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1. Introduction

The defocusing nonlinear Schrédinger equation is derived in the mean-field approximation to model Bose-Einstein
condensates with repulsive interatomic interactions between atoms. This equation is referred to in this context as the
Gross-Pitaevskii equation [1]. When the Bose-Einstein condensate is trapped by a magnetic field, the Gross-Pitaevskii
equation has a harmonic potential. In the strongly nonlinear limit, referred to as the Thomas-Fermi limit [2,3], the
Bose-Einstein condensate is a nearly compact cloud, which may contain localized dips of the atomic density. The nearly
compact cloud is modeled by the ground state of the Gross-Pitaevskii equation, whereas the localized dips are modeled
by the excited states. Asymptotic properties of the stationary excited states in the Thomas-Fermi limit are analyzed in this
article.

The Gross-Pitaevskii equation with a harmonic potential and a repulsive nonlinear term can be rewritten in the form

isu; + 2u + (1 — x> — [uPh)u =0, (1)

where ¢ > 0 is a small parameter to model the Thomas-Fermi asymptotic regime. Let 7, be the real positive solution of the
stationary equation

e/ + (1 - — 2(@)n.(x) =0, x€R. @)

The main results of Ignat and Millot [4,5] and Gallo and Pelinovsky [6] state that, for any sufficiently small ¢ > 0, there exists
a unique smooth positive solution n, € C*°(R) that decays to zero as |x| — oo faster than any exponential function. The
ground state converges pointwise as ¢ — 0 to the compact Thomas-Fermi cloud

(1—x)"2 for|x| <1,

7]0(X) = Elgl‘(l) ng(X) = { 0, for |X| > 1. (3)
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The ground state and the convergence of 7, to ng are characterized by the following properties.

P1 0 < n.(x) < 1foranyx € R.
P2 For any small ¢ > 0 and any compact subset K C (—1, 1), there is Cx > 0 such that

Ime — nollcry < Cre’. (4)
P3 For any small ¢ > 0, there is C > 0 such that

e = mollise < &', Inllo < Ce™2. (5)
P4 There is C > 0 such that 5, (x) > Ce!/3 for any |x| < 1+ &%/>.

Properties [P1] and [P2] follow from Proposition 2.1 in [4]. Properties [P3] and [P4] follow from Theorem 1 in [6]. To clarify
the proof of bound (5), we represent the ground state 7, (x) in the equivalent form

_ _ 1—x? 5
Ne(X) = &0 W), ¥y = —5, (6)
&

where v, (y) solves

41 = Py ) = 26?2V, ) +yve () = v} =0, y e (=00, ).
Let v (y) be the unique solution of the Painlevé-II equation

4 (y) +yv) —v3() =0, yeR,

such that vo(y) = y/?> + O(y~") asy — oo and vy (y) decays to zero as y — —oo faster than any exponential function. By
Theorem 1in [6], v, is a @ function on (—oo, £~%/3], which is expanded into the asymptotic series for any fixed N > 0:

N
ve) = Y &Pup(y) + MRy (1), (7)
n=0
where {v,.,}’,;’=1 are uniquely defined e-independent C* functions on R and Ry (y) is the remainder term on (—o0, 23],

It was proved in [6] that Uy . (z) = Ry (673 — £2/3z2) is uniformly bounded for small ¢ > 0 in H?(R)-norm. If we denote
Uy (x) = UN,g(e‘z/ 3X) = Ry (¥), then the above arguments show that there is Cy > 0 such that

luw,ellie < Gy, lluy llise < Cne™.
For any fixed N > 0, it follows from the above bounds that the remainder term ¢ @N+D/3yy , (x) is smaller in ¢'(R)-norm
than the leading-order term ug(x) = vo(e %3 — £72/3x?). The error estimate (5) follows from (6), (7), and the fact that
Supycp+ [Vo(y) —y'/?| < oo,

We shall consider excited states of the Gross-Pitaevskii equation (1), which are real non-positive solutions of the
stationary equation

Eul(0) + (1 —x — @) =0, xek. )
We classify the excited states by the number m of zeros of u, (x) on R. A unique solution with m zeros exists near ¢ = ¢, for
& < &p by the local bifurcation theory [7], where &y, is computed from the linear theory as ¢, = —=—, m € N. Because of

- / > - T+2m’
the symmetry of the harmonic potential, the m-th excited state is even on R for even m € N and odd on R for odd m € N.

This paper continues the previous research on the ground state in the Thomas-Fermi limit that was developed by Gallo
and Pelinovsky in [8,6]. We focus now on the existence and asymptotic properties of the excited states as ¢ — 0. Using
the method of Lyapunov-Schmidt reductions, we show that the m-th excited state is approximated by a product of m
dark solitons (localized waves of the defocusing nonlinear Schrédinger equation with nonzero boundary conditions) and
the ground state 7,. The dark solitons are centered at the equilibrium points where a balance between the actions of the
harmonic potential and the tail-to-tail interaction potential is achieved.

Note that this paper gives a rigorous justification of the variational approximations found by Coles et al. in [9], where the
m-th excited state was approximated by a variational ansatz in the form of a product of m dark solitons with time-dependent
parameters and the ground state. Time-evolution equations for the parameters of the variational ansatz were found from
the Euler-Lagrange equations. The critical points of these equations give approximations of the equilibrium positions of the
dark solitons relative to the center of the harmonic potential and to each other, whereas the linearization around the critical
points gives the frequencies of oscillations of dark solitons near such equilibrium positions. Variational approximations were
found in [9] to be in excellent agreement with numerical solutions of the stationary equation (8).

This article is organized as follows. The first excited state centered at x = 0 is considered in Section 2. Although the
existence of this solution can be established from the calculus of variations, we develop the fixed-point iteration scheme
to study this solution as ¢ — 0. The second excited state is approximated in Section 3. We will work with the method
of Lyapunov-Schmidt reductions to find the equilibrium position of two dark solitons as ¢ — 0. Section 4 discusses the
existence results for the general m-th excited state withm > 2.
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Before we proceed with main results, we present some notation. If A and B are two quantities depending on a parameter
¢ in a set &, the notation A(e) = @ (B(¢)) as ¢ — 0 indicates that A(¢)/B(¢) remains bounded as ¢ — 0. If A(x, ¢) depends
onx € Rand ¢ € &, the notation A(-, €) = O~ (B(¢)) as ¢ — 0 indicates that ||A(, €)||; /B(¢) remains bounded as ¢ — 0.
Different constants are denoted with the same symbol C if they can be chosen independently of the small parameter ¢.

2. First excited state

The first excited state is an odd solution of the stationary equation (8) such that

u.(0) =0, u,(x) >0 forallx>0, and lim u.(x) =0. 9)
X—> 00

Variational theory can be used to prove the existence of this solution, similarly to the analysis of Ignat and Millot in [5]. Since
we are interested in asymptotic properties of the first excited state as ¢ — 0, we will obtain both existence and convergence
results from the fixed-point arguments. Our main result is the following theorem.

Theorem 1. For sufficiently small ¢ > 0, there exists a unique solution u, € C*(R) with properties (9) and there is C > 0 such
that

< Ce?3, (10)

— 1, tanh (

)l

In particular, the solution converges pointwise as ¢ — 0 to
Up(x) := lim u, (x) = no(x)sign(x), x € R.
e—0

Remark 1. Function v, (x) = tanh ( ) is termed as the dark soliton. It is a solution of the second-order equation

V2e
V() + (1 — v (X)v.(x) =0, X€R,

which arises in the context of the defocusing nonlinear Schrédinger equation.
The proof of Theorem 1 consists of six steps.

Step 1: Decomposition. Let us substitute u,(x) = 7.(x) tanh (T) + w,(x) in the stationary equation (8) and obtain an
equivalent problem for w, written in the operator form

Lewe = Hy + Ne(we), (11)

where

X
Lo := —&%82 + x* — 1+ 3p?(x) tanh? (\58> ,

H.(x) == 1.(x) (n}(x) — 1) sech® (fa) tanh <«/§e> + V261 (x) sech? (fs)

and

N (w,)(x) = —3n,(x) tanh ( ) w2 (x) — wl(x).

bY
ﬁs
Letx = «/iez, where z € R is a new variable, and denote
Ne@) =n.(V2e2),  W.(2) = w,(v2e2), H.(2) =H.(V2e2),  N.(,)(@) = No(w,)(v2e2).

Step 2: Linear estimates. In new variables, operator L, becomes

A 1
L = =587 +26%2 = 1+ 37 (2) tanh’ (2) = Lo + U2 (2),

~ 1, 2
Ly = —Eaz + 2 — 3sech’(z)

and

Ue(2) = 26%2% + 3(7?(z) — 1) tanh?(2).
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Fig. 1. Potentials of operators L, (solid line) and Ly (dots) for the first excited state.

Operator Lo is well known in the linearization of the defocusing nonlinear Schrédinger equation at the dark soliton. The
spectrum of Ly in L?(R) consists of two eigenvalues at 0 and % with eigenfunctions sech?(z) and tanh(z) sech(z) and the

continuous spectrum on [2, co). For any f € Lgdd (R), there exists a unique ig ! f € Hgdd(R) such that

IC>0: Vfel?y®: gl < Clfll2. (12)

Let us consider functions that decay to zero as |z|] — oo with a fixed exponential decay rate &« > 0. Let L3°(R) be the
exponentially weighted space with the supremum norm

e llige = Nl e [lioe.

The unique solution ia ! f for any f € Lf,dd (R) is expressed explicitly by the integral formula
~ ~ z Z/ A
Ly 'f(z) = —2sech?(z) / cosh?(z') / f(") sech?(z")dz" ) dz'.
0 —00

For any fixed o > 0, it follows from the integral representation that the solution ia ! f decays exponentially with the same
rate as f, so

IC>0: Vfel2q®NIP® : Ly fllge < Cllf llige- (13)

Fig. 1 shows the confining potential V, (x) = x*> — 1+ 3n?(x) tanh?(2) of operator L, = —&29? + V, (x) (solid line) and the
bounded potential Vo(x) = —1 + 3 tanh?(z) of operator Ly = —.9233 + Vo (%) (dots) versus x. The confining potential V, (x)
has two wells near x = 41 and a deeper central well near x = 0. The two wells near x = *1 are absent in the potential
Vo (X)

Because of the confining potential, the spectrum of L, is purely discrete (Theorem 10.7 in [10]). It contains small
eigenvalues that correspond to eigenfunctions localized in the central well near z = 0 and in the two smaller wells near

— 4
z== NS o
We note that a similar operator at the ground state 7,

L= -2 + X — 1+ 30°(%)

was studied by Gallo and Pelinovsky [6], where it was shown that Vex) =x* — 1+ 3n2(x) > 0 for all x € R. By property
(P4), V. (x) is bounded away from zero near x = =1 by the constant of the order of @(¢%?). As a consequence, the purely
discrete spectrum of L, in Lgdd (R) includes small positive eigenvalues of the order @ (¢%/3) with the eigenfunctions localized
in the two wells near x = £1 (see Theorem 2 in [6]).

Thanks to the proximity of tanh?(z) to 1 nearz = ﬂ:ﬁ with an exponential accuracy in ¢, the potential V, (x) is similar

to \78 (x) near x = *1 and satisfies, for any fixed xo > 0,

I3C>0: V,(x) >Ce¥3,  |x] > xo.
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On the other hand, for any fixed zo > 0, property (P2) implies that
IC>0: sup |U.(2)] < C&?

lzl<zo
Thanks to the positivity of V, (x) near x = +1 and the proximity of the central well near x = 0 in the potentials V, (x) and
Vo(x), quantum tunneling theory [ 10] implies that the simple zero eigenvalue of Lo persists as a small eigenvalue of L This

eigenvalue of L corresponds to an even eigenfunction. The other eigenvalue of LO corresponding to an odd eigenfunction is
bounded away from zero.

All other eigenvalues of L are small positive, of size ©(&%/?). As a result, operator L is still invertible on LOdd (R) but
bound (12) is now replaced by

3IC>0: Vfel?y@® : L7 flly2 < Ce 22 |f 2. (14)

ﬁandz:o.

Step 3: Bounds on the inhomogeneous and nonlinear terms. By symmetries, we note that

Note that the function L 1f € Hodc1 (R) has peaks near points z = +

H € Lodd(R) and N (W) : Hodd(R) > [2 cddR).
We will show that, for small ¢ > 0 and fixed o € (0, 2), there is C > 0 such that

1Al 2 < Ce*2. (15)
Using the triangle inequality, we obtain

IHellz < Imelli (1 — 72) sech?() |2 + ~/2elln, Il || sech? () 2.
By properties (P1) and (P2), for small ¢ > 0 and fixed « € (0, 2), the first term is estimated by

11 =72y sech® ()2 < (1 = 72) sech® ()l 2 gpjce=173), + (1 = 72) sech?® () [z 5e-173)

2 2 —1/2 —as™ /3 2
<1 = 02l oo (ywvzezsm Il seCh® Ol 2 4+ 27 || sech? ()| ge

By property (P3), the second term is estimated by Ce?/3. As a result, for any small ¢ > 0 there is C > 0 such that
[Hell;2 < C&*/3. By similar arguments, H, € L3°(R) for any o € (0, 2), and there is C > 0 such that ||H, [|;;c < C&?/3.

To deal with the nonlinear terms, we recall that H?(R) is a Banach algebra with respect to multiplication in the sense
that

Vi, D € H*(R) : |

|A/\

Udllyz < il 102

For any W, € H?(R), we have

IN (@) 2 < 3lme lloe 107 [z + 192 142 < 3liellZz + ez (16)
Similarly, L3°(R) is a Banach algebra with respect to multiplication for any « > 0.

Step 4: Normal-form transformations. Because we are going to lose %/ as a result of bound (14), we need to perform
transformations of solution w,, usually referred to as the normal-form transformations. We need two normal-form
transformations to ensure that the resulting operator of a fixed-point equation is a contraction.

Let

We = g + Wy + Per Wy = L5 H,, Wy = —3L5 7, tanh(z)?.
The remainder term ¢, solves the new problem
Le@e = He + Ne(@e), (17)
where the new linear operator is
Ly =L + AU.(2), AU, (2) := 67, tanh(z) (W1 + W2) + 3(1 + W2)%
the new source term is
He = —U. (1 + 2) — 37 tanh(2) Qi1 4+ D2) — (g + 0)°,
and the new nonlinear function is

Ne(@e) = =3, tanh(2)@? — 3(1 + 12)? — .
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Thanks to bounds (12), (13), and (15), we have Wy, W, € H2(R) N L3°(R) for fixed o € (0, 2) and

3C>0: dillzng < Ce, llballpzage < Ce*°. (18)
As aresult, for any small ¢ > 0, there is C > 0 such that
17 tanh(z) (212 + W3)lli2 < Ce?, (1 + B2)* |2 < C&?.

Let us now estimate ~the term Ug(ﬁjl + W,) in L*(R). By properties (P1) and (P2), for small ¢ > 0 and fixed @ € (0, 2), there
are constants C(«), C(«) > 0 such that

10yl < 2611270552 + 31 (A2 — Dyl
< Szc(a)”ﬁ)j”Lgo + 311 = f]g)ﬁ)j”LZ(\sz—lﬁ) + 3011 — ﬁ?)wj||L2(\z|>g—1/3)
R N 172 —ae= 13 A
< 2 C@Nijllize + 3011 = 121l o0 < 327 101112 + 302 il
< C@eyllprge. j=1.2.
In view of bound (18), for any small ¢ > 0, there is C > 0 such that
10 (@1 + B2) 2 < C&>. (19)
Combining all together, we have established that #, € L2,,(R) and, for any small & > 0, there is C > 0 such that
19 2 < Ce?. (20)

For the nonlinear term, we still have N; (@) : H34(R) > [2;,(R). Thanks to bound (18), for any ¢, € Bs(HZ,) in the
ball of radius § > 0, for any small € > 0, there is C(§) > 0 such that

[ Ne @) ll2 < COIPellZ2- (21)
Similarly, we obtain that ., is Lipschitz continuous in the ball Bs (Hgdd) and, for any small ¢ > 0, there is C(§) > 0 such that
Ve, Pe € Bs(Higg) + INe(@e) — Ne(@e)lli2 < CB) (1 @ellz + 1 @ell2) 10 — @lls2- (22)

Step 5: Fixed-point arguments. Thanks to bound (18) and Sobolev embedding of H?(R) to L*°(R), |Aﬁ€ (z)| is as small as
©(£%/3) in the central well near z = 0 and is exponentially small in ¢ in the two wells near z = j:ﬁ. As a result, small

positive eigenvalues of is of size 9(¢2/3) persist in the spectrum of .£, and have the same size, so bound (14) extends to
operator £, in the form

IC>0: Vfel2y@®) : (1L fllye < Ce723|f|l2. (23)
Let us rewrite Eq. (17) as the fixed-point problem
Pe € Hq(R) : @ = oL He + L N (D). (24)

The map ¢, +—> £;1Ns (¢) is Lipschitz continuous in the neighborhood of 0 € Hgdd(R). Thanks to bounds (21) and (23),
the map is a contraction in the ball Bs (Hfdd) if § < /3. 0n the other hand, thanks to bounds (20) and (23), the source term
L1 #H, is as small as O (¢*/3) in [*-norm. By Banach’s Fixed-Point Theorem, in the ball Bs(H2,,) with § ~ &%/3, there exists
a unique ¢, € Hgdd (R) of the fixed-point problem (24) such that

AC>0:  [|@ellyz < Ce*2.
By Sobolev’s embedding of H2(R) to €' (R), for any small ¢ > 0 there is C > 0 such that
lwellio = e llee < Clld + 2 + @ellyz < Ce>,
which completes the proof of bound (10).
Step 6: properties (9). Solution W, constructed in Step (5) is an odd continuously differentiable function of z on R vanishing
at infinity, so u,(0) = 0 and limy_, u.(x) = 0. By bootstrapping arguments for the stationary equation (8), we have

u, € C*°(R). It remains to prove that u, (x) is positive for all x € R.

Recall that 7,(x) > O for all x € R. By property (P4) and bound (10), there is C > 0 such that u,(x) > Ce'/3 for
all x € [1,+/1+ &2/3]. We shall prove that u,(x) > 0 for all x > +/1+ &2/3. Assume by contradiction that there is
Xo > +/ 1+ &2/3 such that u, (xo) = 0and ) (xo) < 0.(If u,(xo) = 0, then u,(x) = 0 is the only solution of the second-order
equation (8).) The continuity of u, (x) implies that u.(x) < 0 for every x € (xo, Xo) for some Xq > Xo. Using the differential
equation (8), we obtain

u!(x) = glz(x2 —1+u2())u:(x) <0, x e (xo,%o).

Then, u,(x) < u,(xo) < 0, so u.(x) is a negative, decreasing function of x for all x > xo with X = oo. This fact is a
contradiction with the decay of u, (x) to zero as x — oo. Therefore, u.(x) > 0forallx € R,.

Combining the results in Steps (5) and (6), we conclude that u, (x) is the first excited state of the stationary equation (8)
that satisfies properties (9).
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3. Second excited state
The second excited state is an even solution of the stationary equation (8) such that
u.(x) >0 forall |x| > xg, u.,(x) <0 forall|x] <x, and lim u.(x)=0. (25)
X—>00

Here xo > 0 determines a location of two symmetric zeros of u,(x) at x = =£xo. The second excited state is approximated
as ¢ — 0 by a product of two copies of dark solitons (Remark 1) placed at x = +a with a = Xy as ¢ — 0. Our analysis is
based on the method of Lyapunov-Schmidt reductions, which gives the existence and convergence properties for the second
excited state, as well as an analytical expansion of a for small ¢.

Theorem 2. For sufficiently small ¢ > 0, there exists a unique solution u, € C° (R) with properties (25), and there exist a > 0
and C > 0 such that

””a“h<f )“‘ h(ﬂ)

a= [ <log(s) + = log|log(e)| — = log(2) + o(l)) ase — 0. (27)

< Ce?3 (26)

and

Remark 2. Since a — 0 as & — 0 while n.(x) ~ 1 near x = 0, we have

Xo=a+ 0" ase > 0.

Remark 3. Exactly the same asymptotic expansion (27) has been obtained with the use of the averaged Lagrangian
approximation and has been confirmed numerically [9].

The proof of Theorem 2 follows the same steps as the proof of Theorem 1 with an additional step on the
Lyapunov-Schmidt bifurcation equation.

Step 1: Decomposition. Let a € (0, 1) and substitute

ug(x)_ng(x)tanh<[8)t h([8>+w8(x)

in the stationary equation (8). The equivalent problem for w, takes the operator form
Lewe = He + Ng(we), (28)
where
Le := —&%82 + x* — 1+ 3p?(x) tanh?(z;) tanh?(z_),
H. == n.(x)(n2(x) — 1) tanh(z;) tanh(z_) (sech®(z}.) + sech®(z_))
+ 1 (x) sech?(z) sech®(z_) (1 — n?(x) tanh(z) tanh(z_))
++/2en(x) (tanh(z;) sech?(z_) + tanh(z_) sech?(z)) ,
and
Ne(w,) = =37, (x) tanh(z,) tanh(z_)w? (%) — w}(x),

with the following notation:

X a
zp=z%+¢, z=—7, {=—.
ﬁs «/58
We again denote the functions in z by hats. We shall assume a priori that

:3,36(0,1): a < V2B,

<
< 29
3C > 0: e % < Celloge)|"?. (29)

Note that bounds (29) imply thata — 0and ¢ — oo ase — 0.
Step 2: Linear estimates. In new variables, operator L, becomes

~ 1 ~ ~
L = —533 +26%2% — 14 372(2) tanh®(z + ¢) tanh®(z — ¢) = Lo(¢) + Ue(z, ¢),
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Fig. 2. Potential of operator L. (solid line) and L, (dots) for the second excited state.

where
L) = —%a; +2 —3sech?(z + ¢) — 3sech’(z — ¢)
and
U.(z, ¢) = 26%2% + 3(72(z) — 1) tanh?(z + ¢) tanh?(z — ¢) 4 3sech?(z 4 ¢) sech?(z — ¢).

Operator io(g) has now two eigenvalues in the neighborhood of 0 for large ¢ because of the double-well potential

centered at z = £¢. If ¢ is large, geometric splitting theory [11] implies that the eigenfunctions @Oi (z) of operator io(g)
corresponding to the two smallest eigenvalues are given asymptotically by

Voz — ) £ Yoz +¢)
V2

where fﬂo (2) = ? sech?(z) is the [2-normalized eigenfunction of io = —%822 + 2 — 3sech?(z) for the zero eigenvalue.

Vi@ = + Opo(e7%) ast — oo, (30)

Note that @J (z) is even and 1/}()_ (z) is odd on R. For the second excited state, we are looking for an even solution w, (z).

Since a is not specified yet, we add the condition (Qf()* , We) = 0 and define a constrained subspace of H2 , (R) by

Xo = {ths € H20n(R) : (g, We) = 0).
Let Py be an orthogonal projection operator to the complement of 12/O+ in L2, (R). Since eigenfunction 12/()’ is odd and the
rest of spectrum of io(;) is bounded from zero, for any f € 12, (R), there exists a unique Poig ! ¢ )Pof € H?,_ (R) such that

even even
IC>0: Vf € L2e@®): [IPoly " (2)Pof ll2 < ClIf ll2. (31)

Let us consider functions that decay to zero as |z — ¢|, |z + ¢| — oo with a fixed exponential decay rate « > 0. Let
Lgf’g (R) be the exponentially weighted space with the supremum norm

IIﬁ)glngor = sup e*“ D |, (2)| + sup e**HD |0, (2)).
' zeR4+ zZeR_

For fixed « > 0 and ¢ > 0, the unique solution Poig 1 (;)qu decays exponentially with the same rate as f so that

3C>0: ¥ €Le@®NLFM®) : [IPoly ()P e, < Cllf lge, - (32)
Fig. 2 shows the potential V, (x) = x> — 1+ 3n2(x) tanh?(z + ¢) tanh?(z — ¢) of operator L, = —&232 + V.. (x) (solid line)

and the potential Vo(x) = 2 — 3 sech?(z 4+ ¢) — 3 sech?(z — ¢) of operator Ly = —&? 83 + Vo (%) (dots) versus x. The bounded

potential V;(x) has two wells near x = +a, whereas the confining potential V, (x) has four wells near x = *aand x = +1.
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Again, the spectrum of operator I:g with a confining potential is purely discrete. The two wells of the confining potential
V. (x) near x = £1 are ©(g%>)-close to zero but still positive thanks to property (P4) and the fact that tanh(z + ¢) = +1
with exponential accuracy in ¢ if (29) is met. Therefore, for any fixed x, > 0, we have

IC>0: V) =Ce?3, x| = x. (33)
On the other hand, by property (P2) for any ¢ € (0, £%/3), we have

AC>0: sup |U.(z,0) < CE*> +e%). (34)

|z|<e—2/3

Thanks to properties (33) and (34), quantum tunneling theory [10] implies that the two small eigenvalues of io persist as
two small eigenvalues of L, with two eigenfunctions wgi that satisfy asymptotically

1/3;(2) = fpoi(z) + O (e??) ase — 0, (35)
1

7
(R).Because of the small @ (¢*/3) eigenvalues

thanks to a priori bound (29) and the exponential smallness of IZfoi (z)inenearz = +

2

Let P, be an orthogonal projection operator to the complement of /" in L2,

of is, bound (31) is now replaced by

3IC>0: Vel (R : [PL7'Peflly2 < Ce72|fll 2. (36)

even

The function P,L;'P,f € HZ,, (R) has peaks in all four wells near points z = iﬁ andz = #£¢.

even
Step 3: Bounds on the inhomogeneous and nonlinear terms. From the symmetry of terms in I:I‘S and Ng(zi)g), we have

N, () : H2

even

R) > [%,. (R) and H, €%, (R).

even even
Under a priori bound (29), we first show that there is C > 0 such that
eIz < C&™>, (37)
The upper bound for the first term in H, involves estimates of
11(2) = (1 = {2(2))(sech®(z + £) + sech®(z — ¢)),

which may create a problem since { — oo as& — 0and 7j.(z) — 0as |z| — oc. By properties (P1) and (P2), for any
a € (0,2),¢ < Bs~V3forany B € (0, 1), and any small ¢ > 0, there is constant C > 0 such that

Ml < Millzgzce-13) + Hill2gzse-13)
_ —a(e—1/3
< T = 1l <3273, | sech?(24) + sech? (@) 2 + o~ 267 779 sech? (z,) + sech? (z-) e,
< Ce*3,

Thus, the condition ¢ < Be~'/3 from a priori bound (29) is sufficient to keep I; small in [2.
The upper bound for the second term in H, involves the estimate of the overlapping term

L(z) = sech?(z,) sech?(z_).

Under a priori bound (29), this term is estimated by
1/2
1Lz < (/ sech*(z + ¢) sech*(z — ;)dz)
R

%o} 1/2
= (2/ sech*(u)sech® (u + 2{)du> < Ce ™% < Cellog(e)| 2.
-

The last term in I:Ig is proportional to e7,, and is handled with property (P3) to give (37). By similar arguments, I:IS € Lg‘f{ (R)
forany € (0,2) and ¢ < Be~'/3 forany B € (0, 1), and for any small & > O there is C > 0 such that ||H, i, < Ce?3,

The nonlinear terms in 1(18 () are handled with the Banach algebra of H?(R), so we obtain

INe (e l2 < 3llellFe + llibe - (38)

Step 4: Normal-form transformations. Unlike Step (4) in the proof of Theorem 1, we need to perform two normal-form
transformations sequentially because the orthogonal projection operator to the one-dimensional subspace spanned by
an even eigenfunction for the smallest eigenvalue of Ly has to be changed to the projection operator associated with an
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eigenfunction of a new linearization operator. For the sake of short notation, we combine both normal-form transformations
and write them together.
Let li)e = 12)1 + ﬁ)z + (215 with

Wy = Poi(;]Pol:Is, Wy = Poi(;]Poas,
where
Ge := —3fj, tanh(z 4 ¢) tanh(z — ¢)W? + (P. — Po)H,

and & is a new orthogonal projection operator introduced below.
The remainder term ¢, solves the new problem

Le@e = He + No (@) + Se, (39)
where the new linear operator is
Lo =1L, + AU, (z), AU.(2) := 6§ tanh(z + ¢) tanh(z — &) (W1 + W) + 3(Wq + )2,
the new source term is
He = —U, (1 + 2) — 37 tanh(z + ¢) tanh(z — &) i1, + B2) — (W1 + 02)° + (P — Po)Ge,
the new nonlinear function is
N (@e) = =30 anh(z + §) @anh(z — @7 — 3G + 12)97 — §2,
and the new one-dimensional projection is
8 = (I — P)(H + Go).
If Wy, W2 € HX(R) N L°, (R) satisfy bounds (42) below, then AU, (z) is as small as O (¢%/3) in the two wells near z = +¢
1

V2e
continued from the two smallest eigenvalues of Ly. The proximity of the potential wells and expansion (35) imply that

and is exponentially small in ¢ in the two wells near z = £——. Let &Fi be the eigenfunctions of £, for the two eigenvalues

VE@) = 9E@) + 0% (6??) = YE (@) + 01 (6?%) ase — 0. (40)

Let &, be an orthogonal projection operator to the complement of 1Zf€+ in Lgven (R). Thanks to expansion (40), we have

AC>0: [P —Pollz.p < Ce?3. (41)
Thanks to bounds (31), (32), (37), and (41), we have i1, @, € HZ,.,(R) N Ly (R) forany @ € (0,2) and ¢ < Be~/3 for

any B8 € (0, 1) such that

3C> 01 [hillage, < Ce? iballuznuze, < Ce*. (42)
As aresult, for any small ¢ > 0, there is C > 0 such that

17 tanh(z + ¢) tanh(z — £) 1, + B3) |2 < Ce?,

[l (1 + 2)*[lj2 < Ce?,

1(Ps = Po)Gell> < Ce?.

Let us now estimate the term l}gﬁ)j in [2(R) for anyj = {1, 2}. By properties (P1) and (P2), forany « € (0, 2) and ¢ < Be~1/3
forany 8 € (0, 1), and for any small € > 0, we have

2,2 2.2 A 4/3 1A
le*2?dyll2 < Ce?¢llbyllige, < Ce*llylige,

A2\ A A2\ A AN A
- ﬂg)wj”LZ < (1 - Ug)wj||L2(|z\<g*1/3) + (1 — ng)wj||L2(\z|>g*1/3)

N 12 —ae=13 gy A
<M1 = 02l e o< vze2ss) 1D l12 + @127 0 oo
< C84/3||12)j||L2ngf>§,
Il sech? (z4) sech®(z_ )i [l;2 < Ce™™ [l ;2 < Ce?| log(e)| || | 2.
In view of bound (42), for any small ¢ > 0, there is C > 0 such that
U (1 + ta) |2 < Ce2. (43)

2
even

Combining all together, we have established that ¢, € L:,..(R), and for any small ¢ > 0, there is C > 0 such that

[ #]l2 < Ce>. (44)
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For the nonlinear term, we still have N, (@) : H, even (R) —~ Le‘,en (R). Thanks to bound (42), for any ¢, € B; (Heven) in the
ball of radius § > 0 and for any small ¢ > 0, there is C(§) > 0 such that
[ Ne @)1z < CO1@e 17 (45)

Step 5: Fixed-point arguments. Because AUS (z) is exponentially small in € near z = small positive eigenvalues of

f ’
L, of the size © (%) persist in the spectrum of .£, and have the same size. As a result, bound (36) extends to the operator
£, in the form

IC>0: Vfelly (R : |PL'Pflliz < Ce 2|If |12, (46)
where the new projection operator &, is used. As a result, we rewrite Eq. (39) as the fixed-point problem
Qe € HoenB) 1 e = Pl Pe (He + Ne(@e) + 3¢) (47)
subject to the Lyapunov-Schmidt bifurcation equation
= (U5, (He + Ne (@) + 82 = (W1, (He + Ge + He + No(§)))2 = 0. (48)

The map ¢, +— EDC‘ . N (@) is Lipschitz continuous in the neighborhood of 0 € H, even (R). Thanks to bounds (45) and
(46), the map is a contraction in the ball B (Heven) if § <« £2/3. On the other hand, thanks to bounds (44) and (46), the source
term P, L, | P: H. is as small as O (¢*/3) in L?-norm. Furthermore, #. 4. = 0.

By Banach s Fixed-Point Theorem in the ball Bs(H2,. ) with § ~ &%, for any (a, ¢) satisfying a priori bounds (29) and
sufficiently small ¢ > 0, there exists a unique ¢, € H2,._(R) of the fixed-point problem (47) and C > 0 such that

even

even

1Gell < Ce*2.

By Sobolev’s embedding of H?(R) to €' (R), for any small ¢ > 0 there is C > 0 such that
lwellse = Iliellse < Clldby 4tz + Gellyz < Ce2,

which completes the proof of bound (26) for any (a, ¢) satisfying a priori bounds (29). It remains to show that bounds (29)
are satisfied by solutions of the Lyapunov-Schmidt bifurcation equation (48).

Step 6: Lyapunov-Schmidt bifurcation equation. To consider solutions of the Lyapunov-Schmidt reduction equation, we
rewrite (48) in the form

Fo=FD 4 FD,
where

378(1) = <fﬁo+, I:IS)LL

FO = (0 (G 2+ @0}, + (B = e
We will show that there exists a simple root of 378“) in a > 0 which satisfies the asymptotic expansion (27), and that this
root persists with respect to the perturbations in J’Tg(z). If a satisfies the asymptotic expansion (27), then a = O (¢|log(e)|)

and e=% = O (e|log(e)|/?), so the a priori bounds (29) are satisfied.
For convenience, we recall (30) and write

24/2
7

In what follows, we compute the leading order of R and write the error of the size 9;« (e7%%) in the end of computations.
From the explicit definition of H,, the leading-order part of R, is written in the form

R, = “=F D = (sech?(z;) 4 sech?(z_) + 0= (e™%), H,) 2. (49)

ﬁgn = (sech?(zy) +sech2(z_),1:18>L2

= / 1e(®)(n?(x) — 1) tanh(z.) tanh(z_) (sech?(z) + sech’ (z_))2 dz
R
++/2¢ f 1. (x) (tanh(zy) sech®(z_) + tanh(z_) sech®(z4.)) (sech®(z;.) + sech®(z_)) dz
R

+ / ne (x) sech®(z;.) sech®(z_) (1 — n?(x) tanh(z,) tanh(z_)) (sech®(z4.) + sech®(z-)) dz.
R
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After the change of variables u = z — { = z_ = z; — 2¢ and the use of symmetry on z € R, the first and second terms in
R, give

L+ =2 / ” n:(x)(n?(x) — 1) tanh(u) tanh(u + 2¢) (sech?(u) + sech®(u + 2;*))2 du
-

+2/2¢ /OO 1, (x) (tanh(u) sech® (u + 2¢) + tanh(u 4 2¢) sech®(u)) (sech?(u) + sech?(u + 2¢)) du
-

3f8 / (1 + 2. (x) sech® W) (1+ O (e7*)) du,
-

where x = +/2¢(u + ¢). Thanks to the exponential decay of sech®(u) and property (P3), we have

¢
L+L = 37“58 f (14 n2®)n.(x) sech® (W) (1+ O (e72)) du + O(s*3e™). (50)
-

On the other hand, thanks to property (P2) for ¢ < B¢~/ forany 8 € (0, 1), we have
() =1+ 0 ("), 1) = —x(1+ 0= (e"?)),  Vx € [0,2v2¢¢].

As a result, we obtain

L+

¢
—6&? / (¢ + u) sech(u) (14 O (e, e7%)) du + O(e*?e™)
=

= —4v2ea (1+ 0(*3, e7%)) + 0(e¥Pe ™).

Performing similar computations for the third term in R, gives

=2 foo 1 (x) sech® (u) sech® (u + 2¢) (1 — n2(x) tanh(w)) (1 + Op=(e*%)) du
-t
= 2%e ¥ / fe (14 01 (c*7, %)) du+ 0 (e™)
¢ (1+e72u)5 '
=327 (14 0", e7%)) + 0(e™™).
Recalling now (49), we have thus obtained that
Re = =420 (14 073, e7%)) + 32 2V2 " (14 0(s*3, %)) .

Analyzing similarly the error coming from the other term 31’8(2) in the Lyapunov-Schmidt reduction Eq. (48), we rewrite this
equation in the form

272 _
iy—; = —4v2sa (1+ 073, e7%)) +32e V2 (14 0(73, %)) = 0. (51)

V3
Taking a natural logarithm of £, = 0, we obtain

5
2+v/2as" + log(a) = — log(e) + 3 log(2) + 0(e*/3, e7%).

Leta = —%s log(¢)U and rewrite the problem for U:

log(U) 1 log|log(e)| 3log(2)
2log(e) 2log(¢) 2log(s)
The remainder term is continuous with respect to ¢ for small ¢ > 0. There exists a root of (52) at U = 1 for ¢ = 0. By the

Implicit Function Theorem applied to Eq. (52) for small ¢ > 0, there exists a unique root U(g) such that U(e) is continuous
ine > 0andlim, o U(¢) = 1. To estimate the remainder term, one can further decompose

(1403, e7%)). (52)

log | log(e)|
U=14 ———1+V
+ 2log(e) 1+V)
and rewrite the problem for V:
log (1+ 5254 (1 + v)) 3log(2
v 2log(e) __ 0g(2) (1 + (9(82/3’ efzg)). (53)

log | log(e)| log | log(e)|
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Again, there is a root of (53) at V = 0 for £ = 0. By the Implicit Function Theorem applied to Eq. (53) for small ¢ > 0, there
exists a unique root V (¢) such that V(e) is continuous in & > 0 and lim, o V(¢) = 0. As a result, for small ¢ > 0 there is a
root of the nonlinear equation (51), which admits the asymptotic expansion (27).

Step 7: properties (25). The uniform bound (26) has again the order of @ (¢%/3). Using the same analysis as in Step 6 of the
proof of Theorem 1, we prove that u,(x) is strictly positive for any |x| > 1. Therefore, there exist only two zeros of u,(x)
on R, and the two zeros x = =x, are located near x = =a (Remark 2). Additionally, u, € C'(R), and the bootstrapping
arguments give u, € C*°(R). Combining all together, u, (x) constructed above is the second excited state of the stationary
equation (8) that satisfies property (25).

4. Construction of the m-th excited state withm > 2

The m-th excited state is constructed similarly to the proof of Theorem 2. The relevant decomposition is a product of m
dark solitons and the ground state in the form

X —qj

£ = e h £ )
U, (x) n(x)gtan <ﬁ€)+w(x)

where the parameters {aj}j:1 are to be found from m constraints on the fixed-point problem for the remainder term w, (x).
Assuming that all g; are distinct and distributed according to the a priori bounds

Be©1): a<v2Be3, je{l,2,....m}

- 54
3C>0: e V29 < ce2|log(e)], je{1,2,....,m—1}, (4)

the relevant potential of the Schrédinger operator

A 1 i a@
L@, ...,am) = —=32 +2 — 3Zsech2(z —-z), zj=——
2 = V2e
has m wells and supports m eigenvalues in the neighborhood of 0. The m constraints follow from m projections to the
corresponding eigenfunctions for the m smallest eigenvalues. Although the computations of these reductions are long and
cumbersome, these computations are expected to recover the same leading order as the Euler-Lagrange equations obtained
by Coles et al. [9],

4v2¢q; + 32 (e*ﬁ<aj‘+1*‘lf'>€’1 - e*ﬁwr“ffﬂg”) =0, je{l,2,....m}, (55)

where only pairwise interactions contribute to the leading order. Asymptotic expansions of solutions of these equations are
constructed in [9] and compared to the numerical approximations form = 2 and m = 3.

Spectral stability of the excited states in the limit ¢ — 0 is also a physically important and mathematically interesting
problem. Variational and numerical approximations in [9] suggest that the purely discrete spectrum of the spectral stability
problem associated with the m-th excited state has a countable set of eigenvalues, which are close to eigenvalues associated
with the ground state, and m additional pairs of eigenvalues. The m additional pairs are related to the Jacobian of the
reductions equation (55): one pair remains bounded as ¢ — 0and (m—1) pairs grow like log(e) ase — 0.Unfortunately, the
rigorous studies of the asymptotic properties of eigenvalues are difficult even for the linearization of the ground state [8].
Therefore, the characterization of asymptotic properties of eigenvalues associated with the excited states will remain an
open problem for further studies.
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