Then,
for everyt € R, gz?l and 52 are given by (8.73), where

(1,92)(, 1) € L®(R)x (LA (R)NL¥(R)) and (x1, x2) (1) € (L*(R)NL¥(R))x L¥(R)
satisfy the differential equations

0 5(e""°p — enPg)m3 3

Oup = e ?p — e2q)m? sin

(3.75)
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and ( ) o 2
| —siny (7 p — e g)ms |
X {%(GW *p — eq)ms 0 s (3.76)
subject to the boundary values
lim @1($,t) — eétcosw’ lim e:csinWXl@;’t) =0,
T and T iy (3.77)
lim e ™Yy (x,t) =0, lim yo(z,t) = e” 2897,
Furthermore, for every t € R, these functions satisfy the bounds
lor () = €2* [z + [z, ) [l 2nz S llpollze + llgoll 2 (3.78)
and
1 Gy D)l zznpee + [1x2(1) — €27 S [lpollzz + llgoll 2. (3.79)

Proof. By Sobolev embedding of H%(R) into C'(R), the z-derivatives of solutions
(p,q) € C(R; H*(R)) are continuous and bounded functions of z for every ¢ € R.
Moreover, bootstrapping arguments for the MTM system (2.1) show that the same
solution (p,q) exists in C'(R; H'(R)). Therefore, the t-derivatives of solutions
(p,q) are also continuous and bounded functions of x for every ¢ € R. Thus,
the technical assumption (pg,qo) € H?(R) simplifies working with the system of
Lax equations (3.62) and (3.63). In particular, we shall prove that ¢ satisfies the
differential equation (3.75) for every ¢t € R if 1 satisfies the differential equation
(3.72) for every x € R and the representation (3.73) is used.

By Lemma 13, ¢ is a bounded function of x for ¢ = 0 and by bootstrapping
arguments, ¢ € C(R) for t = 0. We now claim that the differential equation (3.72)
preserves this property for every ¢t € R. From the differential equation (3.72) and
the representation (3.73), we obtain

. Y _ N _92_ _
el +lea?) = sin (1) [(@—pymieres + (g —pimier ]

< (Ipl + laD (sl + le2f?).

By Gronwall’s inequality, for any 7" > 0, we obtain
o1 (2, ) + lp2(, )] < e (@1 (2, 0)]* + [a(2,0)[) 2 €R, te[-T,T]

where

ar = sup sup (|p(z,t)] + |q(z,1)]).
te[-T,T] z€R

Since the exponential factor remains bounded for any finite time 7" > 0, then it
follows that (-, t) € L*(R) for every ¢t € R. Bootstrapping then yields §(-,t) €
C(R) for every t € R.

Since coefficients of the linear system (3.72) are continuous functions of (x,t),
we have 0,5(-,t) € C(R) for every t € R. Now, if (p,q) are C' functions of x and
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t, then a similar method shows that 9,7, 9;0,3,02@ € C(R) for every t € R.

We shall now establish the validity of the differential equation (3.75). For ggl in
(3.73), we write this equation in the abstract form 393(;1 = ngl. We also write the
differential equation (3.72) for 51 in the abstract form 81351 = A¢?1. To establish
(3.75) for every t € R, we construct the residual function F = wggl — L<51- This

function is zero for every z € R and t = 0. We shall prove that F' is zero for every
reRandteR.

The compatibility condition 0, A — 9, L + [A, L] = 0 is satisfied for every x € R
and t € R, if (p, q) is a C! solution of the MTM system (2.1). After differentiating
F with respect to t, we obtain

OF = 00,61 — (0.L)p1 — LIy
= 0:(Ad)) — (OL)d1 — LA
(0, A — L+ [A L)y + AF
= AF.

Let F = (Fy, Fy)t. From the linear evolution 9,F = AF, we again obtain

O(|Fi|* +|F)?) = sin (%) (7= DP)FiFs+ (q — p)Fi ]
(Ipl + lal) (| Ex* + | F2 ),

IA

which yields with Gronwall’s inequality for any 7' > 0
|Fy(a, )] + | P, ) < e (| Fy(2,0)* + | Fo(2,0)]%), 2 €R, tel[-TT)

with the same definition of . Since F (x,0) = 0, then the above inequality yields
F(z,t) = 0 for every z € R and t € [~T,T]. Hence, & satisfies the differential
equation (3.75).

We have shown that @(-,t) € L*(R) for every ¢ € R. We now show that
©o(+,t) € L*(R) for every ¢t € R. It follows from the differential equation (3.72)
and the representation (3.73) that

Oc(lp2]) (Ipl + laD[ @142

<
S leel® + (Ipl* + lal)len .
Using Gronwall’s inequality and the previous bound (3.80), we have for any T' > 0
|Q02(l'7 t)|2
T

<e' {Iw(l‘,@)? +/ (Ip(z, )" + la(@, $)[") e (z, 5)[*ds

=T

T
< e"lpa(z,0)]> + e(”“T)T/ (Ip(x, s)* + la(z, 8)*) (Ier (2, 0)]* + [p2(z, 0)?) ds,
-T
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where # € R and t € [-T,T]. Therefore, we have
lo2 (-, D)I[22 < € llpa(-, 0)1I72

T
+ eI (o1 (-, 0) |2 + llp2(-, 0) 1) /T(Hp(-, $)IZ2 + llaC-, 9)lIZ2)ds.

Since the right-hand side of this inequality remains bounded for any finite time
T > 0, then it follows that ps(-,t) € L*(R) for every t € R.

It remains to prove the boundary values for g (z,t) as + — fo0 in (3.77). The
second boundary condition

lim e "™V, (z,t) = 0

r—00

follows from the fact that ps(-,t) € L>®(R) for every ¢t € R. To prove the first
boundary condition, we use Duhamel’s formula to write the differential equation
(3.72) in the integral form:

—

_ - o -
b1(z,t) = €2tV (2, 0) +/ 27973987 A (1, 8) by (2, 5)ds,
0

where (2 4 lg2) (e 4+ i)
Az, t) = i i 2
1(@:1) [_5@ W4 enl2g) i (p2 4 |ql?)

Using the representation (3.73), we have for ¢t € R
i it
|M1()5(l’7 t) — e2'73 COSPYMI()B(J% O)‘ S / |A1(J}, 5>M1g5($7 S)|d87
0

where |f] denotes the vector norm of the 2-vector f. Since 3(-,t) € L®(R) x
(L°°(R) N L*(R)) for every t € R and p(-, 1), q(-,t) € H*(R), we claim that

o |Ai(x,s)MF(z,s)| is bounded by some s-independent constant for every
z € R and |s| < |t

o lim A (z,s)M@(z,s) = 0 pointwise for every |s| < [t|.

|z|—o00

Then, the dominated convergence theorem gives

Lm |[M,(z, t)@(x,t) — 23T M (2,0)3(x,0)| =0, ¢€R.

r——00

Since @(x,0) — (1,0)" as # — —oo and M (z,t) — I as x — —oo for every t € R,
the above limit recovers the first boundary condition

lim ¢(x,t) = e 31087,

T——00

The proof of the differential equation (3.76) and the boundary condition for y
in (3.77) is analogous. Finally, since the L? norm of solutions of the MTM system
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(2.1) is constant in time ¢, according to (3.2), the proof of bounds (3.78) and (3.79)
is analogous to the proof in Lemma 13. [

Lemma 15. Let (py,q0) € H*(R) and assume that there exists a sufficiently small
& such that ||pollre + llqollze < 8. Let (p,q) € C(R; H*(R)) be the unique solution
to the MTM system (2.1) such that (p,q)|i=o = (po, o). Using solutions ¢ and X
in Lemma 14, let us define

[ 22%:3 ] = Cl(t)e_% SN (2, )P, t) + CQ(t)eg SinyMz(:B,t))Z(m,t% (3.81)

where c1(t) = e@H0/2 cy(t) := e~ @0/ gre given in terms of the real coefficients
a, 6, which may depend on t. Then, the auto—Bdacklund transformation
e”2|uf* + €2 2i sin ¥, o

__c 4 | | 3.82
pew/2|¢1|2 + e=11/2| gy |2 * €2 1|2 + e71/2| o |2 (352

and : ; b
B 617/2|¢1|2 + efw/?|¢2|2 21 8in Yo, P2 (3.83)
TIPS P e R T PGP+ e 2] .
generates a new solution (u,v) € C(R; H?(R)) to the MTM system (2.1) satisfying
the bound

Hu(m,t) — g~ 08T gin y sech (x siny — z% — a> HL2 S lpollzz + ol 2 (3-84)
and

v+ et sin gy sech (wsiny + i3 —a)|| S Ipolles + oo (3.85)
for every t € R.

Proof. Let us introduce ¢ = (b1, 12" by

s
|€5172] 12 + e~/ | g2

¢
[€7172]¢n |2 + =7/ o]

Yy = Wy 1= (3.86)
The inequalities (3.78) and (3.79) imply that (u,v) and 1 are bounded for every
r€Randt € R. If (p,q) are C* functions of (z,t) and ¢ is a C? function of (z, 1),
then (u,v) are C! functions of (z,t) and 1 is a C* function of (z,t). Proposition
2 states that v given by (3.86) satisfies the evolution equations

8:1:1;: L(U,’U,)\)?Z, (9,5?;: A(U,U,)\)?Z,

for A = ¢"/2. As a result, the compatibility condition 8,0,¢ = 8,0,¢ for every
x € R and t € R yields the MTM system (2.1) for the functions (u,v).
We shall now prove inequality (3.84). The proof of inequality (3.85) is analo-
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gous. First, we write (3.82) in the form of

2i sin ¢, o ey 2 + /2|y |

R = — . = . . )
PG+ e Plggl? P 1 e 2|2

(3.87)

Explicit substitutions of (3.81) into (3.87) yield

21 siny (mlmze*“’@m + Rl)
ei'y/2+afxsin'y|(pl|2 + efi'y/27a+xsin’y|x2|2 + Rz’

where
—a+xsiny—

. —2 a—zsiny— — 0  — 2
Ry :=mje TP1p2 + Mimae” paX; + mae X1X2

and
R2 — ei'y/27a+zsin'y|xl‘2 + efi'y/2+afzsin'y|go2’2 + 26i'y/2Re[m1m2ei9¢1Y1]
+ 26_i7/2R€[m1m26i0@2y2].

By bounds (3.78) and (3.79) in Lemma 14, we have |¢1|, |x2| ~ 1 and ||, |x1] ~
0, so that for a — zsiny <0,

2i sin Yy mye~0re=esinrg v,y

R= e P2z [ o1 2 1 e 1112 | o2 + O(lp2| + [x1]) (3.88)

and for a — xsiny > 0,

_ Zisinymymg e=#¥—atasinrg 4
= P + ey p T OUR Fhab- o (3.59)

Combining (3.88) and (3.89), we get

24 sin ,yefwfit cos 7y
eiv/2+a—zsiny + e=/2 — ¢ + ZL’SiIl*)/
., cos Y ., Ccos Y

S ey — e 4 e — e | Ima — 1]+ [ma — 1)) + [pa] + x4
Since m; = et 2o (pPP=ld®)ds 51 My = eifzm(|p‘2_|q‘2)d5, we obtain the bounds

Ima2(,t) = 1z S llplize + llalz2,

provided that ||p||zz and ||¢||z2 are sufficiently small. Then, by Lemma 14 and the
L? conservation law (3.2), the previous estimate yields

HRCI? t) o ie—i@—it(:oSV Sin'ysech <I Sil’l’)/ — Z% - a)

|, S ol + llaol 2. (3.90)

Using the definition (3.87), the bound (3.90), and the triangle inequality, we obtain
inequality (3.84).

Lastly, if (p, q) € C(R; H*(R)), we can differentiate equations (3.88) and (3.89)
in z twice to show from (3.82) and (3.83) that (u,v) € C(R; H*(R)). O
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3.5 Proof of the main result

Proof of Theorem 3. Thanks to the Lorentz transformation given by Proposition
3, we may choose \g = €/2 4y € (0,7) in Theorem 3. For a given initial
data (ug,vg) satisfying the inequality (3.4) for sufficiently small €, we map a L*-
neighborhood of one-soliton solution to that of the zero solution. To do so, we
use Lemma 8 and obtain an eigenvector 7; of the spectral problem (4.10) for an
eigenvalue A € C satisfying

A = 2] S lluo — sy |22 + [lvo — vyl < e (3.91)

We should note that the same Lorentz transformation cannot be used twice to
consider the cases of Ay = €9/2 and A = €"/? simultaneously; the assumption
Ao = €9/2 implies that A is not generally on the unit circle, and vice versa.
Hence, if Ay = €9/2 is set, all formulas in Section 3 below Remark 3 must in
fact be generalized for a general A\. However, this generalization is straightforward
thanks again to the existence of the Lorentz transformation given by Proposition
3. In what follows, we then use the general MTM solitons (uy, vy) given by (3.3).

By Lemma 12, the auto-Bécklund transformation (3.24) and (3.25) with ¢ in
Lemma 8 yields an initial data (pg, qo) € L*(R) of the MTM system (2.1) satisfying
the estimate

1Pollzz + [laollze < lluo — ua(:, 0)[[r2 + [lvg — va(+, 0) || 2
S llwo — wsgllz2 + lvo — vy [l 22 + [[ua(+, 0) — wyg [ 22
+ [[ua(+5 0) = vy |2
S Mo — e[|z + [lvo — vy [l L2 =1 €, (3.92)

where we have used the triangle inequality and the bound (3.91).

Since the time evolution in Section 4 is well-defined if (po,q0) € H*(R), let
us first assume that the initial data (ug,vo) € L*(R) satisfying the inequality
(3.4) also satisfy (ug,vo) € H*(R). Then, (po,q) € H*(R) by Lemma 12. Let
(p,q) € C(R; H*(R)) be the unique solution of the MTM system (2.1) such that
(p,q)|i=0 = (po,q0). Next we will map a L*neighborhood of the zero solution to
that of one-soliton solution for all ¢t € R.

By Lemma 14, we construct a solution of the Lax equations

8,0 = L(p,q,\)¢ and 0,6 = A(p,q,\)¢ (3.93)

for the same eigenvalue A as in (3.91). Let

ki(\) = % ()\2 — %)  ka(N) = i (V - %) .

The solution of the Lax system (3.93) is constructed in the form
bz, 1) = cr () My (,1)e™ VG (2, 1) + co(t) My (z, t)e "Nz, 1), (3.94)
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where unitary matrices M; and M, are given in (3.64) with m; and mqy given by
(3.74), whereas the vectors ¢ and y satisfy the estimates

o1 (1) = €™V oo + (|02, )| 2o S [IPollzz + [lqollz2 < € (3.95)

and

—itko

Ix1 () zznzee + [Ix2(1 8) — €72V e < (pollzz + [0l 2 < e. (3.96)

The coefficients ¢; and ¢ of the linear superposition (3.94) can be parameterized
by parameters a and 6 as follows:

o = e ey = e ati0)2
where parameters a and ¢ may depend on the time variable ¢ but not on the space
variable x. These parameters determine the spatial and gauge translations of the
MTM solitons according to the transformation (?77).

By Lemma 15, the auto-Backlund transformation generates a new solution
(u,v) of the MTM system (2.1) satisfying the bound for every ¢t € R,

it (a4 )= (Bl + o+ ) o)1) S olss Hlaolze < e

(3.97)

Theorem 3 is proved if (ug, vo) € H?(R). To obtain the same result for (ug, vg) €

L*(R) but (ug,vo) ¢ H?(R), we construct an approximating sequence (g, Vo) €

H?(R) (n € N) that converges as n — oo to (ug,vo) € L2(R) in the L?-norm. For
a sufficiently small € > 0, we let

|wo.n — Ungllz2 + ||V0n — Vsl <€, for every n € N.

Under this condition, for each (ugn,vo,) € H*(R), we obtain inequalities (3.91),
(3.92), and (3.97) independently of n. Therefore, there is a subsequence of solutions
(Un,vn) € C(R; H*(R)) (n € N) of the MTM system (2.1) such that it converges
as n — oo to a solution (u,v) € C(R; L*(R)) of the MTM system (2.1) satisfying
inequalities (3.5) and (3.6). The proof of Theorem 3 is now complete. O
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Chapter 4

Global well-posedness of the
derivative NLS by the inverse
scattering transform

4.1 Main result

We consider the Cauchy problem for the derivative nonlinear Schrédinger (DNLS)
equation
{ iy + Uge + i(|uPu), =0, ¢>0, (41)

u’t:O = Ug,

where the subscripts denote partial derivatives and wug is defined in a suitable
function space, e.g., in Sobolev space H™(R) of distributions with square integrable
derivatives up to the order m.

Local existence of solutions for ug € H*(R) with s > % was established by
Tsutsumi & Fukuda [106] by using a parabolic regularization. Later, the same
authors [107] used the first five conserved quantities of the DNLS equation and
established the global existence of solutions for uy € H?(R) provided the initial

data is small in the H'(R) norm.

Using a gauge transformation of the DNLS equation to a system of two semi-
linear NLS equations, for which a contraction argument can be used in the space
L*(R) with the help of the Strichartz estimates, Hayashi [43] proved local and
global existence of solutions to the DNLS equation for uy € H*(R) provided that
the initial data is small in the L?(R) norm. More specifically, the initial data wu
is required to satisfy the precise inequality:

ol 22 < V2. (4.2)

The space H!(R) is referred to as the energy space for the DNLS equation because
its first three conserved quantities having the meaning of the mass, momentum,
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and energy are well-defined in the space H'(R):
I, = / lu|?dz, (4.3)
L = /R(uux — ull,)dx — / u|*da, (4.4)
I = /R\w dx+Z/R|u| (u@x—uxa)dx—i—%/RWde. (4.5)

Using the gauge transformation u = ve™ T 2o WAy g the Gagliardo—Nirenberg
inequality [109]

4
lellze < —llullzelluelz, (4.6)

one can obtain
2 1 6 1 4 2
Iy = ||lvg |72 — 1—6|IU|IL6 2\1- 1= [llz2 ) vl ze-

Under the small-norm assumption (4.2), the H!(R) norm of the function v (and
hence, the H'(R) norm of the solution u to the DNLS equation) is controlled by
the conserved quantities Iy and I, once the local existence of solutions in H*(R)
is established.

Developing the approach based on the gauge transformation and a priori energy
estimates, Hayashi & Ozawa [44, 45, 81] considered global solutions to the DNLS
equation in weighted Sobolev spaces under the same small-norm assumption (4.2),
e.g., for ug € H™(R) N L*»™(R), where m € N. Here and in what follows, L>™(R)
denotes the weighted L?(R) space with the norm

1/2 1/2
oo = ( [a +x2>m|u|2dx) _ ( / <x>2m|u|2dx) |
R R

where (z) := (1 + 22)/2,

More recently, local well-posedness of solutions to the DNLS equation was
established in spaces of lower regularity, e.g., for ug € H*(R) with s > % by
Takaoka [101] who used the Fourier transform restriction method. This result was
shown to be sharp in the sense that the flow map fails to be uniformly continuous
for s < 1 [10]. Global existence under the constraint (4.2) was established in
H*(R) with subsequent generations of the Fourier transform restriction method
and the so-called I-method, e.g., for s > 22 by Takaoka [102], for s > % and s > 1
by Colliander et al. [19] and [20] respectlvely, and finally for s = £ by Miao, Wu
and Xu [75].

The key question, which goes back to the paper of Hayashi & Ozawa [44], is
to find out if the bound (4.2) is optimal for existence of global solutions to the
DNLS equation. By analogy with the quintic nonlinear Schrédinger (NLS) and
Korteweg—de Vries (KdV) equations, one can ask if solutions with the L?(R) norm
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exceeding the threshold value in the inequality (4.2) can blow up in a finite time.

The threshold value v/27 for the L*(R) norm corresponds to the constant value
of the L*(R) norm of the stationary solitary wave solutions to the DNLS equation.
These solutions can be written in the explicit form:

u(x,t) = ¢w(x)eiw2t_%ffoo bWiPdy o (1) = /4w sech(2wz), w e RT, (4.7)

from which we have ||¢, |2 = V27 for every w € R*. Although the solitary
wave solutions are unstable in the quintic NLS and KdV equations, it was proved
by Colin & Ohta [21] that the solitary wave of the DNLS equation is orbitally
stable with respect to perturbations in H'(R). This result indicates that there
exist global solutions to the DNLS equation (4.1) in H*(R) with the L?*(R) norm
exceeding the threshold value in (4.2).

Moreover, Colin & Ohta [21] proved that the moving solitary wave solutions
of the DNLS equation are also orbitally stable in H'(R). Since the L?(R) norm
of the moving solitary wave solutions is bounded from above by 24/7, the orbital
stability result indicates that there exist global solutions to the DNLS equation
(4.1) if the initial data ug satisfies the inequality

o]l 2 < 2v/7. (4.8)

These orbital stability results suggest that the inequality (4.2) is not sharp for
the global existence in the DNLS equation (4.1). Furthermore, recent numerical
explorations of the DNLS equation (4.1) indicate no blow-up phenomenon for
initial data with any large L?(R) norm [70, 71]. The same conclusion is indicated
by the asymptotic analysis in the recent work [16].

Towards the same direction, Wu [110] proved that the solution to the DNLS
equations with ug € H'(R) does not blow up in a finite time if the L?(R) norm
of the initial data ug slightly exceed the threshold value in (4.2). The technique
used in [110] is a combination of a variational argument together with the mass,
momentum and energy conservation in (4.3)—(4.5). On the other hand, the solution
to the DNLS equation restricted on the half line R* blows up in a finite time if the
initial data ug € H*(RT)NL*(RT) yields the negative energy I, < 0 given by (4.5)
[110]. Proceeding further with sharper Gagliardo—Nirenberg-type inequalities, Wu
[111] proved very recently that the global solutions to the DNLS equation exists in
H'(R) if the initial data ug € H'(R) satisfies the inequality (4.8), which is larger
than the inequality (4.2).

Our approach to address the same question concerning global existence in the
Cauchy problem for the DNLS equation (4.1) without the small L?*(R)-norm as-
sumption relies on a different technique involving the inverse scattering transform
theory [6, 7]. As was shown by Kaup & Newell [57], the DNLS equation appears
to be a compatibility condition for suitable solutions to the linear system given by

pth = [—iN03 + AQ(w)] ¥ (4.9)
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and
o = [—2@')\403 +22%Q(u) + iN|ulfos — Aul*PQ(u) + i/\agQ(um)} 1, (4.10)

where 1 € C? is assumed to be a C? function of x and ¢, A € C is the (x,t)-
independent spectral parameter, and Q(u) is the (x, t)-dependent matrix potential
given by

Q@:[Qﬂ. (4.11)

The Pauli matrices that include o3 are given by

m:ﬁéy @:Did,@zﬁ_ﬂ. (4.12)

A long but standard computation shows that the compatibility condition 9,0,1 =
0,01 for eigenfunctions ¢ € C?*(R x R) is equivalent to the DNLS equation
iy + Uge + 1(Jul?u), = 0 for classical solutions u. The linear equation (4.9) is
usually referred to as the Kaup—Newell spectral problem.

In a similar context of the cubic NLS equation, it is well known that the inverse
scattering transform technique applied to the linear system (associated with the so-
called Zakharov—Shabat spectral problem) provides a rigorous framework to solve
the Cauchy problem in weighted L? spaces, e.g., for ug € H*(R) N L%Y(R) [29, 31,
121] or for ug € H'(R) N L?*(R) with s > £ [?]. In comparison with the spectral
problem (4.9), the Zakharov-Shabat spectral problem has no multiplication of
matrix potential Q(u) by A. As a result, Neumann series solutions for the Jost
functions of the Zakharov—Shabat spectral problem converge if u belongs to the
space L'(R), see, e.g., Chapter 2 in [1]. As was shown originally by Deift & Zhou
[31, 121], the inverse scattering problem based on the Riemann—Hilbert problem
of complex analysis with a jump along the real line can be solved uniquely if u is
defined in a subspace of L*!(R), which is continuously embedded into the space
L'(R). The time evolution of the scattering data is well defined if u is posed in
space H'(R) N L*>(R) [29, 31].

For the Kaup—Newell spectral problem (4.9), the key feature is the presence of
the spectral parameter A that multiplies the matrix potential Q(u). As a result,
Neumann series solutions for the Jost functions do not converge uniformly if u is
only defined in the space L!'(R). Although the Lax system (4.9)—(4.10) appeared
long ago and was used many times for formal methods, such as construction of
soliton solutions [57], temporal asymptotics [59, 108], and long-time asymptotic
expansions [112, 113], no rigorous results on the function spaces for the matrix
(Q)(u) have been obtained so far to ensure bijectivity of the direct and inverse
scattering transforms for the Kaup—Newell spectral problem (4.9).

In this connection, we mention the works of Lee [66, 67] on the local solvability
of a generalized Lax system with A" dependence for an integer n > 2 and generic
small initial data ug in Schwarz class. In the follow-up paper [68], Lee also claimed
existence of a global solution to the Cauchy problem (4.1) for large ug in Schwarz
class, but the analysis of [68] relies on a “Basic Lemma”, where the Jost functions
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are claimed to be defined for ug in L?(R). However, equation (4.9) shows that the
condition ug € L*(R) is insufficient for construction of the Jost functions uniformly
in A.

We address the bijectivity of the direct and inverse scattering transform for the
Lax system (4.9)—(4.10) in this work. We show that the direct scattering transform
for the Jost functions of the Lax system (4.9)—(4.18) can be developed under the
requirement uy € L*(R) N L>®(R) and d,uq € L'(R). This requirement is satisfied
if ug is defined in the weighted Sobolev space H'(R) defined by

H"' R) = {ue L*(R), d,ue L>(R)}. (4.13)

Note that it is quite common to use notation H*(R) to denote H'(R)NL*!(R) [31,
121], which is not what is used here in (4.13). Moreover, we show that asymptotic
expansions of the Jost functions are well defined if ug € H*(R) N H“'(R), which
also provide a rigorous framework to study the inverse scattering transform based
on the Riemann—Hilbert problem of complex analysis. Finally, the time evolution
of the scattering data is well defined if uy € H*(R) N HY1(R).

We shall now define eigenvalues and resonances for the spectral problem (4.9)
and present the global existence result for the DNLS equation (4.1).

Definition 3. We say that \ € C is an eigenvalue of the spectral problem (4.9) if
the linear equation (4.9) with this A admits a solution in L*(R).

Definition 4. We say that A € R U R is a resonance of the spectral problem
(4.9) if the linear equation (4.9) with this X\ admits a solution in L*°(R) with the
asymptotic behavior

where ay and a_ are nonzero constant coefficients, whereas e; = [1,0]" and ey =
[0, 1]".

Theorem 4. For every ug € H*(R) N HYY(R) such that the linear equation (4.9)
admits no eigenvalues or resonances in the sense of Definitions 3 and 4, there
exists a unique global solution u(t,-) € H*(R) N H“(R) of the Cauchy problem
(4.1) for every t € R. Furthermore, the map

H*(R)N H*'(R) 3 up — u € C(R; H*(R) N H"'(R))
1s Lipschitz continuous.

Remark 5. A sufficient condition that the spectral problem (4.9) admits no eigen-
values was found in [84]. This condition is satisfied under the small-norm assump-
tion on the HYY(R) norm of the initial data ug. See Remark 9 below. Although we
believe that there exist initial data ug with large H»(R) norm that yield no eigen-
values in the spectral problem (4.9), we have no constructive examples of such
initial data. Nevertheless, a finite number of eigenvalues A € C in the spectral
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problem (4.9) can be included by using algebraic methods such as the Backliind,
Darbouz, or dressing transformations [22, 24].

Remark 6. The condition that the spectral problem (4.9) admits no resonance
18 used to identify the so-called generic initial data ug. The non-generic initial
data ug violating this condition are at the threshold case in the sense that a small
perturbation to ug may change the number of eigenvalues \ in the linear equation

(4.9)

Remark 7. Compared to the results of Hayashi & Ozawa [43, 44, 45, 81], where
global well-posedness of the Cauchy problem for the DNLS equation (4.1) was es-
tablished in H*(R) N HY(R) under the small L*(R) norm assumption (4.2), the
wmwerse scattering transform theory is developed without the smallness assumption
on the wnitial data ug.

Remark 8. An alternative proof of Theorem 4 is developed in [69] by using a
different version of the inverse scattering transform for the Lax system (4.9)-
(4.10). The results of [69] are formulated in space H*(R) N L**(R), which is
embedded into space H*(R) N HYY(R).

The paper is organized as follows. Section 2 reports the solvability results on
the direct scattering transform for the spectral problem (4.9). Section 3 gives
equivalent formulations of the Riemann—Hilbert problem associated with the spec-
tral problem (4.9). Section 4 is devoted to the solvability results on the inverse
scattering transform for the spectral problem (4.9). Section 5 incorporates the
time evolution of the linear equation (4.10) and contains the proof of Theorem 4.

4.2 Direct scattering transform

The direct scattering transform is developed for the Kaup—Newell spectral prob-
lem (4.9), which we rewrite here for convenience:

Outp = [—iN’03 + AQ(uw)] ¥, (4.14)

where ¢ € C?, X\ € C, and the matrices Q(u) and o3 are given by (4.11) and (4.12).
The formal construction of the Jost functions is based on the construction of
the fundamental solution matrices W, (z; ) of the linear equation (4.14), which
satisfy the same asymptotic behavior at infinity as the linear equation (4.14) with

Q(u) = 0:
Uy (z;)) — e %% as g — 400, (4.15)

where parameter A is fixed in an unbounded subset of C. However, the standard
fixed point argument for Volterra’s integral equations associated with the linear
equation (4.14) is not uniform in A as |A\| — oo if Q(u) € L'(R). Integrating by
parts, it was suggested in [84] that uniform estimates on the Jost functions of the
linear equation (4.14) can be obtained under the condition

[l (lfull o + |10zul| 1) < o0
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Here we explore this idea further and introduce a transformation of the linear
equation (4.14) to a spectral problem of the Zakharov—Shabat type. This will allow
us to adopt the direct and inverse scattering transforms, which were previously
used for the cubic NLS equation [31, 121] (see also [24, 29] for review). Note that
the pioneer idea of a transformation of the linear equation (4.14) to a spectral
problem of the Zakharov—Shabat type can be found already in the formal work of
Kaup & Newell [57].
Let us define the transformation matrices for any v € L>*(R) and \ € C,

1 0

—u(z) 2iA (4.16)

Ty(z;\) = [

] and  Ty(x;\) = {zm —U(l’)}?

0 1

If the vector ¢ € C? is transformed by 1 5 = T} 2?, then straightforward compu-
tations show that 1y o satisfy the linear equations

Opth1 = [—iNo5 + Qi(w)] ¥1,  Qi(u) ! [ uf !

T 9 | =20, —alul? —|ul?

|

and

Opthy = [—iN’03 + Qa(u)] 2,  Qa(u) = l

5 (4.18)

lul*  —2iu, + ulul?
—u —ul? '

Note that Qi2(u) € LY(R) if w € L'(R) N L*(R) and d,u € L'(R). The linear
equations (4.17) and (4.18) are of the Zakharov—Shabat-type, after we introduce
the complex variable z = A\2. In what follows, we study the Jost functions and the
scattering coefficients for the linear equations (4.17) and (4.18).

4.2.1 Jost functions

Let us introduce the normalized Jost functions from solutions 4 ¢ of the linear
equations (4.17) and (4.18) with z = A? in the form

ma(x;2) = (w5 2)e™*,  ny(x;2) = o(w; 2)e” ", (4.19)

according to the asymptotic behavior

m (w3 2) = e, } as x — %00, (4.20)
ny(z;2) — e,
where e; = [1,0]" and e; = [0,1]*. The normalized Jost functions satisfy the
following Volterra’s integral equations
bt 0
m(z;2) = e + 0 e2ista—y) | Qululy))m(y; 2)dy (4.21)
+o0

and

ne(z;z) = ey +/

x |:€2iz(zy) 0
+oo

N A IS A
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The next two lemmas describe properties of the Jost functions, which are analogues
to similar properties of the Jost functions in the Zakharov-Shabat spectral problem
(see, e.g., Lemma 2.1 in [1]).

Lemma 16. Let u € L'(R)NL3(R) and O,u € L'(R). For every z € R, there exist
unique solutions my(-;2) € L¥(R) and ny(;z) € L*®(R) satisfying the integral
equations (4.21) and (4.22). Moreover, for every x € R, m_(x;-) and ny(x;-)
are continued analytically in C*, whereas m. (x;-) and n_(x;-) are continued an-
alytically in C~. Finally, there exists a positive z-independent constant C' such
that

I 2l + Ins (s g <C, 2 € CE (4.23)

Proof. Tt suffices to prove the statement for one Jost function, e.g., for m_. The
proof for other Jost functions is analogous. Let us define the integral operator K
by

RN S A D SR Ju(y)[? u(y)
e =g [ o oton] [aaug) i e (00
(4.24)
For every z € C* and every xy € R, we have

(K ) Z)||L°°(—oo,xo)

1 el Z2 [ v )]
< — (—00,z0) »Z0 F ) oo
=2 [2Haxurmoo,m>+||u||i3(oo,xo) JulZ s 1762 etocim

The operator K is a contraction from L*(—o00,zg) to L>®(—00,x) if the two
eigenvalues of the matrix

1= g B o]
2 2Haa:uHL1(—oo,xo) + HUHL3(—oo,xO) HuHLQ(—oo,xo)

are located inside the unit circle. The two eigenvalues are given by

1 1
/\:I: = 5”“”%2(700,10) + §\/”uHLl(—oo,mo)(2||8$u||L1(—oo,aco) + ||u||i3(_007$0))7

so that |A_| < |\;|. Hence, the operator K is a contraction if 2y € R is chosen so
that

1 1
S0l + 54Tl 3 ) COetll 3 ) F 0l ) < 1. (4.25)

By the Banach Fixed Point Theorem, for this zy and every z € C*, there exists a
unique solution m_(+; z) € L*(—o0, o) of the integral equation (4.21). To extend
this result to L*(R), we can split R into a finite number of subintervals such
that the estimate (4.25) is satisfied in each subinterval. Unique solutions in each
subinterval can be glued together to obtain the unique solution m_(+; z) € L*(R)
for every z € C*.
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Analyticity of m_(x;-) in C* for every z € R follows from the absolute and
uniform convergence of the Neumann series of analytic functions in z. Indeed, let
us denote the L! matrix norm of the 2-by-2 matrix function Q as

2
1Qll = Q-

ij=1

If u € HY(R), then v € L*(R) N L3(R) and d,u € L'(R) so that Q,(u) € L'(R),
where the matrix )1(u) appears in the integral kernel K given by (4.24). For every
f(z;2) € L*°(R x CT), we have

ICE™ Pl < %I!Ql(U)II%IIfHLw- (4.26)

As a result, the Neumann series for Volterra’s integral equation (4.21) for m_
converges absolutely and uniformly for every x € R and 2 € C* and contains
analytic functions of z for z € C*. Therefore, m_(x;-) is analytic in C* for every
x € R and it satisfies the bound (4.23). O

Remark 9. If u is sufficiently small so that the estimate

1

1
Sl + 54/l @lowullzs + fluli) < (4.27)

1
2
holds on R, then Banach Fized Point Theorem yields the existence of the unique
solution m_(-;z) € L>®(R) of the integral equation (4.21) such that |m_(-;z) —
el < 1. This is in turn equivalent to the conditions that the linear equation
(4.14) has no L*(R) solutions for every A € C and the linear equation (4.14) has
no resonances for every A € RUR in the sense of Definitions 3 and 4. Therefore,
the small-norm constraint (4.27) is a sufficient condition that the assumptions of
Theorem 4 are satisfied.

Lemma 17. Under the conditions of Lemma 16, for every x € R, the Jost func-
tions my(x; z) and ny(x;2) satisfy the following limits as |Im(z)| — oo along a
contour in the domains of their analyticity:

Jim m(ri2) =mE(@)er, mE(a) = eF O 48)
and . ,
Jim na(az) = nF(@)es, () = FELOR )

If in addition, u € C*(R), then for every x € R, the Jost functions m(z;z)
and ny(x; z) satisfy the following limits as [Im(z)| — oo along a contour in the
domains of their analyticity:
li . 00 — (1) (2) 4.30
im z [my(z;2) — mT(z)er] = qr’ (x)er + ¢ (z)es (4.30)

|z[—o00
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" Jim 2 [ne(;2) —nE(2)es] = st (2)er + s&) (w)es, (4.31)
where

@i (@) = _Ze”fi“’ Zdy/; [U(Z/)ayﬂ(y)-i-%i]u(y)ﬂ dy,

¢P(x) = 2%596 (a(x)eé i |u<y>\2dy> |

P (2) = —%az (u( Jemh S )

2l

D) = Jet s [ lagou) - L)

Proof. Again, we prove the statement for the Jost function m_ only. The proof for
[ 1 (2)]1%

other Jost functions is analogous. Let m_ = [m>’,m”’|" and rewrite the integral
equation (4.21) in the component form:
1 I _ 1 2
mOw2) =145 | uly) [#m® ) +mO i)y, (432)

and

(i) =5 [ (2i0,a()

21
Huly)Pa(y)m™ (y; 2) + [u(y)*m? (y; 2) | dy. (4.33)

Recall that for every z € R, m_(z;-) is analytic in CT. By bounds (4.23) in
Lemma 16, for every u € L'Y(R) N L*(R) and d,u € L'(R), the integrand of the
second equation (4.33) is bounded for every z € C* by an absolutely integrable z-
independent function. Also, the integrand converges to zero for every y € (—oo, )
as |z] — oo in C*. By Lebesgue’s Dominated Convergence Theorem, we obtain
lim ;oo m(,Q)(:r; z) = 0, hence m>(z) := lim|;|n m(,l)(
geneous integral equation

x; z) satisfies the inhomo-

1 T
m=(@) =145 [ July)'m>(y)dy, (4.34)
with the unique solution m>(z) = e2i i /2o )Py Thig proves the limit (4.28) for

m_.

We now add the condition u € C*(R) and use the technique behind Watson’s
Lemma related to the Laplace method of asymptotic analysis [76]. For every
z € R and every small § > 0, we split integration in the second equation (4.33)
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for (—oo,x — §) and (x — §, ), rewriting it in the equivalent form:

z—0 x
m (x;2) = / gy 2)dy + 6(z; 2) / P dy
x—0

—0o0

+ /: V) by 2) — pla; 2) dy = T+ IT + 111, (4.35)

where
1

Olw;2) =~ [(22’8211(96) + u(z)Pa(@))m® (z; 2) + |ul@)Pm® (@; 2)]

Since ¢(+; z) € L'(R), we have
] < el 2)] |1
Since ¢(-; z) € C°(R), we have

1

111| <
] < 2Im(z)

[p(x — 5 2) — ¢(x; 2) || Lo (2—5.0)-

On the other hand, we have the exact value

1 .
IT = —— [1 — e**] ¢(x; 2).
o 1= ] (a2
Let us choose § := [Im(2)]~"/? such that § — 0 as Im(z) — co. Then, by taking
the limit along the contour in C* such that Im(z) — oo, we obtain

lim 2m®(2:2) = —— lim ¢(z;2) = —i(%(‘?mﬂ(x) + Jua) [2a(e))m (x),(4.36)

|z|—00 21 |z|—o0

which yields the limit (4.30) for m®. On the other hand, the first equation (4.32)
can be rewritten as the differential equation

1 1
ﬁxm(,l)(x; z) = —,|u(x)|2m(,1)(x; z) + —,u(:p)m(f) (x;2).
21 21
Using m*® as the integrating factor,

0, (1> (2)m™ (; 2)) = %u(m)mio(x)m(_z) (2:2),
(1),

we obtain another integral equation for m

D (z: 2) = m* () + %m‘io(x) / LR m® Ny, (437)

—00
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Multiplying this equation by z and taking the limit |z| — oo, we obtain

, N 1 " i 1
|zl\1£>nooz m(_l)(x; z) —m>(x)| = _Zm_ (3:)/ {u(y)ayu(y) + Z|u(y)\4 dy,
(4.38)
which yields the limit (4.30) for m". 0

We shall now study properties of the Jost functions on the real axis of z. First,
we note that following elementary result from the Fourier theory. For notational
convenience, we use sometimes || f(2)||z2 instead of || f(-)]|Le.

Proposition 4. If w € H'(R), then

swp | [ Dy <Vl (139)
z€R —o0 L2(R)
and .
sup Qiz/ =@y (y)dy + w(z) < V|| Opw|| 2. (4.40)
z€R —0o0 L2(R)

Moreover, if w € L*'(R), then for every o € R™, we have

S \/7_THwHL2’1(*OO,.’I70)7 (441)
LZ(R)

sup
TE(—00,20)

(z) / V() dy

where (z) := (14 x2)'/2,

Proof. Here we give a quick proof based on Plancherel’s theorem of Fourier anal-
ysis. For every x € R and every z € R, we write

T 0
flw;2) = / e* e w(y)dy = / e w(y + x)dy,

—00 —00

so that
(o) 0 0 ]
1 )l2e = / / / D1 + 2)wlys + 2)e B dy,dysd>
0

= / wly +2)Pdy = = / " Jwly)Pdy. (4.42)

—0o0

Bound (4.39) holds if w € L*(R).
If y <2 <0, we have 1 + 3> > 1 + 22, so that equation (4.42) implies

Il < s [

—0o0

T

T
(1+y*)|w(y)*dy < m”wnill(foo,x)?

which yields the bound (4.41) for any fixed zp € R™.
To get the bound (4.40), we note that if w € H*(R), then w € L*(R) and
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w(x) — 0 as |z| — co. As a result, we have

T

2izf(x; 2) + w(x) = / @G w(y)dy.

—0o0

The bound (4.40) follows from the computation similar to (4.42). O

Subtracting the asymptotic limits (4.28) and (4.29) in Lemma 17 from the
Jost functions m4 and n. in Lemma 16, we prove that for every fixed x € R, the
remainder terms belongs to H'(R) with respect to the variable z if u belongs to
the space H"'(R) defined in (4.13). Moreover, subtracting also the O(z7!) terms
as defined by (4.30) and (4.31) and multiplying the result by z, we prove that the
remainder term belongs to L(R) if u € H*(R)NH"!(R). Note that if u € H"(R),
then the conditions of Lemma 16 are satisfied, so that v € L'(R) N L*(R) and
dyu € LY(R). Alsoifu € H*(R)NH" (R), then the additional condition v € C'*'(R)
of Lemma 17 is also satisfied.

Lemma 18. I[fu € HYY(R), then for every x € R, we have
my(x;) —mT(x)e; € H'(R), ni(z;-) —n2(x)e; € H(R). (4.43)

Moreover, if u € H*(R) N HY'(R), then for every x € R, we have

2 [me(w;z) = mT(@)er] — (¢ (@)er + 2 (v)es) € L2AR)  (4.44)
and
2 [ne(z;2) — nP(w)es] — (sg)(x)el + sg)(x)eg) € L*(R). (4.45)

Proof. Again, we prove the statement for the Jost function m_. The proof for
other Jost functions is analogous. We write the integral equation (4.21) for m_ in
the abstract form

m_=e; +Km_, (4.46)

where the operator K is given by (4.24). Although equation (4.46) is convenient
for verifying the boundary condition m_(x;z) — e; as © — —oo, we note that
the asymptotic limit as |z| — oo is different by the complex exponential factor.
Indeed, for every = € R, the asymptotic limit (4.28) is written as

m_(x;z) = m™(x)e; as |z]| — oo, where m>(z):=e2 o [ oo July) Py,
Therefore, we rewrite equation (4.46) in the equivalent form
(I — K)(m_- —m®>e;) = hes, (4.47)

where we have used the integral equation (4.34) that yields e; — (I — K)m™e; = hey
with

h(z;z) = /x @y (y)dy, w(x) = —8x< (x )622 oo luly) |2dy> (4.48)

—00
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If u € HY(R), then w € L*(R). By the bounds (4.39) and (4.41) in Proposition
4, we have h(z;z) € L (R; L*(R)) and for every xy € R, the following bound is
satisfied:

1
w o) hai iz < VA Reullias + 3l )

z€(—00,z0)

< COlullrs + lullz), (4.49)

where C'is a positive u-independent constant and the Sobolev inequality ||u|[fe <
\%HuHHl is used.

By using estimates similar to those in the derivation of the bound (4.26) in
Lemma 16, we find that for every f(z;2) € L2 (R; L2(R)), we have

1
B F) (@3 2| ngerz < QL (3 2) |25z (4.50)

Therefore, the operator [ — K is invertible on the space L(R; L*(R)) and a bound
on the inverse operator is given by

_ — 1 n u
I = K) M lrgorzrzorz < ) —lQu()[7x = el 0l (4.51)
n=0

Moreover, the same estimate (4.51) can be obtained in the norm L ((—o0, zo); L2(R))
for every zp € R. By using (4.47), (4.49), and (4.51), we obtain the following es-
timate for every xy € R™:

sup ||} (mo(2:2) = m(w)er) ey < Ce O (s + )
TrE(—00,T0 z
(4.52)

Next, we want to show 0,m_(z;z) € L((—o00, xg); L2(R)) for every zo € R™.
We differentiate the integral equation (4.46) in z and introduce the vector v =
(v v@]t with the components

vW(z;2) = azm(_l)(:v; z) and v@(x;2) = sz(_m(:n; z) — 2izm® (x; 2).
Thus, we obtain from (4.46):
(I — K)’U = h161 + h262 -+ h3€2, (453)
where
mw2) = [ ulom® s
ho(w;2) = / ye ) (20, (y) + [u(y) a(y)) (m™Y (y; 2) — m>=(y))dy,
hawiz) = [ g @i, ) + lul) Paty)m ).
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For every xy € R™, each inhomogeneous term of the integral equation (4.53) can
be estimated by using Holder’s inequality and the bound (4.39) of Proposition 4:

sup |7 (;2) |z < llullss sup (@) mP (@5 2) | 2wy,
x€(—00,x0) x€(—00,x0)

sup || ha(z; 2)| L2(r)

x€(—00,x0)

< o + ) _swp (o) (m(s2) - m(@)
re(—00,T0

sup ||h3(l’, Z)HL%(R) S \/E(2||8$u||Lz,1 + ||u3||L2,1) .

x€(—00,x0)

Y

LE(R)

The upper bounds in the first two inequalities are finite due to estimate (4.52)
and the embedding of L*!(R) into L'(R). Using the bounds (4.51), (4.52), and
the integral equation (4.53), we conclude that v(x;2) € L((—00, z0); L2(R)) for
every zo € R™. Since zm'” (z; 2) is bounded in L((—o00,x); L2(R)) by the same
estimate (4.52), we finally obtain d,m_(x;2) € L°((—o0,xo); L*(R)) for every
xo € R™. This completes the proof of (4.43) for m_.

To prove (4.44) for m_, we subtract the O(z7!) term as defined by (4.30) from
the integral equation (4.47) and multiply the result by z. Thus, we obtain

(I — K) [z (m_ —m>e;) — (¢Wer + ¢Per)| = zhes — (I — K)(¢Wer + ¢Pes),
(4.54)
where the limiting values q(,l) and q(f) are defined in Lemma 17. Using the integral
equation (4.37), we obtain cancelation of the first component of the source term,
so that
zhey — (I — K)(qWey + ¢Pey) = hey

with

- z . 1
Reiz) = g/ V() dy + ()

o 21
1 ! iz(x— ca = =
— [ e | @iv,uly) + aw)u@)P)a 0) + [uly)Fa® ()] g,
where w is the same as in (4.48). By using bounds (4.39) and (4.40) in Proposition
4, we have h(z;z2) € L(R; L2(Z)) if w € H'(R) in addition to v € HY(R), that
is, if u € H*(R) N HYY(R). Inverting (I — K) on L®(R; L?(Z)), we finally obtain
(4.44) for m_. O

The following result is deduced from Lemma 18 to show that the mapping
H" (R) 3 u — [mx(z;2) — mP(x)ey, ne(x; 2) —nT(x)] € L (RF; HE(R)) (4.55)

is Lipschitz continuous. Moreover, by restricting the potential to H*(R)NH"(R),
subtracting O(z7!) terms from the Jost functions, and multiplying them by z, we

also have Lipschitz continuity of remainders of the Jost functions in function space
L (R; L(R)).
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Corollary 4. Let u,a € HYY(R) satisfy ||ul|ga, |[|@]| g < U for some U > 0.
Denote the corresponding Jost functions by [my,ny] and [my,ny] respectively.
Then, there is a positive U-dependent constant C'(U) such that for every x € R*,
we have

[my(z;-) = mE(x)er — my(z;-) + mE(@)er||m < CU)|lu —al[gra (4.56)
and
[ne(z; ) = nZ(@)er — ne(w;-) + n(x)ea| m < C(U)|Ju — | prea. (4.57)

Moreover, if u,u € H*(R) N HY(R) satisfy ||ullgzamt, || genma < U, then for
every x € R, there is a positive U-dependent constant C(U) such that

~

s (2 -) = e (@) 2 + I (25) = e (a3 llze < CU)Ju = @llmama. (4.58)

ma(ziz) = 2 [ma(z;2) - mE(@)er] — (¢ (@)er + P (2)en),

e(w;z) = 2 [ne(e;z) — nP(2)es] — (5P ()er + 52 (x)ea).

Proof. Again, we prove the statement for the Jost function m_. The proof for
other Jost functions is analogous. First, let us consider the limiting values of m_
and m_ given by

mf(l‘) = 62%' foo |u(y)|2dy’ m‘f’(x) — 62%' foo |@(y)|2dy

Then, for every z € R, we have

o3 JZ oo ([u@)P—la@)*)dy _ |

m=(x) —m=(z)| =

IN

() / " (Ju(w)? — la)P)dy

—00

< 20C(U)|lu — |2, (4.59)

where C1(U) is a U-dependent positive constant. Using the integral equation
(4.47), we obtain

= (I-K) ' (h—h)es+ (I — K)" YK — f()([ K) Lhes, (4.60)
where K and h denote the same as K and h but with u being replaced by u. To
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estimate the first term, we write

xT

B(z;2) — bz 2) = / ) [u(y) — d(y)] dy, (4.61)

—0o0

where
~ ~ 1 ~12~ ) ~ o0 - 1 2. oo
w—w = |0u+ —=|u]u|m>® —|0.u+ —|ul‘u|m™.
2 2

By using (4.59), we obtain |[|[w—|| 21 < Co(U)||lu—1a|| gr1, where Co(U) is another
U-dependent positive constant. By using (4.61) and Proposition 4, we obtain for
every rg € R™:

pw S VICO)u =l (4.62)

(@) (hlw:2) = bl 2))|

sup
z€(—00,x0)

This gives the estimate for the first term in (4.60). To estimate the second
term, we use (4.24) and observe that K is a Lipschitz continuous operator from
Le(R; L2(R)) to L (R; L2(R)) in the sense that for every f € L°(R; L2(R)), we
have 3

I(K = R fllizesz < CaU) = ll oo |l gz (4.63)

where C5(U) is another U-dependent positive constant that is independent of f.
By using (4.49), (4.51), (4.60), (4.62), and (4.63), we obtain for every xy € R™:

sup  |[(z) (m_(z;-) — m>®(z)e; — m_(z;-) + M (x)eq) < CU)||u—a| gr.r-

z€(—00,z0) HLE(R)

This yields the first part of the bound (4.56) for m_ and m_. The other part of
the bound (4.56) and the bound (4.58) for m_ and m_ follow by repeating the
same analysis to the integral equations (4.53) and (4.54). O

4.2.2 Scattering coefficients

Let us define the Jost functions of the original Kaup—Newell spectral problem
(4.14). These Jost functions are related to the Jost functions of the Zakharov—
Shabat spectral problems (4.17) and (4.18) by using the matrix transformations
(4.16). To be precise, we define

pr(@A) = T s ma(a;2), 93 N) = Ty (25 M) nae (a3 2), (4.64)
where the inverse matrices are given by
1 {22'/\ 0

T (a3 )) = 5 u(z) 1

) ] and Tz ) = o F u(x)}. (4.65)

T 2N |0 20N

It follows from the integral equations (4.21)—(4.22) and the transformation (4.64)
that the original Jost functions ¢ and ¢4 satisfy the following Volterra’s integral
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equations

pi(iA) =e1+ A / ' B ew(gx_y)] Q(u(y)) e+ (y; A)dy, (4.66)

+oo

and

I ERDY) :62+)\/

z {621)\2 (z—y) 0
Foo

o Qe e

The following corollary is obtained from Lemma 16 and the representations (4.64)—
(4.65).

Corollary 5. Let u € L*(R) N L>®(R) and d,u € L*(R). For every \* € R\{0},
there ezist unique functions i (-;\) € L®(R) and ¢4 (-;A) € L®°(R) such that

pr(z;A) — 1,

b (i A) — e, } as x — Foo. (4.68)
(W, ). ~ 2. M.

Moreover, oy’ (x; \) and ¢ (x; \) are even in A, whereas ¢y (x; \) and ¢ (x; \)

are odd in \.

Proof. To the conditions of Lemma 16, we added the condition u € L*(R),
which ensures that T1_721 (x;\) are bounded for every x € R and for every \ €
C\{0}. Then, the existence and uniqueness of the functions @1 (-; \) € L>*(R) and
o+ (3 A) € L®(R), as well as the limits (4.68) follow by the representation (4.64)—
(4.65) and by the first assertion of Lemma 16. The parity argument for components
of i (x; ) and ¥4 (z; ) in A follow from the representation (4.64)—(4.65) and the
fact that m(z; z) and ny(z;2) are even in X since z = \2. O

Remark 10. There is no singularity in the definition of Jost functions at the
value X\ = 0. The integral equations (4.66) and (4.67) with A = 0 admit unique
Jost functions o (x;0) = e; and ¢+(x;0) = e, which yield unique definitions for
m(z;0) and ny(x;0):

elei0) = || et = [

—u(x)

which follow from the unique solutions to the integral equations (4.21) and (4.22)
at z = 0.

Remark 11. The only purpose in the definition of the original Jost functions
(4.64) is to introduce the standard form of the scattering relations, similar to the
one used in the literature [57]. After introducing the scattering data for A € RUIR,
we analyze their behavior in the complex z-plane, instead of the complex A-plane,
where z = \2.

Analytic properties of the Jost functions ¢ (z;-) and ¢4 (z;-) for every x € R
are summarized in the following result. The result is a corollary of Lemmas 16
and 18.

74



Ph.D. Thesis -Yusuke Shimabukuro Mathematics - McMaster University

Corollary 6. Under the same assumption as Corollary 5, for every x € R, the
Jost functions p_(x;-) and ¢, (x;-) are analytic in the first and third quadrant of
the X plane (where Im(A?) > 0), whereas the Jost functions o (x;-) and ¢_(x;-)
are analytic in the second and fourth quadrant of the \ plane (where Tm(\?) < 0).
Moreover, if u € HY'(R), then for every x € R*, we have

A () = (), 206 (w3 0) — a(e)mE (2), A9l (5;0) € HI(R) (4.69)
and

A0 (30), 2000 (33 0) — ()T (w), o (23 ) = nZ(x) € HI(R), (470
where m and n are the same as in Lemma 17.

Proof. By chain rule, we obtain

0 -0

— =2 \—.

oA 0z
As a result, the analyticity result for the Jost functions ¢4 and ¢ follows from
the corresponding result of Lemma 16. With the transformation (4.64)—(4.65) and

the result of Lemma 18, we obtain (4.69) and (4.70) for go(il), )\gp(f), )\gb(il), and qb(f)

It remains to consider )\_lgaf) and >\_1¢$ ). Although the result also follows
from Remark 10, we will give a direct proof. We write explicitly from the integral
equation (4.66):

A i) == [ e ayme )y

_ /fﬂ 2= (y) (mg)(y; z)—mjj@)) iy, )

+oco

where m3® = e2i Jio WPy anq 2 = A2 as the same as in Lemma 18. By using
Proposition 4 in the same way as it was used in the proof of Lemma 18, we obtain
A1 (2;)) € HY(R) for every x € RE. The proof of A1¢M (z;A) € H(R) is

similar. O

We note that ¢(z) := @i (z; \)e ™" and h(z) = ¢u(2; \)e™’” satisfies the
Kaup—-Newell spectral problem (4.14), see asymptotic limits (4.15) and (4.68). By
the ODE theory for the second-order differential systems, only two solutions are
linearly independent. Therefore, for every x € R and every A € R\{0}, we define
the scattering data according to the following transfer matrix

oo [ O, MO o]y

By Remark 10, the transfer matrix is extended to A = 0 with a(0) = d(0) = 1 and
b(0) = ¢(0) = 0.

75



Ph.D. Thesis -Yusuke Shimabukuro Mathematics - McMaster University

Since the coefficient matrix in the Kaup—Newell spectral problem (4.14) has
zero trace, the Wronskian determinant, denoted by W, of two solutions to the
differential system (4.14) for any A € C is independent of z. As a result, we verify
that the scattering coefficients a, b, ¢, and d are independent of x:

(0-(0; 1), ¢1(0; X)), (4.73)
(01 (0;A), 0-(0; A)), (4.74

a(\) = W(p (5 \)e™™7, gy (a5 1)) =
b(A) = W(ps(mN)e ™ p_(z;N)e ™) =

where we have used the Wronskian relation W (g, ¢, ) = 1, which follows from
the boundary conditions (4.68) as © — +oc.

Now we note the symmetry on solutions to the linear equation (4.14). If ¢ is
a solution for any A € C, then oy03% is also a solution for A € C, where oy and
o3 are Pauli matrices in (4.12). As a result, using the boundary conditions for the
normalized Jost functions, we obtain the following relations:

¢+ (x;A) = 01030+ (3 ),

where o (z; \) means that we take complex conjugation of . constructed from
the system of integral equations (4.66) for A. By applying complex conjugation
to the first equation in system (4.72) for A, multiplying it by o,03, and using the
relations 0,03 = —0307 and 0} = 02 = 1, we obtain the second equation in system
(4.72) with the correspondence

c(A) = =b(}), d\) =a()), XeRUIR. (4.75)

From the Wronskian relation W (¢_, ¢_) = 1, which can be established from
the boundary conditions (4.68) as © — —oo, we verify that the transfer matrix in

system (4.72) has the determinant equals to unity. In view of the correspondence
(4.75), this yields the result

a(Na(\) +b(N)b(X) =1, X e RUIR. (4.76)

We now study properties of the scattering coefficients a and b in suitable func-

tion spaces. We prove that
a(A) = ay = ez falulde ag |A| — o0, (4.77)

whereas a(\) — as, Ab(A), and A71b(\) are H!(R) functions with respect to z if
u belongs to H(R) defined in (4.13). Moreover, we show that Ab()) is also in
L*Y(R) if u € H*(R) N HYY(R).

Lemma 19. If u € HY(R), then the functions a()\) and a()\) are continued
analytically in C* and C~ with respect to z, and, in addition,

a(N) = aoo, AB(A), AIB(N) € HA(R), (4.78)
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where o = ez J2 74 Moreover, if u € H*(R) N HYY(R), then

Ab(N), AMb(N) € L2 (R). (4.79)

Proof. We consider the integral equations (4.66) and (4.67). By taking the limit
x — 400, which is justified due to Corollary 5 and Remark 10 for every A € RU‘R,
and using the scattering relation (4.72) and the transformation (4.64)—(4.65), we
obtain

a(A) =1+ )\/ w(z)p® (z; N)da (4.80)
and
al) =1-\ / ()M (23 ) da. (4.81)

It follows from the representations (4.80) and (4.81), as well as Corollary 6, that

a(A) is continued analytically in C* with respect to z, whereas a(\) is continued
analytically in C~ with respect to z. Using limits (4.28) in Lemma 17 and trans-
formation (4.65), we obtain the following limit for the scattering coefficient a(\)
as |Im(z)| — oo along a contour in C*:

lim a()\) =14+ 21/ |u(;p)|2@% L ‘u(y)|2dydx = e% J lu(@)Pdz = Oo-
tJR

|z[—00

In order to prove that a(\) — ay is a H}(R) function, we use the Wronskian
representation (4.73). Recall from the transformation (4.64)—(4.65) that

oW (@) =mP(z;2) and P (2;0) = 0 (5 2).

Subtracting the limiting values for a and the normalized Jost functions m.y and
n, we rewrite the Wronskian representation (4.73) explicitly
a(N) = s = (mE(0;.2) = m(0)) (n(0; 2) = n(0))
+m2(0)(n(0; 2) — n3°(0)) + n(0) (MM (0; 2) — m>(0))
A (UPYEARI(UPY) (4.82)
By (4.43) in Lemma 18, all but the last term in (4.82) belong to H!(R). Fur-
thermore, )Flgof)(o;)\) and Qi)\qb(il)(();)\) — u(0)n$(0) also belong to H(R) by

Corollary 6. Using the representation (4.82) and the Banach algebra property of
H'(R), we conclude that a()\) — as € H(R).

Next, we analyze the scattering coefficient b. By using the representation
(4.64)—(4.65) and the Wronskian representation (4.74), we write

2iAb(A) = m'”(0; 2)m®(0; 2) — mP (0; 2)m™ (0; 2). (4.83)
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By (4.43) in Lemma 18 (after the corresponding limiting values are subtracted

from m$>(0; z)), we establish that Ab(\) € H(R). On the other hand, the same
Wronskian representation (4.74) can also be written in the form

A7) = m{P (05 2)A 1@ (05 0) = mP (0: 2)A 1P (0; ). (4.84)

Recalling that A~ (0; A) belongs to H(R) by Corollary 6, we obtain A~1b(\) €
H}(R). The first assertion (4.78) of the lemma is proved.

To prove the second assertion (4.79) of the lemma, we note that A™1h()\) €
L*'(R) because zA7'b(\) = Ab(A) € H!(R). On the other hand, to show that
Ab(A) € L*(R), we multiply equation (4.83) by 2 and write the resulting equation
in the form

2iAzb(\) = m$)(0; 2) <zm(,2)(0; z) — q@(O)) —mM(0; 2) <sz)(0; z) — qf)(0)>

+42(0) (m(0:2) = m3(0)) = ¢?(0) (m(0; 2) - m(0) ) (4.85)
where we have used the identity q(,Q)(O)mf(O) —qf)(O)mio(O) = 0 that follows from
limits (4.28) and (4.30). By (4.43) and (4.44) in Lemma 18, all the terms in the

representation (4.85) are in L%(R), hence Ab(\) € L*'(R). The second assertion
(4.79) of the lemma is proved. O

We show that the mapping
H" (R) 3 u — a()\) — aoo, Ab(A), \'b(N) € HX(R) (4.86)
is Lipschitz continuous. Moreover, we also have Lipschitz continuity of the map-
e H*(R)N H"'(R) 3 u — Ab(A), \"'b(\) € L2 (R). (4.87)

The corresponding result is deduced from Lemma 19 and Corollary 4.

Corollary 7. Let u,u € H"'(R) satisfy ||ul|g1, ||il| g0 < U for some U > 0.
Denote the corresponding scattering coefficients by (a,b) and (a,b) respectively.
Then, there is a positive U-dependent constant C(U) such that

la() = ace = a(A) + ool 1z + [1AD(A) AD(A) 1
+HIATO) = AT (M < C(U) |l — @ . (4.88)

Moreover, if u, i € H*(R)NHY(R) satisfy ||ull gznmi, ||@|| g2ags < U, then there
is a positive U-dependent constant C(U) such that

IABON) = A 20 + A5 = A BNl 20 < CO) u = it o (4.89)

Proof. The assertion follows from the representations (4.82), (4.83), (4.84), and
(4.85), as well as the Lipschitz continuity of the Jost functions m. and n. estab-
lished in Corollary 4. [
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Remark 12. Since Corollary 7 yields Lipschitz continuity of the mappings (4.86)
and (4.87) for every u, @ in a ball of a fized (but possibly large) radius U, the
mappings (4.86) and (4.87) are one-to-one for every u in the ball.

Another result, which follows from Lemma 19, is the parity property of the
scattering coefficients a and b with respect to A. The corresponding result is given
in the following corollary.

Corollary 8. The scattering coefficients a and b are even and odd functions in A
for X e RUIR. Moreover, they satisfy the following scattering relation

eV + (V)P =1, AeR,
{ a2 = B2 =1, X eiR. (4.90)
Proof. Because a()\) and A7'b(\) are functions of z = A\?, as follows from Lemma
19, we have a(—\) = a(\) and b(—\) = —b(A) for all A € RUR. For A € R, the
scattering relation (4.76) yields the first line of (4.90). For A = iy with v € R, the
parity properties of a and b imply

a(A) = a(—iy) = a(iy) = a(A) and b(A) = b(—iv) = —b(iy) = —b(N).

Substituting these relations to the scattering relation (4.76), we obtain the second
line of (4.90) H

4.3 Formulations of the Riemann—Hilbert prob-
lem

We deduce the Riemann—Hilbert problem of complex analysis from the jump
condition for normalized Jost functions on RUZR in the A plane, which corresponds
to R in the z plane, where z = A\2. The jump condition yields boundary conditions
for the Jost functions extended to sectionally analytic functions in different do-
mains of the corresponding complex plane. In the beginning, we derive the jump
condition in the A plane by using the Jost functions of the original Kaup-Newell
spectral problem (4.14).

Let us define the reflection coefficient by

_ b :
r(A) = O A€ RUIR. (4.91)
Each zero of a on RUiR corresponds to the resonance, according to Definition 4. By
the assumptions of Theorem 4, the spectral problem (4.14) admits no resonances,
therefore, there exists a positive number A such that

la(A)] > A>0, XeRUIR. (4.92)

Thus, r(A) is well-defined for every A € R UiR.
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Under the condition (4.92), the scattering relations (4.72) with (4.75) can be
rewritten in the equivalent form:

T ) = N (1) (4.93)
and ) L
¢(T/\)) = (55 0) = (Ve ¥ (3 0), (4.94)

where A\ € R U R.

By Lemma 19, a()) is continued analytically in the first and third quadrants
of the A\ plane, where Im(A?) > 0. Also a()\) approaches to a finite limit a., # 0
as |A] — oo. By a theorem of complex analysis on zeros of analytic functions, a
has at most finite number of zeros in each quadrant of the A\ plane. Each zero of a
corresponds to an eigenvalue of the spectral problem (4.14) with the L?(R) solution
() decaying to zero exponentially fast as |z| — oo. Indeed, this follows from
the Wronskian relation (4.73) between the Jost functions ¢_ and 1 extended to
the first and third quadrant of the A plane by Corollary 6. By the assumptions of
Theorem 4, the spectral problem (4.14) admits no eigenvalues, hence the bound

(4.92) is extended to the first and third quadrants of the A plane. Therefore, the

o (z;) ¢—(x;:))
a() and a(X)

functions are analytic in the corresponding domains of the \

plane.

From the scattering relations (4.93) and (4.94), we can define the complex
functions

Qo (1 A) = | ——, 04 (x; N) |, P_(x; ) := [gmr(x;/\),w]. (4.95)

a(A)

By Corollary 6, Lemma 19, and the condition (4.92) on a, for every z € R, the
function ® (z;-) is analytic in the first and third quadrants of the A plane, whereas
the function CI>_( ;+) is analytic in the second and fourth quadrants of the A plane.
For every x € R and A € R U iR, the two functions are related by the jump
condition

D (z;A) = P_(73A) = (23 A)S(2; M), (4.96)
where , ViZs
o | IO -
S(x; \) == |:7“()\>62i)\2x (4.97)
and , V2
e | TIPS =r(Ae™™
S(x;A) = L’(/\)ew‘% A€ R. (4.98)
Note that r(—\) = —r(A) by Corollary 8, so that 7(0) = 0. By Corollary 6, the

functions @ (x; \) satisfy the limiting behavior as \)\| — oo along a contour in the
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corresponding domains of their analyticity in the A\ plane:

(I):t(x’ )\) — q)oo(x) = [e% fioo |U(y)|2dy€17 6_% ffoo ‘U(y)|2dye2i| as |>\| — 0.
(4.99)

The jump conditions (4.96) and the boundary conditions (4.99) set up a Riemann—
Hilbert problem to find sectionally analytic functions ®(z;-) for every x € R. It is
quite remarkable that the matrix S is Hermitian for A € R. In this case, we can use
the theory of Zhou [122] to obtain a unique solution to the Riemann-Hilbert prob-
lem (4.96), (4.97), and (4.99). However, the matrix S is not Hermitian for A € iR.
Nevertheless, the second scattering relation (4.90) yields a useful constraint:

1
>c2>0, \€iR, (4.100)

L= O = s

where ¢y := sup,g;r |@(A)|. The constraint (4.100) will be used to obtain a unique
solution to the Riemann—Hilbert problem (4.96), (4.98), and (4.99).

We note that only the latter case (4.98), which is relevant to the imaginary
values of A\, was considered in the context of the Kaup—Newell spectral problem
by Kitaev & Vartanian [59], who studied the long time asymptotic solution of
the derivative NLS equation (4.1, also in the case of no solitons. The smallness
condition (4.100) does not need to be assumed a priori, as it is done in Lemma
2.2 in [59], but appears naturally from the second scattering relation (4.90). The
Hermitian case of real values of A\ was missed in [59].

We also note that the scattering matrix S(x; \) is analogous to the one known
for the focusing NLS equation if A\ € R and the one known for the defocusing NLS
equation if A € iR. As a result, the inverse scattering transform for the derivative
NLS equation combines elements of the inverse scattering transforms developed
for the focusing and defocusing cubic NLS equations [29, 31, 121].

In the rest of this section, we reformulate the jump condition in the 2z plane and
introduce two scattering coefficients r1, which are defined on the real line in the
function space H'(R) N L*»!(R). The scattering coefficients r1 allow us to recover
a potential u in the function space H%(R) N H"!(R) (in Section 4).

4.3.1 Reformulation of the Riemann—Hilbert problem

Using transformation matrices in (4.64)—(4.65), we can rewrite the scattering
relations (4.93) and (4.94) in terms of the z-dependent Jost functions my and ny:

2iAb(N)

and -
p-(z;2) oia) — b(A) o2 (e
P Ty e (10
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where z € R, my are defined by Lemma 16, and p. are given explicitly by

1 1 u(z)

! (@ 1 2) = —— ny(z; 2
:ﬁTl(ac;)\)T2 <$’)\)ni(x’z)__4z “a(w) —|u(z)]? — 42 +(x; 2).

(4.103)
Properties of the new functions p+ are summarized in the following result.

p+(z;2)

Lemma 20. Under the conditions of Lemma 16, for every x € R, the func-
tions p+(x; 2) are continued analytically in C* and satisfy the following limits as
|Im(2)| — oo along a contour in the domains of their analyticity:

lim py(x;2) =nT(x)es, (4.104)

|z]—00
where n are the same as in the limits (4.29).

Proof. The asymptotic limits (4.104) follow from the representation (4.103) and
the asymptotic limits (4.29) for ny(z;z) as |z| — oo in Lemma 17. Using the
transformation (4.64)—(4.65), functions p. can be written in the equivalent form

patoi2) = (aiohes + oz | [ ), (4.105)

where both n?(z; 2) and A~1¢" (z; A) are continued analytically in C* with re-
spect to z by Lemma 16 and Corollary 6. From the Volterra integral equation
(4.67), we also obtain

T

Ao (a3 ) = / e 2 Wy (y)n ) (y; 2)dy, (4.106)

+oo

therefore, py(z;0) exists for every z € R. Thus, for every x € R, the analyticity
properties of p(x;-) are the same as those of ny(x;-). ]

Let us now introduce the new scattering data:

b(\) 2iAb(N)
= — _(2) = R. 4.1
T—l—(Z) 22)\@(}\)7 r <Z> a(/\) ) KAS ( 07)
which satisfy the relation
r_(z)=4zr (z), zeR. (4.108)

It is worthwhile noting that

{ T (2)r-(2) z |T|()‘)|2’ ¢€RY, A€R, (4.109)

To(2)r_(2) = —|r(V)?, zeR™, AeiR.

The scattering data r. satisfy the following properties, which are derived from the
previous results.
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Lemma 21. Assume the condition (4.92) on a. Ifu € H"'(R), then ry € H'(R),
whereas if u € H*(R) N HYY(R), then r+ € L*Y(R). Moreover, the mapping

H*R)NH"R) > u — (ry,r_) € H(R) N L*(R) (4.110)
1s Lipschitz continuous.

Proof. The first assertion on r. follows from Lemma 19. To prove Lipschitz con-
tinuity of the mapping (4.110), we use the following representation for r_ and 7_
that correspond to two potentials v and u,

_ 2iINb—Db) 20N, 2Nb
ro—r_ = - + = [(@—as) — (a aoo)}—kﬁ(aoo (o). (4.111)

Lipschitz continuity of the mapping (4.110) for r_ follows from the representation
(4.111) and Corollary 7. Lipschitz continuity of the mapping (4.110) for r, is
studied by using a representation similar to (4.111). O

Remark 13. By Corollary 8, a(—\) = a(\) for every A € RUR. Therefore,
when we introduce z = \* and start considering functions of z, it makes sense to
introduce a(z) := a(X) for every z € R. In what follows, we drop the bold notations
in the definition of a(z).

For every z € R and z € R, we define two matrices P, (z;z) and P_(z;z) by

Py(w2) = | 2 p+(x;z>}, P (1:2) = {er(x;z), M} (4.112)

a(z) a(z)

By Lemmas 16, 19, and 20, as well as the condition (4.92) on a, the functions
Py (z;-) for every x € R are continued analytically in C*. The scattering relations
(4.101) and (4.102) are now rewritten as the jump condition between functions
Py (x; z) across the real axis in z for every = € R:

) ) — . . o | TR (2) Th(z)emE
Pulai2) = Poloi2) = Poaia)R(@io), Rlaiz) o= [0S T
(4.113)
By Lemmas 17, 19, and 20, the functions Py(z;-) satisfy the limiting behavior as

|z| — oo along a contour in the domain of their analyticity in the z plane:
Pi(x;2) = @ (z) as |z] — oo, (4.114)

where @, is the same as in (4.99). The boundary conditions (4.114) depend
on x, which represents an obstacle in the inverse scattering transform, where we
reconstruct the potential u(z) from the behavior of the analytic continuations of
the Jost functions Py(x;-) for € R. Therefore, we fix the boundary conditions
to the identity matrix by defining new matrices

My(z;2) == [@oo(2)] " Pe(2:2), z€R, zeC* (4.115)
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As aresult, we obtain the Riemann—Hilbert problem for analytic functions My (x;-)
in C*, which is given by the jump condition equipped with the uniform boundary
conditions:

{M+(;E; 2)— M_(x;2) = M_(x; 2) R(x; 2), z € R,

Myi(z;2) — 1 as |z| — oo. (4.116)

The scattering data r+ € H'(R) N L*!(R) are defined in Lemma 21.
Figure 4.1 shows the regions of analyticity of functions ®. in the X plane (left)
and those of functions M. in the z plane (right).

Im(A) Im(z)

o o, M,
Re(M) ' Re(z)
o, o M-

Figure 4.1: Blue and red regions mark domains of analyticity of ®. in the A\ plane
(left) and those of ML in the z plane (right).

The scattering matrix R in the Riemann—Hilbert problem (4.116) is not Her-
mitian. As a result, it is difficult to use the theory of Zhou [122] in order to
construct a unique solution for My in the Riemann-Hilbert problem (4.116) with-
out restricting the scattering data r4 to be small in their norms. On the other
hand, the original Riemann—Hilbert problem (4.96) in the A plane does not have
these limitations. Therefore, in the following subsection, we consider two equiv-
alent reductions of the Riemann-Hilbert problem (4.116) in the z plane to those
related with the scattering matrix S instead of the scattering matrix R.

4.3.2 Two transformations of the Riemann-Hilbert prob-
lem

For every A € C\{0}, we denote

T1(A) = [é Q?A], 72(A) = [(%é)_l ﬂ (4.117)

and observe that
P R(z; 2) 1 (N) = 75 ) R(;2)1e(\) = S(2;)), z€R, A€ RUIR,

where S(z; A) is defined in (4.97) and (4.98), whereas R(z;z) is defined in (4.113).
Using these properties, we introduce two formally equivalent reformulations of the
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Riemann—Hilbert problem (4.116):

{ Giia(@;A) = Goyo(w;0) = G1o(250)S (w5 A) + Fio(z;0), A € RUGR,
limyy oo G12(2; X)) = 0,

(4.118)
where

Gi12(x;A) == My (25 2)T12(A) = T12(A),  Fia(xA) = 112(N)S(z;A).  (4.119)

The functions G4 2(2z; \) are analytic in the first and third quadrants of the A
plane, whereas the functions G_j5(x; \) are analytic in the second and fourth
quadrants of the A plane. Although the behavior of functions My (x; z)7 2(\) may
become singular as A — 0, we prove in Corollary 9 below that G1q2(x; A) are free
of singularities as A — 0.

Figure 4.2 summarizes on the transformations of the Riemann—Hilbert prob-
lems.

O
T
My
v N\
G i Gio

Figure 4.2: A useful diagram showing transformations of the Riemann—Hilbert
problems

Solvability of the Riemann-Hilbert problem (4.118) is obtained in Section 4.1.
Then, in Section 4.2, we show that the solution to the two related Riemann-
Hilbert problems (4.118) can be used to obtain the solution to the Riemann-
Hilbert problem (4.116). In Section 4.3, we show how this procedure defines the
inverse scattering transform to recover the potential u of the Kaup—Newell spectral
problem (4.14) from the scattering data r.

4.4 Inverse scattering transform

We are now concerned with the solvability of the Riemann-Hilbert problem
(4.116) for the given scattering data r,r_ € H'(R) N L*}(R) satisfying the con-
straint (4.108). We are looking for analytic matrix functions My (x;-) in C* for
every x € R. Let us introduce the following notations for the column vectors of
the matrices My as

My (z;2) = [pe (2 2), e (2 2)]- (4.120)
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Before we proceed, let us inspect regularity of the reflection coefficient r(\) as a
function of z on R.

Proposition 5. If r(z) € H:(R) N L2Y(R), then r(\) € L2(R) N L (R).

Proof. Since ry € L*'(R) and |r(\)|*> = sign(z) 74 (2)r_(z) for every z € R, we
have r(\) € L*!(R) by Cauchy—Schwarz inequality.

To show that r(A\) € LP°(R), we notice that r(\) can be defined equivalently
from (4.107) in the following form:

—2ixry(z) [N <1
rA) = {(22'/\)17"_(2) A > 1.

Since r» € L*®(R) as it follows from 7. € H'(R), then we have r(\) € L*(R). O

Remark 14. We do not expect generally that r(\) belongs to HY(R). For instance,

if \
h(\) :== (SO

then Ab(\), A" h(N) € HY(R)NLEY(R), h(\) € L2 (R)NLE(R) but h(\) ¢ H(R).

>5
S —
47

We also note another useful elementary result.
Proposition 6. If r_(z) € HL(R) N LZY(R), then |[Ar—(2)||lee < ||[r—|lmnrzr.

Proof. The result follows from the representation

2r_(2)? = /OZ (r_(2)* + 2zr_(2)r_(2)) d=.

Using Cauchy-Schwarz inequality for r_(z) € H}(R) N L*'(R), we obtain the
desired bound. O

4.4.1 Solution to the Riemann—Hilbert problem

Let us start with the definition of the Cauchy operator, which can be found
in many sources, e.g., in [31]. For any function A € LP(R) with 1 < p < oo, the
Cauchy operator denoted by C is given by

1 h(s)
Ch)(z) = 5 /R s, zeC\R (4.121)
The function C(h) is analytic off the real line such that C(h)(- +1iy) is in LP(R) for
each y # 0. When z approaches to a point on the real line transversely from the
upper and lower half planes, that is, if y — £0, the Cauchy operator C becomes
the Plemelj projection operators, denoted respectively by P*. These projection
operators are given explicitly by

PE(h)(2) = leif(r)l QLm /R %d& z € R. (4.122)
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The following proposition summarizes the basic properties of the Cauchy and pro-
jection operators.

Proposition 7. For every h € LP(R), 1 < p < oo, the Cauchy operator C(h) is
analytic off the real line, decays to zero as |z| — oo, and approaches to P*(h)
almost everywhere, when a point = € C* approaches to a point on the real axis by

any non-tangential contour from C*. If 1 < p < oo, then there exists a positive
constant C,, (with Cp—g = 1) such that

IP=() e < Cyllhllzo- (4.123)

If h € LY(R), then the Cauchy operator admits the following asymptotic limit in

either C* or C: |
lim 2C(h)(z) = —=— [ h(s)ds. (4.124)

|z|—00 2m Jp

Proof. Analyticity, decay, and boundary values of C on the real axis follow from
Theorem 11.2 and Corollary 2 on pp. 190-191 in [35]. By Sokhotski-Plemelj
theorem, we have the relations

PH(R)(2) = %5h(2) — SH(B)(), € R, (4.125)

where H is the Hilbert transform given by

H(h)(z :_lifél(/ /Z:)%ds, z€R.

By Riesz’s theorem (Theorem 3.2 in [34]), H is a bounded operator from LP(R)
to LP(R) for every 1 < p < oo, so that the bound (4.123) holds with Cy = 1 and
Cp, — +00 as p — 1 and p — oo. Finally, the asymptotic limit (4.124) is justified
by Lebesgue’s dominated convergence theorem if h € L'(R). O

We recall the scattering matrix S(z; \) given explicitly by (4.97) and (4.98).
The following proposition states that if () is bounded and satisfies (4.100), then
the quadratic form associated with the matrix I + S(z; \) is strictly positive for
every € R and every A € RUR, whereas the matrix I + S(z; A) is bounded. In
what follows, || - || denotes the Euclidean norm of vectors in C2.

Proposition 8. For every r(\) € L°(R) satisfying (4.100), there exist positive
constants C_ and C,. such that for every x € R and every column-vector g € C?,
we have

Re g' (I +S(z;0) g > C_g'g, A€ RUIR (4.126)

and
(I 4+ S(x;A) gll < Cyllgll, A eRUIR. (4.127)

Proof. For A\ € R, we use representation (4.97). Since I + S(x; \) is Hermitian for
every ¢ € R and A € R, we compute the two real eigenvalues of I + S(z;\) given
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by
ps(N) =14 S & [rA) 4/ 1+ Fr (]2 = (\/H}lvun?i%vun) >0
Note that

1
<N <N <A+ rNDE NeR.
It follows from the above inequalities that the bounds (4.126) and (4.127) for A € R
hold with
1

C_ = >0 and O, := (1+suplr\)])? < oo.
(L4 subyes [FOV)2 v = (L suplr())

For A € iR, we use representation (4.98). Since I 4+ S(x;\) is no longer Her-
mitian, we define the Hermitian part of S(x; \) by

Su(¥) = (i) + 35" = [,

where the asterisk denotes Hermite conjugate (matrix transposition and complex
conjugate). It follows from (4.100) that sup,c,g () < 1 — 3 < 1 so that the
diagonal matrix I 4 Sy (\) is positive definite for every A € iR. The bound (4.126)
for A € iR follows from this estimate with C_ := 1 — sup,cr [r(\)|*> > & > 0.
Finally, estimating componentwise

I+ Sl < @+ r gl + W (rX)g V5 + 7))
< () (14 5Ir R ) lolP

we obtain the bound (4.127) for A € iR with C'y := (1 +sup,g |[r(V)[?) < oco. O

Thanks to the result of Proposition 8, we shall prove solvability of the two
related Riemann—Hilbert problems (4.118) by using the method of Zhou [122].
Dropping the subscripts, we rewrite the two related Riemann—Hilbert problems
(4.118) in the following abstract form

{G+(x; A) = G-(@;d) = G- NS(@ ) + Pz ), AERUR, o)

Gi(x,A\) —0 as |A| — oo.

If r € H:(R)N L*»'(R), then Proposition 5 implies that S(x; \) € LL(R) N LS(R)
and F(z;\) € L%(R) for every x € R. We consider the class of solutions to the
Riemann—Hilbert problem (4.128) such that for every x € R,

e G.i(r;)\) are analytic functions of z = A\? in C*

o Gi(z;)\) € LA(R)
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e The same columns of G4 (z; ), G_(x; A)S(x; ), and F(z;\) are either even
or odd in A.

By Proposition 7 with p = 2, for every x € R, the Riemann-Hilbert problem
(4.128) has a solution given by the Cauchy operator

Gi(z;0) = C(G_(x;\)S(w;0) + F(w;0)) (2), z€C* (4.129)

if and only if there is a solution G_(z;\) € L?(R) of the Fredholm integral equa-
tion:

G_(x;\) =P (G_(z;N\)S(z;N) + F(x; ) (2), z€R. (4.130)

Once G_(z; \) € L3(R) is found from the Fredholm integral equation (4.130), then
G (z;\) € L2(R) is obtained from the projection formula

Go(z;\) =P (G_(x;\)S(x;\) + F(z;0) (2), z€R. (4.131)

Remark 15. The complex integrals in C and P* over the real line z = \?* can be
parameterized by A on RT UiR™. Extensions of integral representations (4.129),
(4.130), and (4.131) for A\ € R~ UIR™ is performed with the account of parity sym-
metries of the corresponding columns of Gy(x; X)), G_(x;X\)S(x; \), and F(z;\).
See Proposition 9, Corollary 10, and Remark 16 below.

The following lemma relies on the positivity result of Proposition 8 and states
solvability of the integral equation (4.130) in L%(R). For simplicity of notations,
we drop dependence of S, F' and G4 from the variable z.

Lemma 22. For every r(\) € L2(R)NL°(R) satisfying (4.100) and every F(\) €
L(R), there is a unique solution G(\) € L2(R) of the linear inhomogeneous equa-
tion

(I —Pg)G(A\) =F(\), XeRUIR, (4.132)

where PgG =P~ (GS).

Proof. The operator I — Pg is known to be a Fredholm operator of the index
zero [6, 7, 122]. By Fredholm’s alternative, a unique solution to the linear integral
equation (4.132) exists for G(\) € L%(R) if and only if the zero solution to the
homogeneous equation (I —Pg)g = 0 is unique in LZ(R).

Suppose that there exists nonzero g € L?(R) such that (I — Pg)g = 0. Since
S(\) € L*(R) N L= (R), we define two analytic functions in C \ R by

91(2) == C(g5)(2) and  ga(2) := C(g5)"(2),

where the asterisk denotes Hermite conjugate. We multiply the two functions
by each other and integrate along the semi-circle of radius R centered at zero in
C*. Because g; and g, are analytic functions in C*, the Cauchy—Goursat theorem
implies that

0= § 0zl
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Because g()\), S(\) € L2(R), we have g(\)S(A\) € LLY(R), so that the asymptotic
limit (4.124) in Proposition 7 implies that g1 2(z) = O(27!) as |z| — oco. Therefore,
the integral on arc goes to zero as R — oo, so that we obtain

0 = / 01(2)ga(2)dz
- /R P*(98) [P (45)]"d=
_ / P(gS) + gS] [P~ (9S)]"dz,

where we have used the identity P™ — P~ = I following from relations (4.125).
Since P~(gS) = g, we finally obtain

0= /g([-l— S)g*dz. (4.133)

By bound (4.126) in Proposition 8, the real part of the quadratic form associated
with the matrix I + S is strictly positive definite for every z € R. Therefore, equa-
tion (4.133) implies that g = 0 is the only solution to the homogeneous equation
(I —Pg)g =0 in L2(R). O

As a consequence of Lemma 22, we obtain solvability of the two related Riemann—
Hilbert problems (4.118).

Corollary 9. Letry € H'(R)NL*Y(R) such that the inequality (4.100) is satisfied.
There exists a unique solution to the Riemann—Hilbert problems (4.118) for every
x € R such that the functions

Giio(z;N) i= My(z;2)T12(N) — T12(N)
are analytic functions of z in C* and G4y 2(z; \) € L2(R).

Proof. For every z € R, the two related Riemann—Hilbert problems (4.118) are
rewritten for G4, 5 and F} 5 given by (4.119) in the form (4.128). By Proposition 5,
we have S(z;\) € LL(R)NLP(R) and F o(x; \) € L2(R), hence P~ (Fy5) € LA(R).
By Lemma 22, equation (4.130) admits a unique solution for G_1o(x; \) € L2(R)
for every x € R. Then, we define a unique solution for G,i2(z;\) € L%(R)
by equation (4.131). Analytic extensions of Gijs(z; ) as functions of z in C*
are defined by the Cauchy integrals (4.129). These functions solve the Riemann—
Hilbert problem (4.128) by Proposition 7 with p = 2. ]

For further estimates, we modify the method of Lemma 22 and prove that the
operator (I —Pg)~' in the integral Fredholm equation (4.132) is invertible with a
bounded inverse in space L*(R).

Lemma 23. For every r(\) € L*(R) N LX(R) satisfying (4.100), the inverse
operator (I — Pg)~" is a bounded operator from L*(R) to L%(R). In particular,
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there is a positive constant C' that only depends on ||7(X\)||pe such that for every
row-vector f € L*(R), we have

(I —Pg)"'f

L2 SCHf

" (4.134)

Proof. We consider the linear inhomogeneous equation (4.132) with F' € L%(R).
Recalling that P* — P~ = I, we write G = G, — G_, where G and G_ satisfy
the inhomogeneous equations

G_—P(G_S) =P (F), Gy —P (G.S) =P (F). (4.135)

By Lemma 22, since P*(F) € L?(R), there are unique solutions to the inhomoge-
neous equations (4.132) and (4.135), so that the decomposition G = G — G_ is
unique. Therefore, we only need to find the estimates of G, and G_ in L*(R).

To deal with G_, we define two analytic functions in C \ R by
g1(2) :=C(G_S)(z) and ¢a(2) :=C(G_S+ F)*(2),
similarly to the proof of Lemma 22. By Proposition 7, g;(z) = O(z71) and g»(z) —
0 as |z| — oo, since F' € L?(R), G_ € L?(R), and S(\) € L*R) N L=(R).
Therefore, the integral on the semi-circle of radius R > 0 in the upper half-

plane still goes to zero as R — oo by Lebesgue’s dominated convergence theorem.
Performing the same manipulations as in the proof of Lemma 22, we obtain

0 = falnli:
= éP*(G_S) [P7(G_S+F)]"dz
= /R[P(GS)JrGS] [P(G_S+ F)]" dz
_ /R[G_—P‘(F)JrG_S} G dz,

where we have used the first inhomogeneous equation in system (4.135). By the
bound (4.126) in Proposition 8, there is a positive constant C_ such that

C_||G_||72 < Re /RG(I+ S)G*dz = Re/RP(F)G*dz < ||F||2||G—]| 2,

where we have used the Cauchy—Schwarz inequality and bound (4.123) with Cp—y =
1. Note that the above estimate holds independently for the corresponding row-
vectors of the matrices G_ and F. Since G_ = (I — Pg)"'P~F, for every row-
vector f € L3(R) of the matrix F' € L?(R), the above inequality yields

11 =Ps) P~ fllze < CZHIf 2. (4.136)
To deal with G, we use P™ — P~ = I and rewrite the second inhomogeneous
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equation in system (4.135) as follows:
G (I+S5)—PH(GLS)=P"(F). (4.137)
We now define two analytic functions in C \ R by
91(2) = C(G15)(2) and  go(2) == C(G1S + F)"(2)

and integrate the product of g; and g on the semi-circle of radius R > 0 in the
lower half-plane. Performing the same manipulations as above, we obtain

0 = $almei:

= /P_(G+S) [PH(G S+ F)] dz
_ /R (G = PH(F)] (G4 (T + )" dz,

where we have used equation (4.137).
By the bounds (4.126) and (4.127) in Proposition 8, there are positive constants
C, and
C |G 2 < Re /G+(I Sy Gdz = Re/ PHE)I + S)'GLdz
R R
< CL[|F[| 2 |G+ [| 2

where we have used the Cauchy—Schwarz inequality and bound (4.123) with C,—y =
1. Again, the above estimate holds independently for the corresponding row-
vectors of the matrices G, and F. Since G = (I — Pg) 'P*F, for every row-
vector f € L%(R) of the matrix F' € L?(R), the above inequality yields

12 = P5) P flliz < C1C | flle (4.138)

The assertion of the lemma is proved with bounds (4.136), (4.138), and the triangle
inequality. O]

4.4.2 Estimates on solutions to the Riemann-Hilbert prob-
lem

Using Corollary 9, we obtain solvability of the Riemann—Hilbert problem (4.116).
Indeed, the abstract Riemann—Hilbert problem (4.128) is derived for two versions
of G4 and Fy given by (4.119). For the first version, we have

Gii(x; N) := My(z;2)11(N) — 1i(A) = [pg(x; 2) — e1, 22X (ne(z;2) — e3)] (4.139)

and
Fi(xz; ) == 1 (AN)S(x;\) = R(x; 2)11 (). (4.140)
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By Corollary 9, there is a solution Gii(z;\) € L?(R) of the integral Fredholm
equations

Gii(z;\) = PE(G_1(z; NS (25 \) + Fi(2;0)) (2), z€R. (4.141)
Using equation (4.141) for the first column of G, we obtain
ps (25 2) — e = P (M_(z;)R(z; )V (), z€R, (4.142)
where we have used the following identities:
(G S+ )Y = (M 718V = (M_Rr)W = (M_R)W.

For the second version of the abstract Riemann—Hilbert problem (4.128), we
have

Gia(z; N) i= My (z;2)72(N) — 12(N) = [(200) 7" (na(z;2) — e1) ,ma (23 2) — €]
(4.143)
and
Fy(z; N) == 1(N)S(z;A) = R(x; 2)1a(N). (4.144)

Again by Corollary 9, there is a solution Gis(z;\) € L?(R) of the integral Fred-
holm equations (4.141), where G4; and F; are replaced by Gis and Fy. Using
equation (4.141) for the second column of G419, we obtain

ne(;2) — ea = P (M_(z;)R(z; ) (2), zeR. (4.145)
where we have used the following identities:
(G_3S + F»)® = (M_1,8)® = (M_Rm)® = (M_R)®.
Equations (4.142) and (4.145) can be written in the form
My (x;2) = I +P*(M_(z;-)R(x;+)) (2), z€R, (4.146)

which represents the solution to the Riemann-Hilbert problem (4.116) on the real
line. The analytic continuation of functions M (z;-) in C* is given by the Cauchy

operators
My(x;2) =1 +C(M_(2;-)R(x;-) (2), z¢€C* (4.147)

The corresponding result on solvability of the integral equations (4.146) is given
by the following lemma.

Lemma 24. Let ry € HY(R)NL*Y(R) such that the inequality (4.100) is satisfied.
There is a positive constant C' that only depends on ||r4| L~ such that the unique
solution to the integral equations (4.146) enjoys the estimate for every x € R,

M (5 ) = 1|22 < C (g llzz + llr-[lz2) - (4.148)

Proof. By Proposition 5, if ry € H'(R) N L*»!(R), then r(\) € L*(R) N L°(R).
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Under these conditions, it follows from the explicit expressions (4.140) and (4.144)
that R(z; z)712(A\) belong to L2(R) for every = € R and there is a positive constant
C that only depends on |[74||z®) such that for every z € R,

[1R(z; 2)T2(Mllz2 < Cllrellez + llr-|z2) - (4.149)

By derivation above, the integral equation (4.146) for the projection operator
P~ is obtained from two versions of the integral equation (4.132) corresponding
to Fia(z;A) := P~ (R(x;2)T12(A)) (2). Therefore, each element of M_(z;2) en-
joys the bound (4.134) for the corresponding row vectors of the two versions of
Fi5(z;2). Combining the estimates (4.134) and (4.149), we obtain the bound
(4.148). 0

Before we continue, let us discuss the redundancy between solutions to the two
versions of the Riemann-Hilbert problems (4.118). By using equation (4.141) for
the second column of G, we obtain

2i\ (1 (25 2) — e3) = P* (22'/\ (M_(z; ) R(; -))(2)) (2), zeR (4.150)

By using equation (4.141) for the first column of G s, we obtain
(2i0) 7" (s (23 2) — e1) = P* ((22’)\)‘1 (M_(z:-)R(z; -))“)) (z), zeR. (4.151)
Unless equations (4.150) and (4.151) are redundant in view of equations (4.142)
and (4.145), the two versions of the Riemann—Hilbert problems (4.130) may seem

to be inconsistent. In order to show the redundancy explicitly, we use the following
result.

Proposition 9. Let f(\) € LL(R) N LE(R) be even in A for all A € RUIR. Then

Peven AF(N) (V) = AP (F)A), A € RUIR, (4.152)
where
Prald = ([T [ [T ) P = p oo,
= o (4.153)
Similarly, let g(\) € LL(R) N L2(R) be odd in X for all X\ € R UiR. Then
Paa Ag(N) (A) = APiq(9)(N), A €RUIR, (4.154)
where
Pao= ([T [+ [ [T FEE S = oo
(4.155)
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Proof. First, we note the validity of the definition (4.153) if f(—\) = f(\):

P = [ R

_ (/w /m) 3 i + |

even

Then, relation (4.152) is established from the trivial result

e [ oomee

which is justified if f(A\) € LY(R) and even in A. The relation (4.154) is proved
similarly, thanks to the changes in the definition (4.155). O

Im()\) Im(X)

Figure 4.3: The left and right panels show the direction of contours used for PL
and P,

Figure 4.3 shows the contours of integration used in the definitions of PE_ and

PE, in (4.153) and (4.155). The following corollary of Proposition 9 specifies the
redundancy between the two different versions of the Riemann—Hilbert problems
(4.118).

Corollary 10. Consider two unique solutions to the Riemann—Hilbert problems
(4.118) in Corollary 9. Then, for every x € R, we have

Gi1(z; \) = 2idsign(N)Gag(z;N), A € RUIR, (4.156)

where the sign function returns the sign of either real or imaginary part of \.

Proof. We note the relation 7, *(A\)71(\) = 2iMl, where I is the identity 2-by-2
matrix. From here, the relation (4.156) follows for A € RT U /R*. To consider
the continuation of this relation to A € R~ UiR™, we apply Proposition 9 with
the explicit parametrization of the contours of integrations as on Figure 4.3. We
choose the even function f and the odd function g in the form

FO) = (M- (25 R(: %), g(A) := (20i0) 7 (M- (2 A) R(a; A2) .
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Then, equation (4.150) follows from equation (4.145), thanks to the relation (4.152),
whereas equation (4.142) follows from equation (4.151) thanks to the relation
(4.154). Thus, the relation (4.156) is verified for every A € R U iR. To ensure
that the integrations (4.153) and (4.155) returns P* for Af(\) and Ag()\), the sign
function is used in the relation (4.156). O

Remark 16. Corollary 10 shows that the complex integration in the z plane in
the integral equations (4.141) has to be extended in two different ways in the A
plane. For the first vector columns of the integral equation (4.141), we have to
use the definition (4.155) for odd functions in X, whereas for the second vector
columns of the integral equation (4.141), we have to use the definition (4.153) for
even functions in .

Next, we shall obtain refined estimates on the solution to the integral equations
(4.146). We start with estimates on the scattering coefficients ;. and r_ obtained
with the Fourier theory.

Proposition 10. For every zo € R" and every r.. € H'(R), we have

wp @ (Fe(2)e ) g < el (4.157)
ze(xo,00
and
Sup )H<l’>7’* (r-(2)e™)|| 2 < M-Il (4.158)
€ (xp,00

where (z) := (14 222, In addition, if r+ € H'(R), then

sup [|P* (7 (2)e )] < f|lr+||m (4.159)

and
2zzx

sup [| P~ (r-(2)e*) || o < er e (4.160)
Furthermore, if . € L*Y(R), then

sup [P (a7 (2)e ™) | 1 < lare (2)llaz. (4.161)
and

sup [P (7 (2)e"=) | 12 < llr-(2)llz2: (4.162)

S

Proof. Recall the following elementary result from the Fourier theory. For a given
function r € L*(R), we use the Fourier transform 7 € L*(R) with the definition
F(k) = 5= [y r(2)e”"**dz, so that

IrllZ> = 271712

Then, we have r € H'(R) if and only if 7 € L*!(R). Similarly, r € L*>'(R) if and
only if 7 € H*(R).
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In order to prove (4.157), we write explicitly

- Coion 1 ) 7 (S 6—2ism
Pr(r(2)e™) () = 5 -lim /ﬁd

1 o ei(kax)
= — [ 7u(k) <1im/ —,ds) dk
21 Jg el Jp s — (2 + i€)

= / 7y (k)e' =27 g (4.163)
2

T

where the following residue computation has been used:

1 is(k—2x) —e(k—2z) .
hm_'/e ds:lim{e , if k—2r>0 ok —20), (4.164)
R

s — 1€ elo | 0, if k—2x<0

with x being the characteristic function. The bound (4.157) is obtained from the
bound (4.41) of Proposition 4 for every zq € R:

2

T

sup
z€(x0,00)

< V2| e = (lre e
L2

Similarly, we use the representation (4.163) and obtain bound (4.159) for every
r € R:

1

IP* (Fe(2)e™5) (e < 75 (R)llzy < VAlFe (k)] 20 < EHMHHI- (4.165)

The bounds (4.158) and (4.160) are obtained similarly from the representation

. 1 _ 2isx —2z e .
P (r_(z>62zz;t) (Z) = — lim mds — _/ T‘_(k)el(k+2$)zdk.

27 elo Jp s — (2 — i€) ~

The bounds (4.161) and (4.162) follow from the bound (4.123) with Cp—y = 1 of
Proposition 7. O

We shall use the estimates of Lemma 24 and Proposition 10 to derive useful
estimates on the solutions to the Riemann-Hilbert problem (4.116). By Lemma
24, these solutions on the real line can be written in the integral Fredholm form
(4.146). We only need to obtain estimates on the vector columns p_ — e; and
Ny — ey. From equation (4.142), we obtain

po(z;2) —er =P~ (r-(2)e*ny(z;2)) (2), z €R, (4.166)
where we have used the following identities
(M R) =0 (P-R)Y =7 (2)e¥ 0 p, =1 (2)e* M,
which follow from the representations (4.107), (4.112), and (4.115), as well as the
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scattering relation (4.102). From equation (4.145), we obtain
ni(x;2) —ea = P (F(2)e > u_(z;2)) (z), z€R, (4.167)
where we have used the following identities
(M_R)® =& 1(P_R)® =7, (2)e 20t =7, (2)e 2 MY,

which also follow from the representations (4.107), (4.112), and (4.115).
Let us introduce the 2-by-2 matrix

M(x:2) = [u-(a52) —er, me(a;2) — o] (4.168)

and write the system of integral equations (4.166) and (4.167) in the matrix form

M —P"(MR,)—P (MR_)=F, (4.169)
where
Ry (z;2) = {8 77+(Z)06_2iw} , R (x;2) = {T(z())e%” 8] (4.170)
and

F(z;2) = [eoP~ (r_(2)e**"), erPT(r(2)e )] (4.171)

The inhomogeneous term F' given by (4.171) isestimated by Proposition 10. The
following lemma estimates solutions to the system of integral equations (4.169).

Lemma 25. For every xy € RT and every r». € HY(R), the unique solution to the
system of integral equations (4.166) and (4.167) satisfies the estimates

sup [ (@) (@ 2)|| | < Cllr (4.172)
z€(x0,00) L?
and
1
sup H<x>n(+)(:v; Z)H < Clirellan, (4.173)
z€(x0,00) LZ

where C'is a positive constant that depends on ||r+||p~. Moreover, ifry € H*(R)N
L*(R), then

sup |00 (@), < O Urillangss + Ir-llmnzss) — (4174)
xe z
and
1
su]g @mﬁr)(x; z)HL2 < C(lrellmacer + |7 ||zrazz) (4.175)
xe z

where C' is another positive constant that depends on ||r| L.

Proof. Using the identity PT — P~ = I following from relations (4.125) and the
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identity
R, +R_=(I—-R,)R,

which follows from the explicit form (4.113), we rewrite the inhomogeneous equa-
tion (4.169) in the matrix form

G—P (GR) =F, (4.176)
where G := M (I — R.) is given explicitly from (4.168) and (4.170) by

—2izw(

(1)(

Gla:2) = [ pO(ws2) =1 p(252) — 7 (2)e i x(’?)z()x_zi) ] @17

1 (z; 2) nf)(x; 2) =1 =7y (z)e*ut

From the explicit expression (4.171) for F(x;z), we can see that the sec-
ond row vector of F(x;z) and F(x;z)m(\) remains the same and is given by
[P~(r_(2)e***),0]. From the explicit expressions (4.177), the second row vector
of G(x; z)1()) is given by

P (w52), 200 (0P (w52) = 1= 7 (2)e 1P (2:2))|

Using bound (4.134) for the second row vector of G(x;z)71()), we obtain the
following bounds for every = € R,

112 (25 2) 12 < O P~ (r-(2)e*=®)]| .z

z

(4.178)
and
20 (0 (5 2) = 1 = 7 (2)e 2= 0P (@:2) ) Iz < CIP™ (- (2)e%) |z, (4.179)

where the positive constant C' only depends on ||[r+| <. By substituting bound
(4.158) of Proposition 10 into (4.178), we obtain bound (4.172). Also note that
since [2iA74(2)] = |r(A)] and r(A\) € LP(R), we also obtain from (4.178) and
(4.179) by the triangle inequality,

1207 (0 (52) = 1) 122 < CIP™ (- (2)e**) |z, (4.180)
where the positive constant C' still depends on ||r4||z~ only.

Similarly, from the explicit expression (4.171) for F'(x; z), we can see that the
first row vector of F(z;z) and F(z;z)72(A) remains the same and is given by
[0, PT(71(2)e”%#%)]. From the explicit expressions (4.177), the first row vector of
G(z;2)T2(\) is given by

|00 (:2) = 1), 9 (@:2) = 7 (2)e = (D (a32) = 1)

Using bound (4.134) for the first row vector of G(x; z)72(\), we obtain the following
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bounds for every z € R,

12007 (6 (@3 2) = Dllze < CIPF (74 (2)e 25| e (4.181)

and
I (23 2) = 7 (2)e 25 (D (21 2) = D12 < CPT (7 (2)e™5) |12, (4.182)
where the positive constant C' only depends on ||ry| . Since |2iA7,(2)| = |r(N)]

and r(A) € L(R), we also obtain from (4.181) and (4.182) by the triangle in-
equality,

I @)l < N@iNFL(2)e 5 (2i0) 7 (1 (252) = Dz
+CO|[PH (4 (2)e7) 12
< NPT (2)e™ ) | e, (4.183)

where the positive constant C’ still depends on |[ry||z~ only. By substituting
bound (4.157) of Proposition 10 into (4.183), we obtain bound (4.173).

In order to obtain bounds (4.174) and (4.175), we take derivative of the inho-
mogeneous equation (4.169) in x and obtain

o.M — P (0,M)R, — P~ (0,M)R_ = F, (4.184)

where

F = 0,F+P*M,R, + P MO,R_
= 2 [GQP_ (ZT’_ (Z)@Qizx)7 617D+(—Z77+(Z)e_2izx)}

i | e (@) (5 2) — e
o (2) P (a3 2) — Deie —ary (2)pP (23 2)e %o

Recall that Ar_(z) € L2(R) by Proposition 6. The second row vector of F(x; z)7y ()

and the first row vector of F'(z; 2)72(\) belongs to L%(R), thanks to bounds (4.161)
and (4.162) of Proposition 10, as well as bounds (4.148), (4.180), and (4.181).
As a result, repeating the previous analysis, we obtain the bounds (4.174) and
(4.175). O

4.4.3 Reconstruction formulas

We shall now recover the potential u of the Kaup—Newell spectral problem
(4.14) from the matrices M., which satisfy the integral equations (4.146). This
will gives us the map

HY(R)NL*(R) 3 (r_,ry) — u € H*(R) N H"(R), (4.185)

where r_ and 7, are related by (4.108).
Let us recall the connection formulas between the potential v and the Jost
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functions of the direct scattering transform in Section 2. By Lemma 17, if u €
H?*(R) N HYY(R), then

81«( (x )621 Jioo luw) dy) =2¢ lim zmg)(x ). (4.186)

|z[—00
On the other hand, by Lemma 17 and the representation (4.103), if u € H*(R) N

HY(R), then
u(x)e 2 i JEoo )Py — 4‘1|1m zp(i)(x ). (4.187)
We shall now study properties of the potential u recovered by equations (4.186)
and (4.187) from properties of the matrices My. The two choices in the reconstruc-
tion formulas (4.186) and (4.187) are useful for controlling the potential u on the
positive and negative half-lines. We shall proceed separately with the estimates
on the two half-lines.

Estimates on the positive half-line

By comparing (4.112) with (4.120), we rewrite the reconstruction formulas
(4.186) and (4.187) for the choice of mf) and p(j) as follows:

Oy (ﬂ(m)ezz J¥oo I y)|2dy) = 2je 2 Jioo [y | 1|1m 2 )(x; z) (4.188)
and
u(x)e*m [ lu@)Pdy — _ o35 J{oo lu(®)Idy | 1|1m 2’77(+)($ 2) (4.189)

Since r» € H'(R)NL**(R), we have R(z;-) € L'(R)NL?*(R) for every z € R, so
that the asymptotic limit (4.124) in Proposition 7 is justified since M_(z;-) — I €
L*(R) by Lemma 24. Therefore, we use the solution representation (4.147) and
rewrite the reconstruction formulas (4.188) and (4.189) in the explicit form

1 .
- - / r () [ (a:2) + 7y (e )] dz
R

7r
1
—— [ @ s (4.190)
and 5
u(z)el froe WPy — = ﬂ(z)e’m”u(l)(a: z)dz. (4.191)
i Jr

where we have used the jump condition (4.116) for the second equality in (4.190).
Ifr,,r_ € HY(R), then the reconstruction formulas (4.190) and (4.191) recover

u in class HM'(R™). Furthermore, if ., r_ € L*!(R), then u is in class H*(R™).

Lemma 26. Let r+ € H'(R)NL*»'(R) such that the inequality (4.100) is satisfied.

101



Ph.D. Thesis -Yusuke Shimabukuro Mathematics - McMaster University

Then, u € H*(RT) N HY(R™) satisfies the bound

||u||H2(R+)mH1,1(R+) S C (‘|T+||H10L2*1 —+ ||T‘_||H1QL2,1) s (4192)
where C' is a positive constant that depends on |14 ||giap2.r.

Proof. We use the reconstruction formula (4.191) rewritten as follows:

oz 2 )
u(:c)eZLroo'“(y)'Zdy = = [ Fi(z)e ¥*dz
i Jgr
2 = —2izx @y, _
+— [ 7 (2)e p(z;2) — 1) dz.  (4.193)
™ Jr

The first term is controlled in L?!(R) because 7, is in H'(R) and its Fourier
transform 7, is in L»!(R). To control the second term in L*»!(RT), we denote

I(x) := /00 Fy(2)e 25" [ug)(oﬁ; z) — 1} dz,

—0o0

use the inhomogeneous equation (4.166), and integrate by parts to obtain

I(z) = —/RT_(z)nSrl)(x; 2)e P (To(2)e ) (2)dx.

By bounds (4.157) in Proposition 10, bound (4.173) in Lemma 25, and the Cauchy—
Schwarz inequality, we have for every zy € R,

sup |(z)*I(z)]

z€(x0,00)

<l sup [{@)nt (@2 sup [[@)P (Fa(2)e )|
z€(z0,00) z€(x0,00) z

< Cllrll7p,

where the positive constant C' only depends on ||74||z~. By combining the esti-
mates for the two terms with the triangle inequality, we obtain the bound

[ull c2r ey < C (U [l lla) Nl e (4.194)

On the other hand, the reconstruction formula (4.190) can be rewritten in the
form

e3: o lu) Py g <a<x)ei Jis |u<y>\2dy> _ 1 / r_(2)e?*dz
T JR

1 /RT<Z)€21z:c [775_2) (;2) — 1] dz. (4.195)

™

Using the same analysis as above yields the bound

|0 (e fix rnian) < C(L+ r—ll) lr—ll (4.196)

L2 (R+)
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where C' is another positive constant that depends on ||r|| . Combining bounds
(4.194) and (4.196), we set v(z) := u(x)e*%ffm WPy and obtain

[oll i@y < Cllrella + lr-1la) (4.197)

where C'is a new positive constant that depends on ||rL||g:. Since |v(z)| = |u(z)]
and H'(R) is embedded into L%(R), the estimate (4.197) implies the bound

[ullgra@sy < C el + [lr—lla) (4.198)

where C' is a positive constant that depends on |74 g:.

In order to obtain the estimate u in H?*(R') and complete the proof of the
bound (4.192), we differentiate I in z, substitute the inhomogeneous equation
(4.166) and its x derivative, and integrate by parts to obtain

e e}

I'(z) = —2@'/ 2y (2)e 2 | D (2 z)—l} dz—i—/ 7o (2)e 220, (2 2)dz

[e.9]

= 2 [ @ )P (e )z
—2i /OO zr_(z)nsrl)(x; 2)e* P (7, (2)e ) (2)dz

[ @0 )P (e ()i

—00

Using bounds (4.157), (4.159) and (4.161) in Proposition 10, bounds (4.173) and
(4.175) in Lemma 25, as well as the Cauchy—Schwarz inequality, we have for every
o € RJr,

sup  [(@)I'(2)] <2r [~ sup  [[@)nl (@5 2)|le sup [P (27 (2)e %))

L2
x€(x0,00) x€(xz0,00) z€(xz0,00) #
1 — —2izx
+2llzr |z sup @ (@2l sup [P (Fe(2)e )]
z€(x0,00) z€(z0,00) z
il sup 30t (@5 2) 2 sup [[(@)PF (P (2)e7 )|

2€(x0,00) z€(zo,00

< Cllr_|ane2llry lances (1rellmraces + [r-llgiazer)

where C' is a positive constant that only depends on ||r4||z~. This bound on
sup,cp+ |(z)I'(z)] is sufficient to control I’ in L?(R™") norm and hence the derivative
of (4.193) in x. Using the same analysis for the derivative of (4.195) in z yields
similar estimates. The proof of the bound (4.192) is complete. O

By Lemma 26, we obtain the existence of the mapping
HYR)NL*(R) > (r_,ry) —u € H*RT) N HY(RT). (4.199)

We now show that this map is Lipschitz.
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Corollary 11. Let ro, 7w € H'(R) N L*Y(R) satisfy |7+l mnre, |72 minzes < p
for some p > 0. Denote the corresponding potentials by u and u respectively. Then,
there is a positive p-dependent constant C(p) such that

|u =l p2@e)nmawe) < Cp) (lIre = Fallmarzr + [[r- = 7 |lmagz2a) . (4.200)

Proof. By the estimates in Lemma 26, if .. € H'(R)NL*!(R), then the quantities
v(e) = u(@)e Fi=MOFYand w(e) = (3 u(z) + S\uw)rzu(:v)) o fre i,

are defined in function space H'(RT) N L*!(R™). Lipschitz continuity of the cor-
responding mappings follows from the reconstruction formula (4.193) and (4.195)
by repeating the same estimates in Lemma 26. Since |v| = |u|, we can write

w—ii = (v —0)e PPy 4 5 (e—z‘fim o) Pdy _ =i [T l0( >|2dy)

Therefore, Lipschitz continuity of the mapping (ry,r_) — v € HY(RT) N L»(RT)
is translated to Lipschitz continuity of the mapping (ry,7_) — u € HY(RT) N
L*»Y(RT). Using a similar representation for d,u in terms of v and w, we obtain
Lipschitz continuity of the mapping (4.199) with the bound (4.200). O

Estimates on the negative half-line

Estimates on the positive half-line were found from the reconstruction formulas
(4.188) and (4.189), which only use estimates of vector columns p_ and 7., as

seen in (4.190) and (4.191). By comparing (4.112) with (4.120), we can rewrite
(2)

the reconstruction formulas (4.186) and (4.187) for the lower choice of m™ and
p(_Z) as follows:
Oy <ﬁ(m)e% Ces |“(y)|2dy> = 2je 2 Jiee Uy ‘1|1m zugr)(a: 2) (4.201)
and
u(z)e 2 i S WPy — _ gon [ luw)Pdyg |l‘lm (@ 2), (4.202)

where o 1= limy;| oo a(2) = e2i Je [L@PdY  1f we now use the same solution repre-
sentation (4.147) in the reconstruction formulas (4.201) and (4.202), we obtain the
same explicit expressions (4.190) and (4.191). On the other hand, if we rewrite the
Riemann-Hilbert problem (4.116) in an equivalent form, we will be able to find
nontrivial representation formulas for u, which are useful on the negative half-line.
To do so, we need to factorize the scattering matrix R(z;z) in an equivalent form.

Let us consider the scalar Riemann—Hilbert problem

0,.(2) —6_(2) = Py (2)r_(2)6_(2), z€R,
{ 0+(2) =1 as [z] — oo, (4.203)
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and look for analytic continuations of functions d. in C*. The solution to the
scalar Riemann-Hilbert problem (4.203) and some useful estimates are reported
in the following two propositions, where we recall from (4.109) that

L+7 (2)r_(2) =1+ |r(N)]* > 1, z € RY,
1+7,.(2)r_(2)=1—|r(N) > >0, zeR",

where the latter inequality is due to (4.100).

Proposition 11. Let ry € H'(R) N L*»Y(R) such that the inequality (4.100) is
satisfied. There exists unique analytic functions 51 in C* of the form

6(z) = CloslFT+r=) - 5 € CH, (4.204)
which solve the scalar Riemann—Hilbert problem (4.203) and which have the limits
0+(2) = ePHlog(47er) 5 e R, (4.205)

as z € C* approaches to a point on the real axis by any non-tangential contour in
C*.

Proof. First, we prove that log(1 +7,r_) € L'(R). Indeed, since ry € L>'(R) N
L>®(R), we have 7,r_ € L*(R). Furthermore, it follows from the representation
(4.107) as well as from Propositions 5 and 6 that

1
Er = r()] + 5Allr-(2)] < €, z €R,
where C' is a positive constant. Therefore,
log(1+ [r(A)]?) <log(l1+C?*(z)7%), zeR" NeR,

so that log(1+7,.r_) € L'(RT). On the other hand, it follows from the inequality
(4.100) that

[log(1 — |[r(M)]?)] < —log(1 — C*(z)7?), z€R™, IER,

so that log(1+74r_) € L}(R™).

Thus, we have log(1+7,.r_) € L*(R). It also follows from the above estimates
that log(1 + 74r_) € L*(R). By Hélder inequality, we hence obtain log(1 +
7yr_) € L*(R). By Proposition 7 with p = 2, the expression (4.204) defines
unique analytic functions in C*, which recover the limits (4.205) and the limits at
infinity: lim|,|_.« d+(2) = 1. Finally, since P* — P~ = I, we obtain

0, (2)07(2) = 8UFT+EI-) — 1 17 (2)r_(2), z€R,

so that 04 given by (4.204) satisfy the scalar Riemann—Hilbert problem (4.203). [

Proposition 12. Let ry € H'(R) N L*Y(R) such that the inequality (4.100) is
satisfied. Then, §,6_ry € H'(R) N L*(R).
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Proof. We first note that P* + P~ = —iH due to the projection formulas (4.125),
where H is the Hilbert transform. Therefore, we write

5+5_ _ e—iHlog(1+?+r,)‘

Since log(1 + 74r_) € L*(R), we have Hlog(l + 74,r_) € L*(R) being a real-
valued function. Therefore, |d.(2)d_(z)] = 1 for almost every z € R. Then,
d10_ry € L*Y(R) follows from ry € L' (R).

It remains to show that 9.6,0_r. € L?(R). To do so, we shall prove that
0. Hlog(l +7,r_) € L*(R). Due to Parseval’s identity and the fact |Hf||p2 =
| fl|z2 for every f € L*(R), we obtain

0. H log(1 +7yr-)|| L2 = [|0:log(1 + Ty )| 2.

The right-hand side is bounded since 0, log(1 + 7,r_) = 2=) ¢ [2(R) under

1+rir_

the conditions of the proposition. The assertion 9.6,5_r. € L*(R) is proved. [

Next, we factorize the scattering matrix R(x;z) in an equivalent form:

F‘éz) 5_10(2)} [ + R(x; 2)] {5?0(2) 5&;;)}

_ [ 1 5 ()84 (2 (2)e } |

)
04(2)0-(2)r-(2)e*™ 14T (2)r-(2)

where we have used 6-'6;" = §_0,. Let us now define new jump matrix

Rs(x;2) = {T, 5(3)€2m ;: :;5(<;)>7’€_,z:)] ’

associated with new scattering data

res(s) = 5, (5 () (2).
By Proposition 12, we have r. s € H'(R) N L*»!(R) similarly to the scattering data

r4.
By using the functions My (z;2) and 04(z), we define functions

My s(x; 2) := My(z; 2) [5%)(2’) (5:22)] , (4.206)

By Proposition 11, the new functions My 5(z;-) are analytic in C* and have the
same limit [ as |z| — oco. On the real axis, the new functions satisfy the jump con-
dition associated with the jump matrix R(;(x; z). All together, the new Riemann—
Hilbert problem

{ My 5(2;2) — M_s(x;2) = M_ 5(2; 2) Rs(2; 2), 2 €R, (4.207)

lim‘z|_,oo Mi,(;(x; Z) = [,
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follows from the previous Riemann—Hilbert problem (4.116). By Corollary 9 and
analysis preceding Lemma 24, the Riemann-Hilbert problem (4.207) admits a
unique solution, which is given by the Cauchy operators in the form:

Mos(x;2) =1 +C (M_,(;(a;; VRs(a: -)) (2), zeCH (4.208)

Let us denote the vector columns of My s by My 5 = [pes,m+s]. What is nice
in the construction of M 5 that

lim zui)a(x z) = lim zu;)(q: z) and  lim zni)&(x z) = lim an_L)(x z).

2| =00 |z[—00 |z =00 |z[—00

Since 115 € H'(R) N L>'(R), we have Rs(z;-) € L'(R) N L*(R) for every
x € R, so that the asymptotic limit (4.124) in Proposition 7 is justified for the
integral representation (4.208). As a result, the reconstruction formulas (4.201)
and (4.202) can be rewritten in the explicit form:

e3 Jioo luw)Pdy g ( ()e3 Jix lu y)|2dy> _ 1 / r_(2)e?= ) (x; 2)dz (4.200)
R

T
and

2
ua)etfi POPD = = [ (e |05 2) 4 g(2)e (i 2) | dz

R
2 ‘
= T4+s5(% )e’mxug)&(aﬁ;z)dz, (4.210)
i R ’

where we have used the first equation of the Riemann—Hilbert problem (4.207) for
the second equality in (4.210).

The reconstruction formulas (4.209) and (4.210) can be studied similarly to
the analysis in the previous subsection. First, we obtain the system of integral
equations for vectors p4 5 and 7)_ 5 from projections of the solution representation
(4.208) to the real line:

pis(eiz) = er+PF(r e n_s(z;0)) (2), (4.211)
nos(;z) = e+ P (Fpoe "y 5(x;0)) (2). (4.212)

The integral equations above can be written as
Gs — 'Pi(G(;R(;) = Fy, (4.213)
where
Golw:2) = lprals2) —ern slwi2) —eal | o )
) : +, ) s =, ’ —7“_75(2)621” 1

and
Fy(z;2) := [eaP T (r_ 5(2)e”*"), e1P~ (T4 5(2)e **")] .
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The estimates of Proposition 10, Lemma 25, Lemma 26, and Corollary 11 apply to
the system of integral equations (4.211) and (4.212) with the only change: xy € RT
is replaced by xzy € R~ because the operators Pt and P~ swap their places in
comparison with the system (4.176). As a result, we extend the statements of
Lemma 26 and Corollary 11 to the negative half-line. This construction yields
existence and Lipschitz continuity of the mapping

HY(R)NL*(R) > (r_,ry) —ue H* R )N H"(R). (4.214)

Lemma 27. Let ri. € HY(R)NL**(R) such that the inequality (4.100) is satisfied.
Then, uw € H*(R™) N HY(R™) satisfies the bound

||UHH2(]R*)QH1’1(R*) S C(HT_F,(SHHlmLQ,l -+ HT_’(;”HIQLQJ) s (4215)

where C' is a positive constant that depends on ||+ || ginz21.

Corollary 12. Let ry, 7y € H'(R) N L*(R) satisfy ||r+||mnret, |7+ ]| mnea < p
for some p > 0. Denote the corresponding potentials by u and @ respectively. Then,
there is a positive p-dependent constant C(p) such that

||u — ﬂHH?(R*)ﬁHu(R*) S C(,O) (||T+ - f+|’HlmL2,1 + ||T‘_ - 7:—||H10L2»1> . (4.216)

Remark 17. Since Corollaries 11 and 12 yield Lipschitz continuity of the map-
pings (4.199) and (4.214) for every ry, 7+ in a ball of a fized (but possibly large)
radius p, the mappings (4.199) and (4.214) are one-to-one for every r+ in the ball.

4.5 Proof of the main result

Thanks to the local well-posedness theory in [106, 107] and the weighted es-
timates in [44, 45], there exists a local solution u(t,-) € H*(R) N HYY(R) to the
Cauchy problem (4.1) with an initial data uy € H*(R) N HYY(R) for ¢ € [0,T] for
some finite 7" > 0.

For every ¢ € [0,T], we define fundamental solutions

Ytz \) = e PN (¢, 2 )
and . '
Yt w5 \) 1= PTG (¢ 2 \)

to the Kaup—Newell spectral problem (4.9) and the time-evolution problem (4.10)
associated with the potential u(¢,z) that belongs to C'([0,T], H*(R) N H“(R)).
By Corollaries 5 and 6, the bounded Jost functions ¢4 (¢, z; A) and 14 (¢, z; A) have
the same analytic property in A\ plane and satisfy the same boundary conditions

{ oi(t,z;N) — €

qbi(t,:c;)\)—>62 as x — oo
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for every t € [0, T]. From linear independence of two solutions to the Kaup—Newell
spectral problem (4.9), the bounded Jost functions satisfy the scattering relation

o_(t,1;0) = a(\) @i (t, z; ) + b\ 2N THN G (£ 2:)), zeR, AeRUIR,
(4.217)
where the scattering coefficients a(A) and b(\) are independent of (¢,z) due to
the fact that the matrices of the linear system (4.9) and (4.10) have zero trace.
Indeed, in this case, the Wronskian determinants are independent of (¢, x), so that
we have

a(A) = W(p_(t,x; )\)6”2’\4t X'z by (tjx;)\>ei2)\4t+i/\2x)
= W(p-(0,0; 1), $4(0,0; 1)),
b(A) = W(ps(t,z;N)e™ 22\ —iNe ,¢_<t,$;A)e—i2A4t—iA21)
(¢+(0,0; A)

= W(p1(0,0;1), 9-(0,0; V).

By Lemma 19 and assumptions on zeros of a in the A\ plane, we can define the
time-dependent scattering data

b\ )etiX't 2iAb(\)ediN't

ro(t;z) = a0 r_(t;z) = a0y z € R, (4.218)

so that the scattering relation (4.217) becomes equivalent to the first scattering
relation in (4.72). Thus, we define

ro(t; 2) = ry(0; )", (4.219)

where 71 (0;-) are initial spectral data found from the initial condition «(0, ) and
the direct scattering transform in Section 2. By Lemma 19 and Corollary 7,
under the condition that ug € H*(R) N HY}(R) admits no resonances of the linear
equation (4.9), the scattering data r4(0;-) is defined in H'(R) N L*»!(R) and is a
Lipschitz continuous function of wuy.

Now the time evolution (4.219) implies that 4 (¢; -) remains in H'(R) N L*»'(R)
for every t € [0, 7). Indeed, we have

[ () llz2a = lre(0; )l[2n and  (|0orw(t; ) + ditzre(t; )| 22 = 10:7(0; ) 2

Hence, r(t;-) € H'Y(R) N L' (R) for every ¢t € [0,T]. Moreover, the constraint
(4.100) and the relation (4.108) remain valid for every t € [0, 7.

The potential u(t,-) is recovered from the scattering data ri(t;-) with the
inverse scattering transform in Section 4. By Lemmas 26, 27 and Corollaries 11,
12, the potential u(t,) is defined in H*(R) N HY(R) for every ¢ € [0,7] and is a
Lipschitz continuous function of r(¢;-). Thus, for every ¢ € [0,7) we have proved
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that
||U(t, ')HHQﬂHlJ < <||T+(t, ')HHlmLQ,l + ||7“_(t, '>HH1ﬁL2’1)
< G (HTJr(O; ')HHlﬂLQ»l + HT,(O; ')”HIQLQ,I)
< Cslluoll g2nmr, (4.220)

where the positive constants Cy, Cy, and C5 depends on ||r(¢; )| giar21,
(T, ||7+(0; )| gz ), and (T, ||uol| zr2nm1 ) espectively. Moreover, the map H?(R)N
H"(R) 3 up — u € C([0,T], H*(R) N H*(R)) is Lipschitz continuous.

Since ||r(t; )|l may grow at most linearly in ¢ and constants C4,Cy, C3 in
(4.221) depends polynomially on their respective norms, we have

||u(t, ~)HH2QH1,1 S C(T)HUOHH%WHU; t € [O,T], (4.221)

where the positive constant C'(7) (that also depends on ||ug|| g2ng11) may grow at
most polynomially in 7" but it remains finite for every 7' > 0. From here, we derive
a contradiction on the assumption that the local solution u € C([0,T], H*(R) N
H'(R)) blows up in a finite time. Indeed, if there exists a maximal existence
tim Tax > 0 such that limyg,,. ||u(t; ) ||g2agis = oo, then the bound (4.221)
is violated as t T T, which is impossible. Therefore, the local solution v €
C([0,T], H*(R) N H“(R)) can be continued globally in time for every T > 0.
This final argument yields the proof of Theorem 4.

Figure 4.4 illustrates the proof of Theorem 4 and summarizes the main ingre-
dients of our results.

injective and Lipschitz e
u(t, 3,,4 > 6242215:
(.2) injective and Lipschitz 3 f(f 7)7 !

Figure 4.4: The scheme behind the proof of Theorem 4.
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Chapter 5

Transverse instability of line
solitary waves in massive Dirac
equations

5.1 Background

Starting with pioneer contributions of V.E. Zakharov and his school [119], stud-
ies of transverse instabilities of line solitary waves in various nonlinear evolution
equations have been developed in many different contexts. With the exception
of the Kadometsev—Petviashvili-II (KP-II) equation, line solitary waves in many
evolution equations are spectrally unstable with respect to transverse periodic
perturbations [60].

More recently, it was proved for the prototypical model of the KP-I equation
that the line solitary waves under the transverse perturbations of sufficiently small
periods remain spectrally and orbitally stable [94]. Similar thresholds on the pe-
riod of transverse instability exist in other models such as the elliptic nonlinear
Schrodinger (NLS) equation [115] and the Zakharov—Kuznetsov (ZK) equation
[85]. Nevertheless, this conclusion is not universal and the line solitary waves can
be spectrally unstable for all periods of the transverse perturbations, as it happens
for the hyperbolic NLS equation [86].

Conclusions on the transverse stability or instability of line solitary waves may
change in the presence of the periodic potentials. In the two-dimensional prob-
lems with square periodic potentials, it was found numerically in [49, 58, 116]
that line solitary waves are spectrally stable with respect to periodic transverse
perturbations if they bifurcate from the so-called X point of the Brillouin zone.
Line solitary waves remain spectrally unstable if they bifurcate from the I' point
of the Brillouin zone. These numerical results were rigorously justified in [93]
from the analysis of the two-dimensional discrete NLS equation, which models the
tight-binding limit of the periodic potentials [92].

For the one-dimensional periodic (stripe) potentials, similar stabilization of
the line solitary waves was observed numerically in [117]. In the contrast to these
results, it was proven within the tight-binding limit in [93] that transverse instabil-
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ities of line solitary waves persist for any parameter configurations of the discrete
NLS equation. One of the motivations for our present work is to inspect if the
line solitary waves become spectrally stable with respect to the periodic transverse
perturbations in periodic stripe potentials far away from the tight—binding limit.

In particular, we employ the massive Dirac equations also known as the coupled-
mode equations, which have been derived and justified in the reduction of the
Gross—Pitaevskii equation with small periodic potentials [97]. Similar models were
also introduced in the context of the periodic stripe potentials in [33], where the
primary focus was on the existence and stability of fully localized two-dimensional
solitary waves. From the class of massive Dirac models, we will be particularly
interested in a generalization of the massive Thirring model [104], for which orbital
stability of one-dimensional solitons was proved in our previous work with the help
of conserved quantities [88] and auto-Bécklund transformation [23]. In the present
work, we prove analytically that the line solitary waves of the massive Thirring
model in two spatial dimensions are spectrally unstable with respect to the peri-
odic transverse perturbations of large periods. The spectral instability is induced
by the spatial translation of the line solitary waves. We also show numerically that
the instability persists for smaller periods of transverse perturbations.

In the context of numerical results in [117], we now confirm that line solitary
waves in the periodic stripe potential remain spectrally unstable with respect to
periodic transverse perturbations both in the tight-binding and small-potential
limits. The numerical results in [117] are observed apparently in a narrow interval
of the existence domain for the line solitary waves supported by the periodic stripe
potential.

Different versions of the massive Dirac equations were derived recently in the
context of hexagonal potentials. The corresponding systems generalize the massive
Gross—Neveu model (also known as the Soler model in (1 + 1) dimensions) [42].
These equations were derived formally in [2, 3] and were justified recently in [36,
37, 38]. Extending the scope of our work, we prove analytically that the line
solitary waves of the massive Gross—Neveu model in two spatial dimensions are also
spectrally unstable with respect to the periodic perturbations of large periods. The
spectral instability is induced by the gauge rotation. Numerical results indicate
that the instability exhibits a finite threshold on the period of the transverse
perturbations.

The method we employ in our work is relatively old [119] (see review in [60]),
although it has not been applied to the class of massive Dirac equations even at
the formal level. We develop analysis at the rigorous level of arguments. Our work
relies on the resolvent estimates for the spectral stability problem in (14 1) dimen-
sions, where the zero eigenvalue is disjoint from the continuous spectrum, whereas
the eigenfunctions for the zero eigenvalue are known from the translational and
gauge symmetries of the massive Dirac equations. When the transverse wave num-
ber is nonzero but small, the multiple zero eigenvalue split and one can rigorously
justify if this splitting induces the spectral instability or not. It becomes notori-
ously more difficult to prove persistence of instabilities for large transverse wave
numbers (small periods), hence, we have to retreat to numerical computations for
such studies of the corresponding transverse stability problem.
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The approach we undertake in this paper is complementary to the computa-
tions based on the Evans function method [52, 53]. Although both approaches
stand on rigorous theory based on the implicit function theorem, we believe that
the perturbative computations are shorter and provide the binary answer on the
spectral stability or instability of the line solitary wave with respect to periodic
transverse perturbations in a simple and concise way.

The structure of this paper is as follows. Section 2 introduces two systems of
the massive Dirac equations and their line solitary waves in the context of stripe
and hexagonal potentials. Section 3 presents the analytical results and gives details
of algorithmic computations of the perturbation theory for the massive Thirring
and Gross—Neveu models in two spatial dimensions. Section 4 contains numer-
ical approximations of eigenvalues of the spectral stability problem. Transverse
instabilities of small-amplitude line solitary waves in more general massive Dirac
models are discussed in Section 5.

5.2 Massive Dirac equations

The class of massive Dirac equations on the line can be written in the following
general form [17, 84],

{ i(ug + ug) + v =0W(u,v,u,), P ER (5.1)

i(vy —vy) +u = 0W(u,v,a,0),

where the subscripts denote partial differentiation, (u,v) are complex-valued am-
plitudes in spatial x and temporal ¢ variables, and W is the real function of
(u,v,@,v), which is symmetric with respect to u and v and satisfies the gauge
invariance

W(e'“u, e v, e "*u, e **v) = W(u,v,u,v) for every a € R.

As it is shown in [17], under the constraints on W, it can be expressed in terms
of variables (|u|? + |[v|?), |u*|v|?, and (4v + wu). For the cubic Dirac equations,
W is a homogeneous quartic polynomial in u and v, which is written in the most
general form as

W = ci(Ju]* + [v]*)* + eo|ul?|v]* + cs(Jul® + [v]?)(av + ui) + cq(tv + ut)?,

where ¢q, ¢o, c3, and ¢4 are real coefficients. In this case, a family of stationary
solitary waves of the massive Dirac equations can be found in the explicit form
[17] (see also [73]).

Among various nonlinear Dirac equations, the following particular cases have
profound significance in relativity theory:

e W = |u|?|v|? - the massive Thirring model [104];
o W = i(av + uv)? - the massive Gross—Neveu model [42].
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Global well-posedness of the massive Thirring model was proved both in H*(R)
for s > 1 (98] and in L*(R) [15]. Recently, global well-posedness of the massive
Gross—Neveu equations was proved both in H*(R) for s > 1 [48] and in L*(R)
[120].

When the massive Dirac equations are used in modeling of the Gross—Pitaevskii
equation with small periodic potentials, the realistic nonlinear terms are typically
different from the two particular cases of the massive Thirring and Gross-Neveu
models. (In this context, the nonlinear Dirac equations are also known as the
coupled-mode equations.) In the following two subsections, we describe the con-
nection of the generalized massive Thirring and Gross—Neveu models in two spatial
dimensions to physics of nonlinear states of the Gross—Pitaevskii equation trapped
in periodic potentials.

5.2.1 Periodic stripe potentials

In the context of one-dimensional periodic (stripe) potentials, the massive Dirac
equations (5.1) can be derived in the following form [33],

(z,y) € R?, (5.2)

(U + ug) + 0+ uyy = (onul? + aglv?)u,
i(vy — vg) + u+ vy = (alul® + ag|v]*)v,

where y is a new coordinate in the transverse direction to the stripe potential, the
complex-valued amplitudes (u, v) correspond to two counter-propagating resonant
Fourier modes interacting with the small periodic potential, and (ay, ay) are real-
valued parameters. For the stripe potentials, the parameters satisfy the constraint
g = 20[1.

To illustrate the derivation of the massive Dirac equations (5.2), we can consider
a two-dimensional Gross—Pitaevskii equation with a small periodic potential

Z.q/)t = _wzz - 77ZJyy + 2¢ COS(CL‘)¢ + |¢|2¢7 (53)

and apply the Fourier decomposition
V(@ y.t) = Ve ulew, ey, et)ed i+ vler, ey, et)e H T + eR(w,y. 1) (5.4)

where € is a small parameter and R is the remainder term. From the condition
that R is bounded in variables (z,y,t), it can be obtained from (5.3) and (5.4)
that (u,v) satisfy the nonlinear Dirac equations (5.2) with oy = 1 and ay = 2.
Justification of the Fourier decomposition (5.4) and the nonlinear Dirac equations
(5.2) in the context of the Gross—Pitaevskii equation (5.3) has been reported for
y-independent perturbations in [97]. Transverse modulations can be taken into
account in the same justification procedure, since the error R is bounded in the
supremum norm, whereas the solution of the massive Dirac equations (5.2) and the
solution of the Gross—Pitaevskii equation (5.3) can be defined in Sobolev spaces
of sufficiently high regularity (see Chapter 2.2 in the book [83]).

The stationary y-independent solitary waves of the massive Dirac equations
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(5.2) are referred to as the line solitary waves. According to the analysis in [17, 73],
the corresponding solutions can be represented in the form

u(z,t) = U,(z)e™, wv(z,t) = U,(x)e™, (5.5)

where w € (—1,1) is taken in the gap between two branches of the linear wave
spectrum of the massive Dirac equations (5.2). The complex-valued amplitude U,
satisfies the first-order differential equation

ZUUIJ - WUUJ + Uw = (Oél + QQ)IUUJIQULU' (56)

In terms of physical applications, the line solitary wave (5.5) of the massive Dirac
equations (5.2) corresponds to a localized mode (the so-called gap soliton) trapped
by the periodic stripe potential [83].

In our work, we perform transverse spectral stability analysis of the line solitary
waves (5.5) for the particular configuration or; = 0 and ay = 1, which correspond
to the massive Thirring model on the line [104]. If a3 = 0 and ay = 1, the solitary
wave solution of the differential equation (5.6) exists for every w € (—1,1) in the
explicit form

Y V1 + wcosh(puz) — iv/1 — wsinh(px)

Us
(z) w + cosh(2uz)

, (5.7)

where © = /1 —w?. The solitary wave solution of the differential equation (5.6)
is unique up to the translational and gauge transformation. As w — 1, the family
of solitary waves (5.7) approaches the NLS profile U,_(z) — wusech(uz). As
w — —1, it degenerates into the algebraic profile

2(1 — 2ix)

Vomrrl®) = =

When y-independent perturbations are considered, solitary waves (5.5) and
(5.7) are orbitally stable in the time evolution of the massive Thirring model on
the line for every w € (—1,1). The corresponding results were obtained in our
previous works [88] in H'(R) and [23] in a weighted subspace of L*(R). Note that
the solitary waves in more general nonlinear Dirac equations (5.2) are spectrally
unstable for y-independent perturbations if a; # 0 but the instability region and
the number of unstable eigenvalues depend on the parameter w [17].

We will show (see Theorem 5 below) that the line solitary waves (5.5) and
(5.7) for ay = 0 and ap = 1 are spectrally unstable with respect to long periodic
transverse perturbations for every w € (—1,1). In the more general massive Dirac
equations (5.2), we also show (see Section 5.1 below) that the instability conclusion
remains true at least in the small-amplitude limit (when either w — 1 or w — —1)
if o1 + Qo 7é 0.
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5.2.2 Hexagonal potentials

In the context of the hexagonal potentials in two spatial dimensions, the mas-
sive Dirac equations can be derived in a different form [38],

1001 + 10zp2 — Oy0a + 01 = (Bilo1]? + Bolw2]?) 1, 5
. . x,y) € R*, 5.8
{ 1002 + 10zp1 + Oyp1 — w2 = (Bo| o1 + Bilw2]*) o, (z,9) (58)

where (¢1,p2) are complex-valued amplitudes for two resonant Floquet—Bloch
modes in the hexagonal lattice and (i, 3;) are real-valued positive parameters.
The nonlinear Dirac equations (5.8) correspond to equations (4.4)—(4.5) in [38].
Derivation of these equations can also be found in [2, 3]. Justification of the linear
part of these equations is performed by Fefferman and Weinstein [37].

To transform the nonlinear Dirac equations (5.8) to the form (5.1), we use the

change of variables,
u\ 1 1 1 V1
v)  2\1 —1)\p2)’

i(up + ug) + v+ v, = B1(uful? + uv? + 2ulv|?) + fot(u? — v?),
i(vp — vg) + u—uy = Br(v|v]? +vu® + 20[ul?) 4+ Bro(v? — u?).

and obtain
(5.9)

In comparison with the nonlinear Dirac equations (5.2), we note that both the
cubic nonlinearities and the y-derivative diffractive terms are different.

For the family of line solitary waves (5.5), the complex-valued amplitude U,
satisfies the first-order differential equation

IlUL:; - WUw + Uu} = (361 + BQ)ULU’ULU|2 + (,61 - 62)Ui (510)

In terms of physical applications, the line solitary wave (5.5) of the massive Dirac
equations (5.9) corresponds to a localized mode trapped by the deformed hexagonal
potential with broken Dirac points [3, 38].

In what follows, we perform the transverse spectral stability analysis of the
line solitary waves (5.5) for the particular configuration 5 = —fs = %, which
corresponds to the massive Gross—Neveu model on the line [42]. If §; = —f; = %,
the solitary wave solution of the differential equation (5.10) exists for every w €
(0,1) in the explicit form

V14 wcosh(uzx) —iy/1 — wsinh(ux)
1 + wcosh(2ux)

Uo(z) = p : (5.11)

where 1 = /1 — w?. Again the solitary wave solution of the differential equation
(5.10) is unique up to the translational and gauge transformation. The family of
solitary waves (5.11) diverges at infinity as w — 0 and can not be continued for
w € (—1,0) [8]. As w — 1, the family approaches the NLS profile U,_(x) —
2712 ysech ().

When y-independent perturbations are considered, solitary waves (5.5) and
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(5.11) are orbitally stable in H'(R) in the time evolution of the massive Gross—
Neveu model for w ~ 1 [13]. Regarding spectral stability, two numerical studies
exist, which show contradictory results to each other. A numerical approach based
on the Evans function computation leads to the conclusion on the spectral stability
of solitary waves for all w € (0,1) [8, 9]. However, another approach based on
the finite-difference discretization indicates existence of w,. =~ 0.6 such that the
family of solitary waves is spectrally stable for w € (w,, 1) and unstable for w €
(0,w.) [73, 99]. The presence of additional unstable eigenvalues in the case of
y-independent perturbations, if they exist, is not an obstacle in our analysis of
transverse stability of line solitary waves.

Our work concerns both y-independent and y-dependent perturbations. In the
case of y-independent perturbations, we show numerically (see Section 4.2 below)
that the solitary waves of the massive Gross—Neveu model are spectrally stable for
every w € (0, 1) thus supporting the numerical results of [8, 9] with an independent
numerical method based on the Chebyshev interpolation method. In the case of
y-periodic perturbations, we show analytically (see Theorem 5 below) that the
line solitary waves (5.5) and (5.11) for 51 = —(3, = % are spectrally unstable with
respect to long periodic transverse perturbations for every w € (0,1). In the more
general massive Dirac equations (5.9), we also show (see Section 5.2 below) that
the instability conclusion remains true at least in the small-amplitude limit (when
either w — 1 or w — —1) if §; # 0.

5.3 Transverse of line solitary waves

We consider two versions (5.2) and (5.9) of the nonlinear Dirac equations for
spatial variables (z,y) in the domain R x T, where T = R/(LZ) is the one di-
mensional torus and L € R is the period of the transverse perturbation. To study
stability of the line solitary wave (5.5) under periodic transverse perturbations, we
use the Fourier series and write

2mniy

u(z,y,t) = ™' |Uy(x) + an(x,t)eT . (5.12)

In the setting of the spectral stability theory, we are going to use the linear super-
position principle and consider just one Fourier mode with continuous parameter
p € R. In the context of the Fourier series (5.12), the parameter p takes the
countable set of values {%Tn}HEZ- The limit p — 0 corresponds to the limit of long
periodic perturbations with L — oc.

For each p € R, we separate the time evolution of the linearized system and
introduce the spectral parameter A in the decomposition fn(a:, t) = Fn(x)e”. This
decomposition reduces the linearized equations for fn to the eigenvalue problem for
F, and ). Performing similar manipulations with four components of the nonlinear
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Dirac equations, we set the transverse perturbation in the form

() + uz(2)eM TP,

u(z,y,t) = U, () + uy (x)eMTPY], a(z,y,t) = e
- v () + va(z)eMTPY),

iwt [UW (m) + vy (m)e/\t+ipy] ,

Remark 18. Since the perturbation to the line solitary wave is just one linear
mode, the component (us,vs) are not the complex conjugate of (uy,v1). However,
given a solution (uy,us, vy, vs) of the eigenvalue problem for A and p, there exists
another solution (Ug, U1, U, V1) of the same eigenvalue problem for X and —p.

Let F = (u1,u9,v1,v2)". The eigenvalue problem for F and A can be written in
the form

ixoF = (D, + E, + W,,)F, (5.13)
where
—i0, +w 0 —1 0 1 0 0 0
Do 0 10y + w 0 -1 |0 =10 0
w = —1 0 0, +w 0 %710 0o 1 0|
0 -1 0 —i0, + w 0 0 0 —1

whereas matrices £, and W, depend on the particular form of the nonlinear Dirac
equations. For the model (5.2) with a; = 0 and ay = 1, we obtain E, = p*I with

1000 u.> 0 U3 IUWQI2
0100 0 |U? |UJ? U

I= , = _ @ ol 5.14
0010 Ui ’Uw|2 |Uw|2 0 ( )
0001 U.> U2 0 UL

where U, is given by (5.7). For the model (5.9) with §; = —@, = 3, we obtain
E, = —ipJ with

0 0 10 U2 0z Uz+20, |
S0 0 01 o U2 U2 202+ T,
-1 0 00" "¢ |22+ T.  |ULP U,|2 vz’
0 -1 00 U v+l U, U2
(5.15)

where U, is now given by (5.11).

Remark 19. Let us denote the existence interval for the line solitary wave (5.5)
of the nonlinear Dirac equations (5.1) by Q C (—=1,1). For the model (5.2) with
a3 =0 and ay = 1, we have Q = (—1,1). For the model (5.9) with ) = —fs = %,
we have 2 = (0,1).

The linear operator D, + E, + W,, is self-adjoint in L?(R, C*) with the domain

in H'(R,C*) thanks to the boundness of the potential term W,,. We shall use the
notation (-,-)z2 for the inner product in L*(R,C?) and the notation || - ||z2 for the
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induced norm. Our convention is to apply complex conjugation to the element at
the first position of the inner product (-,-) 2.

The next elementary result shows that the zero eigenvalue is isolated from the
continuous spectrum of the spectral stability problem (5.13) both for E, = p*I
and E, = —ipJ if the real parameter p is sufficiently small.

Proposition 13. Assume that W, (x) — 0 as |z| — 0o according to an exponential

rate. For every w € Q and every p € R, the continuous spectrum of the stability

problem (5.13) is located along the segments £iM\y and £il\s, where for with E, =
2

P71,

Ay = {\/1+k2+w+p2, keR}, Ay = {\/1+k2—w—p2, kER}7
(5.16)
whereas for E, = —ipJ,

Al::{ 1+p2+k2+w, kER}, Ag:z{\/1+p2+k2—w, kGR}‘

(5.17)

Proof. By Weyl’s lemma, the continuous spectrum of the stability problem (5.13)
coincides with the purely continuous spectrum of the same problem with W, = 0,
thanks to the exponential decay of the potential terms W, to zero as |x| — oco. If
W, = 0, we solve the spectral stability problem (5.13) with the Fourier transform
in x, which means that we simply replace 0, in the operator D, with ik for
k € R and denote the resulting matrix by D, ;. As a result, we obtain the matrix
eigenvalue problem
(Dyr + E, —ido)F = 0.

After elementary algebraic manipulations, the characteristic equation for this lin-
ear system yields four solutions for A given by 4+iA; and +i¢A,, where the ex-
plicit expressions for A; and A, are given by (5.16) and (5.17) for E, = p*I and
E, = —ipJ, respectively. O

Remark 20. We note the different role of the matriz E, in the location of the
continuous spectrum for larger values of the real parameter p. If E, = p*I, then
the two bands +ily touches each other for |p| = p, = V1 —w and overlap for
Ip| > po. If E, = —ipJ, all the four bands do not overlap for all values of p € R
and the zero point A = 0 is always in the gap between the branches of the continuous
spectrum.

The next result shows that if p = 0, then the spectral stability problem (5.13)
admits the zero eigenvalue of quadruple multiplicity. The zero eigenvalue is de-
termined by the symmetries of the nonlinear Dirac equations with respect to the
spatial translation and the gauge rotation.

Proposition 14. For every w € Q and p = 0, the stability problem (5.13) admits
exactly two eigenvectors in H*(R) for the eigenvalue A = 0 given by

F,=0,U,, F,=iocU,, (5.18)
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where U, :~(Uw, U,, U, U,)t. For each eigenvector F,,, there exists a generalized
eigenvector ¥y, in H'(R) from solutions of the inhomogeneous problem

(Do + W,)F = icF,,, (5.19)

wmn fact, in the explicit form,
- 1
F, = wwzocU, — Q&U“” F,=0,U,, (5.20)

where ¢ = diag(1,1, -1, —1). Moreover, if (F,g, al:"mg)Lz # 0, no solutions of the
imhomogeneous problem 3
(D, + W,)F =ioF,, (5.21)

exist in H'(R).

Proof. Existence of the eigenvectors (5.18) follows from the two symmetries of
the massive Dirac equations and is checked by elementary substitution as (D, +
W,)F, = 0. Because (D, +W,) is a self-adjoint operator of the fourth order and
solutions of (D, + W,,)F = 0 have constant Wronskian determinant in x, there
exists at most two spatially decaying solutions of these homogeneous equations,
which means that the stability problem (5.13) with p = 0 admits exactly two
eigenvectors in H'(R) for A = 0. Since

<Ft,ga O‘Fth>L2 = <Ft,97 OFg,t)LQ =0

there exist solutions of the inhomogeneous problem (5.19) in H'(R). Existence of
the generalized eigenvectors (5.20) is checked by elementary substitution. Finally,
under the condition (F ,, al:"ng) 12 # 0, no solutions of the inhomogeneous problem
(5.21) exist in H'(R) by Fredholm’s alternative. O

Our main result is formulated in the following theorem. The theorem guaran-
tees spectral instability of the line solitary waves with respect to the transverse
perturbations of sufficiently large period both for the massive Thirring model and
the massive Gross—Neveu model in two spatial dimensions.

Theorem 5. For every w € (), there exists pg > 0 such that for every p in
0 < |p| < po, the spectral stability problem (5.13) with either (5.14) or (5.15)
admits at least one eigenvalue A with Re(A) > 0. Moreover, up to a suitable
normalization, as p — 0, the corresponding eigenvector F converges in L*(R) to
F, for (5.13) and (5.14) and to ¥, for (5.13) and (5.15).

Stmultaneously, there exists at least one pair of purely imaginary eigenvalues
A of the spectral stability problem (5.13) and the corresponding eigenvector F con-
verges as p — 0 to the other eigenvector of Proposition 1/.

The proof of Theorem 5 is based on the perturbation theory for the Jordan
block associated with the zero eigenvalue of the spectral problem (5.13) existing
for p = 0, according to Proposition 14. The zero eigenvalue is isolated from the
continuous spectrum, according to Proposition 13. Consequently, we do not have
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to deal with bifurcations from the continuous spectrum (unlike the difficult tasks
of the recent work [13]), but can develop straightforward perturbation expansions
based on a modification of the Lyapunov—Schmidt reduction method.

A useful technical approach to the perturbation theory for the spectral stability
problem (5.13) is based on the block diagonalization of the 4 x 4 matrix operator
into two 2 x 2 Dirac operators. This block diagonalization technique was intro-
duced in [17] and used for numerical approximations of eigenvalues of the spectral
stability problem for the massive Dirac equations. After the block diagonalization,
each Dirac operator has a one-dimensional kernel space induced by either trans-
lational or gauge symmetries. It enables us to uncouple the invariant subspaces
associated with the Jordan block for the zero eigenvalue of the spectral stability
problem (5.13) with p = 0.

Using the self-similarity transformation matrix

10 1 0
1
s_L o1 0 1
2101 0 -1
10 -1 0

and setting F = T'V, we can rewrite the spectral stability problem (5.13) in the
following form:

iXT'¢TV = T'(D,, + E, + W.,)TV, (5.22)
where
0,4+ w -1 0 0 0 0 1 0
. B 1 04w 0 0 . o0 0 -1
T"D.T = 0 0 —id,+w 1 » Tol =11 g g ¢
0 0 1 00, + w 0 -1 0 0
(5.23)

whereas the transformation of matrices £, and W, depend on the particular form
of the nonlinear Dirac equations. For the model (5.2) with a1 = 0 and ap = 1, we
obtain

100 0 U, U; 00

c 50100 v | T UL 0 o

T'ET =0y o 1 o TWT=] o0 | 629
0001 0 0o -U, 0
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For the model (5.9) with 3; = —f; = %, we obtain

0 0 01
; . 0 0 10
T°E,T =1p 0 -1 0 ol
-1 0 0 0
2|U,1? U2+ 302 0 0
3U2 4+ U? 2|U \2 0 0
t _ w w w _
TW,T = 0 0 0 ) —UE,—UE) (5.25)
0 0 —Uﬁ—Uz 0

Let us apply the self-similarity transformation to the eigenvectors and gen-
eralized eigenvectors of Proposition 14. Using F = T'V, the eigenvectors (5.18)
become

U, 0
U, |0
V, = O“’ and V,=1 v, | (5.26)
O _Uw
whereas the generalized eigenvectors (5.20) become
0 0 Uss
o 0 1o - U.,
V, =iwx v, | 3l and V, =0, o |- (5.27)
~U., U, 0

Setting @y = [V, V, V., \79] and denoting S = T'0T, we compute elements of
the matrix of skew-symmetric inner products between eigenvectors and generalized
eigenvectors:

0 0 (Vi,SV,) 2 0
0 0 0 (Vy,8V,) 2
P d = ~ gs g
(v, Sy (Vi,SVi: 0 0 0 ’
0 (Vy, SV, 1o 0 0

(5.28)
where only nonzero elements are included. Verification of (5.28) is straightforward
except for the term

<\~[t78\~/g>L2 = —ZCU/

1 [ - _
20, |Us|*dx — 5/ (U,0,U, — U,0,U,) dz=0. (5.29)
R R

Both integrals in (5.29) are zero because x0,|U,|? and Im(U,0,U,,) are odd func-
tions of x. As for the nonzero elements, we compute them explicitly from (5.26)
and (5.27):

~ 1 _ _
(Vi,8V,) 2 = _m/ U, |2dz + 5/ (UU, — U,U) d (5.30)
R R
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and p
(Vy,S8V,) e = —2'—/ \U,|2dz. (5.31)
dw R

Remark 21. In further analysis, we obtain explicit expressions for (5.30) and
(5.31) and show that they are nonzero for every w € ). Consequently, the assump-
tion (Fy 4, 0F, )2 # 0 in Proposition 14 is verified for either (5.14) or (5.15) in
the spectral stability problem (5.13).

We shall now proceed separately with the proof of Theorem 5 for the massive
Thirring and Gross—Neveu models in two spatial dimensions. Moreover, we derive
explicit asymptotic expressions for the eigenvalues mentioned in Theorem 5.

5.3.1 Perturbation theory for the massive Thirring model

The block-diagonalized system (5.22) with (5.23) and (5.24) can be rewritten
in the explicit form

H+ 0 2 [ Op 0 o 0 03
(1 Y ver (e Dven(l v e
where
—i0, + w + 2|U,|? —1+U? —i0, +w 1-—U?
H+ = —2 . 2 5 H, - e . 9
-1+U, 10y +w + 2|U,| 1-U, i0,+w

(5.33)

and the following Pauli matrices are used throughout our work:

e (30) e (U1 wn (D 0) e

Note that H, and H_ are self-adjoint operators in L*(R,C?) with the domain in
H'(R,C?). The operators H. satisfy the symmetry

O'lH:t = Efial, (535)
whereas the Pauli matrices satisfy the relation
0101 = 0303 = 09, 0103 + 0301 = 0, (5.36)

Before proving the main result of the perturbation theory for the massive Thirring
model in two spatial dimensions, we note the following elementary result.

Proposition 15. For every w € (—1,1) and every p € R, eigenvalues A of the
spectral problem (5.32) are symmetric about the real and imaginary azes in the
complex plane.

Proof. It follows from symmetries (5.35) and (5.36) that if A is an eigenvalue of the
spectral problem (5.32). with the eigenvector V = (v, vg, v3,v4)", then A, —\, and
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— are also eigenvalues of the same problem with the eigenvectors (v, 0y, 74, U3),
(v1, va, —v3, —v4)", and (0, Uy, —04, —03)". Consequently, we have the following:

e if )\ is a simple real nonzero eigenvalue, then the eigenvector V can be chosen
to satisfy the reduction v; = 09, v3 = U4, whereas —\ is also an eigenvalue
with the eigenvector (v, vy, —v3, —v4)" = (02, U1, —04, —03)%;

e if \ is a simple purely imaginary nonzero eigenvalue, then the eigenvector V
can be chosen to satisfy the reduction v; = 99, v3 = —04, whereas A is also
an eigenvalue with the eigenvector (g, 1, 04, 03)" = (v1, V2, —v3, —v4)%;

e if a simple eigenvalue A\ occurs in the first quadrant, then the symmetry gen-
erates eigenvalues in all other quadrants and all four eigenvectors generated
by the symmetry are linearly independent.

The symmetry between eigenvalues also applies to multiple nonzero eigenvalues
and the corresponding eigenvectors of the associated Jordan blocks. ]
For the sake of simplicity, we denote

(H. 0 (o9 0 (0 o
() = a) o= )
It follows from Proposition 14 and the explicit expressions (5.26) and (5.27) that

HV,, =0, HV,,=iSV,,. (5.37)

Setting @y = [V, V,, V., Vg} as earlier, we note that

7
0 [[Vgl7: 0 0
RV A 0] = ~ 5.38
< V, V>L2 0 0 HVtH%2 ~O ) ( )
0 0 0 [IVyli7-

where only nonzero terms are included. Again, it is straightforward to verify (5.38)
from (5.26) and (5.27), except for the elements

Vt,V 2 — U'@wa+U/8wa dr =0
g - w w

and
(V, V)0 = 2w/ 2|UL[2dz = 0.
R

These elements are zero because x|U,|> and Re(U’,0,,U,,) are odd functions of z.

The following result gives the outcome of the perturbation theory associated
with the generalized null space of the spectral stability problem (5.32). The result
is equivalent to the part of Theorem 5 corresponding to the spectral stability
problem (5.13) with (5.14). The asymptotic expressions A, and A; of the real and
imaginary eigenvalues A at the leading order in p versus parameter w are shown
on Fig. 5.1a.
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Lemma 28. For every w € (—1,1), there exists pg > 0 such that for every p with
0 < |p| < po, the spectral stability problem (5.32) admits a pair of real eigenvalues
A\ with the eigenvectors V.€ H'(R) such that

A=4pA (W) + 00, V=V, £pA(W)V,+O0m@p?) as p—0, (5.39)

where A, = (1 — w?)"Y4|U! ||lz2 > 0. Simultancously, it admits a pair of purely
imaginary eigenvalues X\ with the eigenvector V.€ H'(R) such that

A= tiphi(w) +O(p*), V=V, + ipAi(w)Vg + O (p?) as p—0, (5.40)
where Ay = /2(1 — W)Y U, |2 > 0.

Before proving Lemma 28, we give formal computations of the perturbation
theory, which recover expansions (5.39) and (5.40) with explicit expressions for
A, (w) and A;(w). Consider the following formal expansions

A=pAL+p* Ao+ Op%), V =Vo+pMVi+p*Vy+ O (p?), (5.41)

where V| is spanned by the eigenvectors (5.26), V; is spanned by the generalized
eigenvectors (5.27), and Vy satisfies the linear inhomogeneous equation

HVy = —IVy+iASV, +iASVo. (5.42)

By Fredholm’s alternative, there exists a solution V, € H'(R) of the linear inho-
mogeneous equation (5.42) if and only if A; is found from the quadratic equation

iN(Wo,S8Vy) 2 = (W, Vi) L2, (5.43)

where Wy is spanned by the eigenvectors (5.26) independently of V. Because
of the block diagonalization of the projection matrices in (5.28) and (5.38), the

sl ] 09t
08t
07t
06t
B Sosf
04}
03t
P N il 0.2t

4 -~
1y ~<_ 0.1t

0

. . . . . . . . . . . . . . . . .
1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
(0] ®

(a) (b)

Figure 5.1: Asymptotic expressions A, (solid line) and A; (dashed line) versus
parameter w for the massive Thirring (left) and Gross—Neveu (right) models.
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2-by-2 matrix eigenvalue problem (5.43) is diagonal and we can proceed separately
with precise computations for each eigenvector in Vjy.

Selecting Vo = Wy = V, and V; = \~7t, we rewrite the solvability condition
(5.43) as the following quadratic equation

ﬁ/@wm+gmm—mmﬂm:gﬂ%wa
R R

where we have used relation (5.30). Substituting the exact expression (5.7), we
obtain

/ (w\Uw\z + % (ULU, — UMUL)) dr = 2v1 — w? (5.44)
R

1—
/|U’| dr = —4wV1 — w? + 4(1 + w?) arctan <\/1+Z>,

which yields the expression A? = (1 — w?)~V2||U. |12, = A, (w)2.
Selecting now Vo = Wy =V, and V; =V, we rewrite the solvability condi-
tion (5.43) as the following quadratic equation

A?-/\U\dx_z/wydx

where we have used relation (5.31). Substituting the exact expression (5.7), we

obtain
1—
/ \U,|*dx = 4 arctan < _w)
R 1 + w

2dy = — 4
= [ = —— (5.45)

which yields the expression for A = —2(1 — w?)V2||U, ||, = —A;(w)?. Note that
the nonzero values in (5.44) and (5.45) verify the nonzero values in (5.30) and
(5.31), hence the assumption (Ft,g,af‘t,g)Lz # 0 in Proposition 14, according to
Remark 21.

We shall now justify the asymptotic expansions (5.39) and (5.40) to give the
proof of Lemma 28. Note that Ay in (5.41) is not determined in the linear equation
(5.42). Nevertheless, we will show in the proof of Lemma 28 that Ay = 0, see (5.47),
(5.55), and (5.57) below.

I have made a change from proofl to proof

and

and

Proof of Lemma 28. Consider the linearized operator for the spectral problem
(5.32):
Ayp = H+p*T —i)S: H'(R) — L*(R).

This operator is self-adjoint if A\ € iR and nonself-adjoint if A\ ¢ iR.
Since 8§ = 7, it follows from Proposition 14 and the computations (5.37) that
SH has the four-dimensional generalized null space X, C L?(R) spanned by the
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vectors in ®y,. By Propositions 13, the rest of spectrum of SH is bounded away
from zero. By Fredholm’s theory, the range of SH is orthogonal with respect to the
generalized null space Yy C L*(R) of the adjoint operator HS, which is spanned
by the vectors in Sy, .

The inhomogeneous equation (H—i\S)g = f for f € L*(R) is equivalent to the
inhomogeneous equation (SH —i\)g = Sf. By Fredholm’s alternative, for A = 0,
a solution g € H'(R) exists if and only if Sf is orthogonal to the generalized kernel
of HS, which means that Sf € Y§- or equivalently, f € Xg. For A # 0 but small,
it is natural to define the solution g € H'(R) uniquely by the constraint g € Y.

Consequently, there is \g > 0 sufficiently small such that A, o with || < Ag is
invertible on X3 with a bounded inverse in Y. Since p*Z is a bounded self-adjoint
perturbation to H, there exist positive constants Ay, pg, and Cy such that for all
IAl < Ao, |p| < po, and all f € X5 C L*(R), there exists a unique A;i)f € Ygt
satisfying

AL E |22 < Collf] e (5.46)
Moreover, A;Jlgf € H'(R).

Let us now use the method of the Lyapunov—Schmidt reduction. We apply the
partition of @y as @9) = [V, V,] and CIDE/I) = [V, V,]. Given the computations
above, we consider the decomposition of the solution of the spectral problem (5.32)

in the form
{ A =Dp(A+ pp),

R o R 5.47
V= cbg))ap‘f'pq)&/l)((/\"'ﬂp)ap"‘%) + Vy, ( )

where A € C is p-independent, whereas p, € C, @, € C?, 7, € C? and V,, € H'(R)
may depend on p. For uniqueness of the decomposition, we use the Fredholm
theory and require that the correction term V, satisfy the orthogonality conditions:

(By,SV,) 2 =0, (5.48)

which ensures that V,, € H'(R) N Yz-. Substituting expansions (5.47) into the
spectral problem (5.32), we obtain

(H + pQI - ip(A + Np)S) V, + p2 (CI)S))O_ZP + pq)%/l)«A + Np)&p + '71)))
= iPZ(A + MP)S(I)E})((A + Mp)&p + :Y'p) - Z’pSQ)&B)Fy‘p, (5-49)

In order to solve equation (5.49) for V,, in H'(R) N Y;", we project the equation

to Xy . It makes sense to do so separately for @%9) and CD%,I). Using the projection
matrices (5.28) and (5.38) as well as the orthogonality conditions (5.48), we obtain

PO, V)2 + (@), @) 1a,
= ip? (A + 1) (DY, SPW) 12 (A + 1)@y + ) (5.50)

and
POV V) e+ 200 ) (A + )@, + 7,) = —ip(@), SO 127, (5.51)
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Under the constraints (5.50) and (5.51), the right-hand-side of equation (5.49)
belongs to X . The resolvent estimate (5.46) implies that the operator A, , can be
inverted with a bounded inverse in Y;-. By the inverse function theorem, there are
positive numbers p; < pg, w1, and Cy such that for every |p| < p; and |u,| < 1,
there exists a unique solution of equation (5.49) for V,, in H'(R) N Y;" satisfying
the estimate

IVollzz < Cy (M1 + [pll1F1)) - (5.52)

Substituting this solution to the projection equations (5.50) and (5.51), we shall
be looking for values of A, p,, @,, and 7, for [p| < p; sufficiently small. Using the
estimate (5.52), we realize that the leading order of equation (5.50) is

(@, @) = iA@Y, SV a8, EE T (5.53)

This equation is diagonal and admits two eigenvalues for A? given by A,(w)? and
—A;(w)?, so that

IVillZe = iAe(@)(Ve,SVi)pz, [ Vyll72 = —ihi(w)*(Vy, SVy) 1.

Choosing A? being equal to one of the two eigenvalues (which are distinct), we
obtain a rank-one coefficient matrix for equation (5.50) at the leading order. In
what follows, we omit the argument w from A, and A;

For simplicity, let us choose A? = A? (the other case is considered similarly)
and represent @, = (ay, 3,)" and 7, = (7,,9,)". In this case, a,, can be normalized
to unity independently of p, after which equation (5.50) divided by p? is rewritten
in the following explicit form

2
Ar+
Viz. o (1+4) -1+ 258,

V 7 :| ; P 2 T P
0 IVll72 _ﬁ_%” (1_}_%) ﬁp_ﬁp_/\/:z“ 5y

=0V V,)2(5.54)

We invoke the implicit function theorem for vector functions. It follows from
the estimate (5.52) that there are positive numbers py < p; and Cy such that for
every |p| < p2, there exists a unique solution of equation (5.54) for p, and 3,
satisfying the estimate

|yl + 18] < Co (IFpll + I Villz2) < C (191l + %), (5.55)

where the last inequality with a modified value of constant () is due to the estimate
(5.52).

Finally, we divide equation (5.51) by p and rewrite it in the form
—i( @), SOY) 125, = p(@)) Vihre +pH (@, )2 (A + 1), +7,)- (5.56)

Thanks to the estimates (5.52) and (5.55), equation (5.56) can be solved for ¥,
by the implicit function theorem, if p is sufficiently small and V,, p,, and @, are
substituted from solutions of the previous equations. As a result, there are positive
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numbers p3 < py and C3 such that for every |p| < ps, there exists a unique solution
of equation (5.56) for ¥, satisfying the estimate

17l < Cs (0 + P Vllz2) < Cap®, (5.57)

where the last inequality with a modified value of constant C'5 is due to the estimate
(5.52).

Decomposition (5.47) and estimates (5.52), (5.55), and (5.57) justify the asymp-
totic expansion (5.39). It remains to prove that the eigenvalue A = p(A, + p,,) is
purely real. Since A, is real, the result holds if x, is real. Assume that j, has
a nonzero imaginary part. By Proposition 15, there exists another distinct eigen-
value of the spectral problem (5.32) given by A = (pA, + i) such that i, = O(p?)
as p — 0. However, the existence of this distinct eigenvalue contradicts the unique-
ness of constructing of p, and all terms in the decomposition (5.47). Therefore,
fiy = 1y, sO that A = p(A, + p,,) is real.

The asymptotic expansion (5.40) is proved similarly with the normalization
B, = 1 and the choice A*> = —A? among eigenvalues of the reduced eigenvalue
problem (5.53). O

5.3.2 Perturbation theory for the massive Gross—Neveu
model

The block-diagonalized system (5.22) with (5.23) and (5.25) can be rewritten
in the explicit form

H+ 0 . 0 01 . 0 g3
( 0 H_)V—Hp (_01 0>V—z)\ (03 0>V, (5.58)

where o1 and o3 are the Pauli matrices, whereas

1+ T +3U2 0, +w + 2|U,|?

. o 72
H:< z&c—l—wg 1-U; Uw).

(—@'am Fwr U2 —14+ U2+ SUZ>
H+ = )

1-U2-U, i0,+w

We note again the symmetry relation (5.35), which applies to the Dirac operators
H_. for the massive Gross—Neveu model as well. From this symmetry, we derive
the result, which is similar to Proposition 15 and is proved directly.

Proposition 16. For everyw € (0,1), if X is an eigenvalue of the spectral problem
(5.58) with p € R and the eigenvector V. = (vy,vy,v3,v4)t, then —X is also an
eigenvalue of the same problem with the eigenvector (U, vy, —04, —03)", whereas
A and —\ are eigenvalues of the spectral problem (5.58) with —p € R and the
eigenvectors (g, V1,04, 03)" and (vy,ve, —vs, —v4)t, respectively. Consequently, for
every p € R, eigenvalues \ of the spectral problem (5.58) are symmetric about the
1MaAgINary axis.
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For the sake of simplicity, we use again the notations

- H+ 0 o 0 01 . 0 03
() (G 8) =0 T)

The relations (5.37) hold true for this case as well. Besides the eigenvectors (5.26)
and the generalized eigenvectors (5.27), we need solutions of the linear inhomoge-
neous equations

HV = —PV,,, (5.59)
which are given by
0 U,
- 1 O > 1 _Uw
Vt = —5 Uw and Vg = —% 0 (560)
-U, 0

The existence of these explicit expressions is checked by elementary substitution.

We apply again the partition of ®y as @9) = [V}, V,] and <I>§,1) = [V, V,].
In addition, we augment the matrix ®y with @g) = [Vt,vg] and compute the
missing entries in the projection matrices:

(B, SBY) 12 = (@1, SBY) 12 = { - } , (5.61)
and
W epg® . _ | _ 0 0
(@, S@)y . = { ¥, SV 0 ] . (5.62)

Indeed, in addition to the matrix elements, which are trivially zero, we check that
(V,,SV,) 2 = i/ (02 - U2) dz = 0, (5.63)
2w R
because Im(U?) is an odd function of z, and

~ . 1
<Vt78Vg>L2 p— 5/

_ 1 _
v (U2 —U2)de + — /(U3 + U?)dx = 0, (5.64)
R dw Jr

where the exact expression (5.11) is used. On the other hand, we have

-~ . 1 d _
<Vg,SVt>L2 = _Z@ o (Ui + Ui) d.]:

1 dlo (1+w+\/1—w2>_ 1
2dw l+w—v1—-w? 2wy/1 — w?’

(5.65)

which is nonzero.
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Similarly, we compute the zero projection matrices

(@9, POy 2 = (B POV 12 = (@), PDY) 12 = { 8 8 ] (5.66)
and the nonzero projection matrices
0 (Vi,PVy)re ]
(D(l) (D(l) _ _ ~ t g/L '
WP, e 0 567
© mr@y | Vi, PV 0 ]
(@3, PO 2 = _ 0 VPV | (5.68)
and _ <v . VT
@ pe@y | 0 Vi, PVg)r2
(O, POy )2 = YV, PV 0 . (5.69)

Indeed, the first matrix in (5.66) is zero because the Fredholm conditions for
the inhomogeneous linear systems (5.59) are satisfied. The second matrix in (5.66)
is zero because

(Vi,PV,) 2 = g/ (U2 -0U2)dz =0 (5.70)
R
and L
(Vy, PV, )2 = s . (U2 —U2)dz = 0. (5.71)

The third matrix in (5.66) is zero because
(Vi,PVg)p2 = — / 2|U, |2 = 0 (5.72)
R

and .
(V, PV = © / (U.8.0, — 0.0,U.) dz = 0. (5.73)
R
For the projection matrices (5.67), (5.68), and (5.69), we compute the nonzero

elements explicitly:

7 d w d

Vi, PV = — 2103 de + —— 2_0U3)d 74
(Vi,PVy)L 100 R(Uw—l—Uw) I+2dw Rx(Uw Uw) x, (5.74)
(Vi, PV = %/(UWU;—UUJU[U) dz, (5.75)
R
. 1
(Vy, PV = ——/|Uw\2d:r;, (5.76)
W JRr
(Vi PV = — [ (U2 +02)da. (5.77)
dw Jr

The following result gives the outcome of the perturbation theory associated
with the generalized null space of the spectral stability problem (5.58). The re-
sult is equivalent to the part of Theorem 5 corresponding to the spectral stability
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problem (5.13) with (5.15). The asymptotic expressions A, and A; for the corre-
sponding eigenvalues A at the leading order in p versus parameter w are shown on
Fig. 5.1b.

Lemma 29. For every w € (0,1), there exists pg > 0 such that for every p with
0 < |p| < po, the spectral stability problem (5.58) admits a pair of purely imaginary
eigenvalues N with the eigenvectors V.€ H'(R) such that

A= :l:z'pA,-(w)+(9(p3), V = Vt:l:ipAi(w)\th+pvt+pﬁVg+OH1 (pz) as p—0,

(5.78)
where \;(w) = ‘/14{(;&) > 0 with I(w) > 0 given by the explicit expression (5.87)

below and (3 is uniquely defined in (5.94) below.
Simultaneously, the spectral stability problem (5.58) admits a pair of eigenvalues

A with Re(\) # 0 symmetric about the imaginary axis, and the eigenvector V &
H'(R) such that

A=EpA (@) +0(0%), V=V EpA @)V, +pVy+paVi+Om (p*) as p— 0,
(5.79)
where A, = (1 —w?)Y2 > 0 and o is uniquely defined in (5.93) below.

We proceed with formal expansions, which are similar to the expansions (5.41).
However, because the O(p) terms appear explicitly in the spectral stability problem
(5.58), we introduce the modified expansions as follows,

A= pAl —|—p2A2 + O(pB), V = V() —|—p(A1V1 +V1 +V6) +p2V2 +OH1 <p3), (580)

where V and V|, are spanned independently by the eigenvectors (5.26), V; is
spanned by the generalized eigenvectors (5.27), V is spanned by the vectors (5.60),
and Vj satisfies the linear inhomogeneous equation

HV, = (iMS — P) (A Vy + Vi + Vi) +iASV,. (5.81)

By Fredholm’s alternative, there exists a solution Vo € H*(R) of the linear inho-
mogeneous equation (5.81) if and only if A; is found from the quadratic equation

<W0, (ZA18 - P)(Alvl —|- Vl —|— V6>>L2 - 0, (582)

where W is again spanned by the eigenvectors (5.26) independently of V. Similar
to (5.43), the matrix eigenvalue problem (5.82) is diagonal with respect to the
translational and gauge symmetries. As a result, subsequent computations can be
constructed independently for the two corresponding eigenvectors.

Selecting Vo = Wy =V, V; = \79, V, = Vg, and V{ = aV,, we use (5.28),
(5.31), (5.61), (5.66), (5.68), and (5.76) in the solvability condition (5.82) and
obtain the quadratic equation for A; in the explicit form

d 1
Af@4|Uw\2dx+;A|Uw]2dx:0. (5.83)
2
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Using the explicit expression (5.11), we obtain

Q/uumx:—lifi ﬁi/uuwm:———i——- (5.84)
R w T odw R wQ\/l—w2’

which yield A? = 1 —w? = A, (w)?. Correction terms Ay and « are not determined
up to this order of the asymptotic expansion.

Selecting now Vo = Wy =V, V; = \~/'t, V, = Vt, and Vi = BV, we use
(5.28), (5.30), (5.61), (5.66), (5.68), and (5.75) in the solvability condition (5.82)
and obtain the quadratic equation for A; in the explicit form

ﬁ/PWﬁ+§%%—%%ﬂ®+§ﬂ%%—%%W:0 (5.85)
R R

Expressing
i 7 / 7/ (1 B w2)2 /
— w — Uy d = d - 1 - 2.[ 9
2 /R(U Vo = U U, )de /R(l + wcosh(2ux))? ’ W)
and '
/ [W\Uwﬁ + %(UWU; — UngJ)l dr = V1 —w?[1+ I(w)], (5.86)
R
where
o 1 1—v1—w?
](w)::(l—uﬂ)/ dz =1— ——=log S > 0,
o (1+wcosh(z))? V1—w? w
(5.87)

we obtain A? = —li(l‘*zz)) = —A;(w)?. Again, correction terms Ay and 8 are not

determined up to this order of the asymptotic expansion.

Note again that the nonzero values in (5.84) and (5.86) verify the nonzero values
in (5.30) and (5.31), hence the assumption (F;,, oF, )2 # 0 in Proposition 14,
according to Remark 21.

Justification of the formal expansion (5.80) and the proof of Lemma 29 is
achieved by exactly the same argument as in the proof of Lemma 28. The proof
relies on the resolvent estimate (5.46), which is valid for the massive Gross—Neveu
model, because by Propositions 13 and 14, the zero eigenvalue of the operator SH
(which has algebraic multiplicity four) is isolated from the rest of the spectrum.

Persistence of eigenvalues is proved with the symmetry in Proposition 16. If an
eigenvalue is expressed as A = p(i/\;(w)+p,) with unique p, = O(p) and A;(w) > 0,
then nonzero real part of i, would contradict the symmetry of eigenvalues about
the imaginary axis. Therefore, Re(u,) = 0 and the eigenvalues in the expansion
(5.78) remain on the imaginary axis. On the other hand, if another eigenvalue
is expressed as A = p(A,(w) + p,) with unique p, = O(p) and A, (w) > 0, then
[, may have in general a nonzero imaginary part, as it does not contradict the
symmetry of Proposition 16 for a fixed p # 0. This is why the statement of Lemma
29 does not guarantee that the corresponding eigenvalues in the expansion (5.79)
are purely real.
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In the end of this section, we will show that w, = O(p*), which justifies the
O(p®) bound for the eigenvalues in the asymptotic expansions (5.78) and (5.79).
In this procedure, we will uniquely determine the parameters # and « in the same
asymptotic expansions. Extending the expansion (5.80) to p3Asz and p*V3 terms,
we obtain the linear inhomogeneous equation

HV3 = (iMS — P)Va +iMS(AVy + V) 4+ Vi) +iA3S V. (5.88)
The Fredholm solvability condition
(W, (iMS — P)Vy +iMS(MV + Vi + Vi) =0 (5.89)

determines the correction terms Ag, 3, and « uniquely. Indeed, using (5.28) and
(5.61), we rewrite the solvability condition (5.89) in the form

i(Wo, SV1) 2 AgAy W, (iM,S — P)Vy) o
(—iA 1S — P)Wy, Vo) 12
H(—A W, + W), V)2
(=AW + W), HVy) 2
(=AW, + W), i8SV,

+(iMS — P) AL VL + Vi 4+ V) 2,

—
—
—
—
—

where we have used the linear inhomogeneous equation (5.81) and have introduced
W; and W, from solutions of the inhomogeneous equations HW; = iSWj and
HW,; = —PW,. Using

<W1,iSVO>L2 - <W1,HV1>L2 - <HW1,V1>L2 - <iSWO,V1>L2 - —Z’<W0,SV1>L2
and

(W1,iSVi) 2 = (Wi, HV )2 = (HW, V)2
= —<PW0,V1>L2 = —<W0,PV1>L2 = 0,

where the last equality is due to (5.66), we rewrite the solvability equation in the
form

2i(Wo, SV1)2AsA) = — (=AW 1+ W), (iAS—P) (A Vi4+V1i4+V))) 2. (5.90)

Removing zero entries by using (5.28), (5.61), and (5.66), we rewrite equation
(5.90) in the form

2i(Wo,SV1)2AoA; = AT (i(W1,SV) 2 +i(W1,8Vi) 2 — i(W1, Vi)
(W1, PV )2+ (WL PV o+ (W, PV)) e, (5.91)

We shall now write equation (5.91) explicitly as the 2-by-2 matrix equation by
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using Vo = Wy = 0\ v, =W, = o) v, =W, = o{? and

0 «
6 0

Using (5.28), (5.62), (5.67), (5.68), and (5.69), we rewrite equation (5.91) in the
matrix form

V) = ol { 1 — [BV,,aVy].

. <Vt78\~/t>L2 O~ a2 <\~/tasvt>L2 ~ 0 0 «
20 0 (V,,SV,) 2 Aoy =il 0 (V,,SV,)2| | 8 0
N [(Vt,PVtm 0 ] {0 a}
0 (Vo PV)2| | B 0
) ~ 0 _<Vt7$V9>L2
ik [ (V.SV} 0
—A2 B 0 B <\~/t, Pvg>L2
YV, PV e 0
0 (Vi, PV,) 12 ]
§ § . (5.92
+{<Vg,7>vt>p 0 (5.92)

where A; is defined uniquely from either solution of the quadratic equations (5.83)
and (5.85). Because the 2-by-2 matrix on the right-hand side of equation (5.92) is
anti-diagonal, we obtain Ay = 0 for every choice of A;.

Now, we check that the coefficients o and [ are uniquely determined from the
right-hand side of the matrix equation (5.92). The coefficient « is determined for
A? = A, (w)? > 0 from the anti-diagonal entry

ZA% <{[t; SVt>L2 + (Vt, PVt>L2 == i<\~/t, SVt>L2 (AT(W)Q + Al(u})z) 3

which is nonzero for every w € (0,1). Therefore, we obtain from (5.92) the unique
expression for a:

@) (Vi PV + iV SVhia ) = (Vi PV,

— (5.93)
iV, 8V 2 (A (w)? 4+ Ay (w)?)

o =

Similarly, the coefficient 3 is determined for A3 = —A;(w)?> < 0 from the anti-
diagonal entry

NV, SV )2 + (V, PVy)ie = —i(Vy, SV) 2 (Ai(w)? + A, (w)?)

which is nonzero for every w € (0, 1). Therefore, we obtain from (5.92) the unique
expression for (:

Ai(w)? <¢<Vg,3\7t>L2 . <\79,7>\7t>L2> — (Vy, PV e

v= iV SV (M@ + A @) - 68
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These computations justify the O(p*) terms in the expansions (5.78) and (5.79)
for the eigenvalues \.

5.4 Numerical approximations

We approximate eigenvalues of the spectral stability problems (5.32) and (5.58)
with the Chebyshev interpolation method. This method has been already applied
to the linearized Dirac system in one dimension in [17]. The block diagonalized
systems in (5.32) and (5.58) are discretized on the grid points

z; = Ltanh™'(z;), j=0,1,...,N,

where z; = cos (]—”) is the Chebyshev node and a scaling parameter L is chosen

N
suitably so that the grid points are concentrated in the region, where the solitary
wave U, changes fast. Note that o = oo and xny = —o0.

According to the standard Chebyshev interpolation method [105], the first
derivative that appears in the systems (5.32) and (5.58) is constructed from the
scaled Chebyshev differentiation matrix Dy of the size (N + 1) x (N + 1), whose
each element at i*" row and j*" column is given by

~ 1 Z;

[DN]U = z sech2 <f) [DN]U7
where Dy is the standard Chebyshev differentiation matrix (see page 53 of [105])
and the chain rule Z—Z = g—;fl—z has been used. Denoting Iy as an identity matrix of
the size (VN + 1) x (N + 1), we replace each term in the systems (5.32) and (5.58)

as follows:
ax—>.5N, 1 _>IN7 UwHdiag(Uw(‘xO)va<xl)7“' 7Uw(xN))7

Due to the decay of the solitary wave U, to zero at infinity, we have U, (xo) =
UW(ZL‘N) =0.

The resulting discretized systems from (5.32) and (5.58) are of the size 4(N +
1) x 4(N 4+ 1). Boundary conditions are naturally built into this formulation,
because the elements of the first and last rows of the matrix [IN)N]ij are zero. As a
result, eigenvalues from the first and last rows of the linear discretized system are
nothing but the end points of the continuous spectrum in Proposition 13, whereas
the boundary values of the vector V at the end points zy and xx are identically
zero for all other eigenvalues of the linear discretized system.

Throughout all our numerical results, we pick the value of a scaling parameter
L to be L = 10. This choice ensures that the solitary wave solutions U, for all
values of w used in our numerical experiments remain nonzero up to 16 decimals
on all interior grid points z; with 1 <j < N — 1.
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5.4.1 Eigenvalue computations for the massive Thirring
model

Figure 5.2 shows eigenvalues of the spectral stability problem (5.32) for the
solitary wave (5.7) of the massive Thirring model. We set w = 0 and display
eigenvalues A in the complex plane for different values of p. The subfigure at
p = 0.2 demonstrates our analytical result in Lemma 28, which predicts splitting
of the zero eigenvalue of algebraic multiplicity four into two pairs of real and
imaginary eigenvalues. Increasing the value of p further, we observe emergence
of imaginary eigenvalues from the edges of the continuous spectrum branches, as
seen at p = 0.32. A pair of imaginary eigenvalues coalesces and bifurcates into the
complex plane with nonzero real parts, as seen at p = 0.36, and later absorbs back
into the continuous spectrum branches, seen in the next subfigures. We can also
see emergence of a pair of imaginary eigenvalues from the edges of the continuous
spectrum branches at p = 0.915. The pair bifurcates along the real axis after
coalescence at the origin, as seen at p = 0.93. The gap of the continuous spectrum
closes up at p = 1. For a larger value of p, two pairs of real eigenvalues are seen
to approach each other.

Figure 5.3 show how the positive imaginary and real eigenvalues bifurcating
from the zero eigenvalue depends on p for w = 0.5,0, —0.5, respectively at each
row. Red solid lines show asymptotic approximations established in Lemma 28
for A = Ap(w)p and A = iA;(w)p. Green filled regions in Figures (5.3a), (5.3c),
and (5.3e) denote the location of the continuous spectrum. Symbols * and + in
Figures (5.3b), (5.3d), and (5.3f) denote purely real eigenvalues and eigenvalues
with nonzero imaginary part.

Numerical results suggest the persistence of transverse instability for any period
p because of purely real eigenvalues, which come close to each other and persist
for a large p. We observe a stronger instability for a larger solitary wave with
w = —0.5 than for a smaller solitary wave with w = 0.5. We notice that an
imaginary eigenvalue does not reach the edge of the continuous spectrum for w =
0.5 and w = 0 due to colliding with other imaginary eigenvalue coming from the
edge of the continuous spectrum. On the other hand, an imaginary eigenvalue
for w = —0.5 gets absorbed in the edge of the continuous spectrum. This is
explained by the movement of the two branches of the continuous spectrum in the
opposite directions: up and down as the value of p varies. Moving-down branch
on Im(\) > 0, as seen in w = 0.5 and w = 0, expels an eigenvalue from its edge
that makes collision with the other imaginary eigenvalue, while moving-up branch
on Im(\) > 0, as seen in w = —0.5, absorbs an imaginary eigenvalue approaching
the edge.

To verify a reasonable accuracy of the numerical method, we measure the
maximum real part of eigenvalues along the imaginary axis with [Im(\)| < 10.
This quantity shows the level of spurious parts of the eigenvalues and it is known
to be large in the finite-difference methods applied to the linearized Dirac systems

(see discussion in [17]). Table 5.1 shows values of IImAEILX . | Re A| for three values
m A<l

of w and three values of the number N of the Chebyshev points. In all numerical
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Figure 5.2: Numerical approximations for the spectral problem (5.32) associated
with the solitary wave (5.7) of the massive Thirring model at w = 0.
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computations reported on Figures 5.2 and 5.3, we choose N = 300, in this way
spurious eigenvalues are hardly visible on the figures.

w=-0.5 w=20 w=0.5
N =100 | 1.96 x 107" | 257 x 107! | 1.16 x 10!
N =300 | 1.36 x 107" | 2.18 x 107" | 7.02 x 1077
N =500 |222x1077 | 877 x 107 | 6.56 x 10~®
Table 5.1: Hm}\alJX . | Re A| versus values of w and N for the spectral problem (5.32)
mA|<1
with p = 0.

5.4.2 Eigenvalue computations for the massive Gross—Neveu
model

Figures 5.4 and 5.5 show eigenvalues of the spectral stability problem (5.58)
for the solitary wave (5.11) of the massive Gross—Neveu equation with parameter
values w = 2/3 and w = 1/3, respectively. We confirm spectral stability of the
solitary wave for p = 0. In agreement with numerical results in [8], we also observe
that the spectrum of a linearized operator for p = 0 has an additional pair of
imaginary eigenvalues in the case w = 1/3. (Recall that this issue was considered
to be contradictory in the literature with some results reporting spectral instability
of solitary waves for w = 1/3 [73, 99].)

The subfigures of Figure 5.4 at p = 0.1 demonstrate our analytical result in
Lemma 29, which predicts splitting of the zero eigenvalue of algebraic multiplic-
ity four into two pairs of eigenvalues along the real and imaginary axes. Note
that the pair along the real axis persists as the pair of real eigenvalues up to the
numerical accuracy. (Recall that the statement of Lemma 29 lacks the result on
the persistence of real eigenvalues.) Increasing the values of p further, we observe
that the real eigenvalues move back to the origin and split along the imaginary
axis, as seen on the subfigures at p = 1. The gap of the continuous spectrum
branches around the origin is preserved for all values of parameter p. The pairs of
imaginary eigenvalues persist in the gap of continuous spectrum for larger values
of the parameter p.

Figure 5.5 shows real and imaginary eigenvalues versus p for the same cases
w = 2/3 and w = 1/3. The green shaded region indicates the location of the
continuous spectrum. Red solid lines show asymptotic approximations established
in Lemma 29 for A = A, (w)p and A = iA;(w)p. It follows from our numerical results
that the transverse instability has a threshold on the p values so that the solitary
waves are spectrally stable for sufficiently large values of p. These thresholds on
the transverse instability were observed for other values of w in (0,1).

To control the accuracy of the numerical method, we again compute the values

of | m/\a‘ux | Re \| for spurious parts of eigenvalues along the imaginary axis. Table
Im A|<10

5.2 shows the result for two values of w and three values of N. Compared to Table
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Figure 5.6: Numerically computed A for the spectral problem (5.58) with p = 0
for different values of the number N of Chebyshev points.

5.1, we observe a slower convergence rate and lower accuracy of our numerical
approximations.

w=1/3 w=2/3

N =100 | 6.48 x 1072 | 2.03 x 1073
N=300|172x1072 | 1.68 x 1073
N =500 |1.38x 1072 | 1.20 x 1073

Table 5.2: |III1)\E‘1X | Re \| versus values of w and N for the spectral problem (5.58)
m A|<10

with p = 0.

We found that spurious eigenvalues are more visible for smaller values of w,
in particular, for the value w = 1/3, evidenced in Figure 5.6. While spurious
eigenvalues in the case of w = 1/3 in Figure 5.6 are quite visible, the maximum
real part of eigenvalues with | Im A| < 2 is much smaller for N = 400. As a result,
the value N = 400 was chosen for numerical approximations reported on Figures
5.4 and 5.5, this choice guarantees that spurious eigenvalues are hardly visible on
the figures.
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