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Abstract

We address the most general periodic travelling wave of the modified Korteweg—de
Vries (mKdV) equation written as a rational function of Jacobian elliptic functions.
By applying an algebraic method which relates the periodic travelling waves and the
squared periodic eigenfunctions of the Lax operators, we characterize explicitly the
location of eigenvalues in the periodic spectral problem away from the imaginary axis.
We show that Darboux transformations with the periodic eigenfunctions remain in the
class of the same periodic travelling waves of the mKdV equation. In a general setting,
there exist three symmetric pairs of simple eigenvalues away from the imaginary axis,
and we give a new representation of the second non-periodic solution to the Lax
equations for the same eigenvalues. We show that Darboux transformations with the
non-periodic solutions to the Lax equations produce rogue waves on the periodic
background, which are either brought from infinity by propagating algebraic solitons
or formed in a finite region of the time-space plane.
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1 Introduction

We address periodic travelling waves of the modified Korteweg—de Vries (mKdV)
equation, which we take in the normalized form:

u,+6u2ux + uyyy =0. (1.1)
As is well-known since the pioneer paper (Ablowitz et al. 1974), the mKdV equation

(1.1) is a compatibility condition of the following pair of two linear equations written
for the vector ¢ = (g1, ¢2)":

00 = UG g, UGhu) = (_)‘u _“A), (1.2)
and
or =V, uwe,

Assuming ¢(x,t) € C*2(R x R) and u(x,1) € C>'(R x R), the compatibility
condition ¢,; = ¢ is equivalent to the mKdV equation (1.1) satisfied in the classical
sense.

Among the periodic travelling wave solutions, the mKdV equation (1.1) admits the
normalized constant wave u(x, t) = 1 and two families of the normalized periodic
waves given by

u(x,t) =dn(x —ct: k), c¢=2—k> (1.4)
and
u(x, 1) =ken(x —ct; k), ¢ =2k>—1, (1.5)

where dn and cn are Jacobian elliptic functions and k € (0, 1) is the elliptic modulus
(see Chapter 8.1 in Gradshteyn and Ryzhik 2005 for review of elliptic functions and
integrals).

The normalized constant wave u(x, t) = 1 is linearly and nonlinearly stable in the
time evolution of the mKdV equation (1.1) in the sense that any small perturbation
to the constant wave in the energy space H'(R) remains small in the H'(R) norm
globally in time; see, e.g., (Kenig et al. 1993; Koch and Tataru 2018). Among the exact
solutions to the mKdV equation (1.1) on the normalized constant wave, we note the
following algebraic soliton

4
1 44(x — 61 — x0)2

ulx,t)y=1 (1.6)
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where xo € Ris arbitrary. The algebraic soliton propagates on the normalized constant
background with the speed co = 6.

In our previous work (Chen and Pelinovsky 2018), we have constructed new solu-
tions on the periodic background given by the normalized periodic waves (1.4) and
(1.5). In doing so, we have adopted the formal algebraic method from Cao and Geng
(1990), Cao et al. (1999), Geng and Cao (2001) and elaborated the following algorithm
for constructing new solutions to the mKdV equation (1.1):

1. Impose a constraint between a solution u to the mKdV equation (1.1) and a solution ¢ = (py, q1)"
to the Lax system (1.2)—(1.3) with A = A and deduce closed differential equations on u. These
equations are satisfied if u is a periodic travelling wave

2. Characterize the set of admissible values for A1 and the relations between u and the squared
components p% + q12, p% - qlz, and piq;. The solution ¢ = (p1,¢1)" is periodic in x and is
travelling in ¢

3. Obtain the second solution ¢ = (p1, 1)’ to the Lax system (1.2)—(1.3) for the same values of A.
The second solution is non-periodic; it grows linearly in x and 7 almost everywhere as |x|+|t| — oo
4. Apply Darboux transformation with the second solution ¢ = (51, §1)" and obtain new solutions

to the mKdV equation (1.1) on the periodic background u

As the main outcome of step 2 in Chen and Pelinovsky (2018), we obtained two
pairs of admissible values for A; with Re(X1) # 0. For the dn-periodic wave (1.4), the
two pairs are real A and +A_ with

Ay = %(1 +v1—k2). 1.7

For the cn-periodic wave (1.5), the two pairs are complex-conjugate A and £A_
with

Ay = %(k:ti\/l — k2). (1.8)

As the main outcome of step 4 in Chen and Pelinovsky (2018), we constructed
an algebraic soliton propagating on the background of the dn-periodic wave (1.4)
and a fully localized rogue wave on the (x, t) plane growing and decaying on the
background of the cn-periodic wave (1.5). Since the dn-periodic wave (1.4) converges
to the constant wave u(x, t) = 1 as k — 0, the algebraic soliton on the dn-periodic
wave background generalizes the exact solution (1.6). The rogue wave on the cn-
periodic wave background satisfies the following mathematical definition of a rogue
wave.

Definition 1 Let u be a periodic travelling wave of the mKdV equation (1.1) with the
period L and & be another solution to the mKdV equation (1.1). We say that u is a
rogue wave on the background u if i is different from the orbit {u(x — x0)}x,e[0,] for
t € R and it satisfies

inf suplu(x,t) —u(x —x9)| >0 as t — Foo. (1.9)
x0€[0,L] xR
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Definition 1 corresponds to the physical interpretation of a rogue wave as the wave
that comes from nowhere and disappears without any trace. Rogue waves in physics
are associated with the gigantic waves on the ocean’s surface and in optical fibers
which arise due to the modulation instability of the background wave (Kharif et al.
2009; Kibler et al. 2018). Several recent publications were devoted to numerical and
analytical studies of rogue waves on the background of periodic (Agafontsev and
Zakharov 2016; Grinevich and Santini 2018), quasi-periodic (Bertola et al. 2016;
Bertola and Tovbis 2017; Calini and Schober 2017), and multi-soliton (Bilman and
Buckingham 2019; Bilman and Miller 2019) wave patterns in the framework of the
nonlinear Schrodinger (NLS) equation. Since internal waves are modeled by the mKdV
equation (Grimshaw et al. 2010), formation of rogue internal waves was also studied
in the framework of the mKdV equation (1.1) as a result of multi-soliton interactions
(Pelinovsky and Shurgalina 2016; Shurgalina and Pelinovsky 2016; Shurgalina 2018;
Slunyaev and Pelinovsky 2016).

The difference between the two outcomes of the algorithm applied in Chen and Peli-
novsky (2018) to the normalized periodic waves (1.4) and (1.5) in the mKdV equation
is related to the fact that the dn-periodic waves are modulationally stable with respect
to perturbations of long periods, whereas the cn-periodic waves are modulationally
unstable (Bronski et al. 2011, 2016).

The purpose of this work is to consider the most general periodic travelling wave
of the mKdV equation (1.1) and to characterize explicitly location of eigenvalues A
with Re(A) # 0 in the periodic spectral problem (1.2). Although it may seem to be
an incremental goal, advancement from the normalized periodic waves (1.4) and (1.5)
to the most general periodic wave of the mKdV equation (1.1) require us to consider
Riemann Theta functions of genus g = 2, which are expressed as rational functions
of Jacobian elliptic functions. As is well known (Belokolos et al. 1994; Gesztesy and
Holden 2003), Riemann Theta functions of genus g represent quasi-periodic solutions
to many integrable evolution equations including the mKdV equation (1.1). Hence,
having successfully solved the problem for 0 < g < 2, we can move to the next goal
of solving this problem for general g.

The algebraic method developed here is different from construction of multi-soliton
solutions on the background of quasi-periodic solutions developed in Gesztesy and
Svirsky (1995) by using commutation methods. It is also different from other analytical
techniques for explicit characterization of eigenvalues related to the periodic solutions
of the mKdV equation in the Whitham modulation theory (Kamchatnov et al. 2012,
2013) (see also Kamchatnov 1990; Pavlov 1994 for earlier works).

Let us now present the main results of our work. The travelling wave to the mKdV
equation (1.1) has the form u(x, t) = u(x — ct), where c is wave speed. The wave
profile u satisfies the third-order differential equation:

— 46Ul — —c— =0. (1.10)

Integrating it once yields the second-order differential equation:

P (1.11)
—_— u —Ccu ==e€ .
dx2 ’
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where e is the integration constant. Integrating it once again yields the first-order
invariant:

d 2
<d—”) +ut —cu® +d = 2eu, (1.12)
X

where d is another integration constant. Thus, the most general periodic travelling
wave in the mKdV equation (1.1) is characterized by the parameters (c, d, ¢). The
previous case considered in Chen and Pelinovsky (2018) corresponds to e = 0.

Our first result is about classification of the most general periodic travelling wave
solution to the mKdV equation (1.1). As is well-known (see, e.g., Vassilev et al. 2008),
there exists two explicit families of the periodic solutions to Egs. (1.11) and (1.12)
depending on parameters (c, d, ¢). When the polynomial

P(u) :=u* — cu®> +d — 2eu, (1.13)
admits four real roots ordered as ug < u3 < wup < uy, where (uy, un, usz, ug) are
related to the parameters (c, d, e), the exact periodic solution to the system (1.11) and

(1.12) is given by

(1 — ua)(uz — ug)

u(x) = ugq + , 1.14
() = s (2 — ug) + (w1 — uz)sn?(vx; k) (19
where v > 0 and k € (0, 1) are parameters given by
4v: = (u1 — uz)(ua — ug),
{4V2'<2=(u1—u2)(u3—u4)- (1.15)

When the polynomial P () in (1.13) admits two real roots b < a and two complex-
conjugate roots « i 8, where (a, b, «, ) are related to parameters (c, d, e), the exact
periodic solution to the system (1.11) and (1.12) is given by

(b —a)(1 —cn(vx; k))

= , 1.16
“O) = S T 6= Den(vx: ©) (110
where § > 0, v > 0, and « € (0, 1) are parameters given by
52 = (b—’+p?
T (a—a)?+p2’
v = Jl@ -2+ 2] [0 - )2 + 8], (117)
w2 —1— (a—a)(b—a)+§°

V@@= +82][(-a)>+5]
The trivial case when the polynomial P () in (1.13) admits no real roots does not

produce any real solution to the system (1.11) and (1.12). The following theorem
characterizes the periodic travelling waves to the mKdV equation.
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Theorem 1 Fixc > Qand e € (—eq, eg) with e := 2\/0_3/(3«/6). There exist —o0 <
dy < dy < oo suchthat for everyd € (dy, d), the system (1.11) and (1.12) admits the
exact periodic solution in the form (1.14) with (1.15) and three other periodic solutions
of the same period obtained with the following three symmetry transformations

(S1) uy <> uz, u3z < ug, (S2) uy <> uz, u < ug,

(S3) uj < ug, us < uj. (1.18)

In addition, if e # 0, there exists d3 > dy such that for every d € (—o0, d1) U (da, d3)
the system (1.11) and (1.12) admits the exact periodic solution in the form (1.16) with
(1.17) and another periodic solution of the same period obtained with the symmetry
transformation

(S0) a < b. (1.19)

For every other value of (c, e), there exists di > 0 such that for every d € (—o0, dy)
only the periodic solution in the form (1.16)—(1.17) exists together with another solu-
tion obtained by the symmetry transformation (1.19). All the solutions are unique up
to the translational symmetry u(x) — u(x + xo), xo € R.

Remark 1 Periodic solutions of the third-order equation (1.10) are invariant with
respect to the reflection u — —u. The reflection corresponds to the transformation
e > —e in the second-order equation (1.11).

Remark 2 The proof of Theorem 1 is elementary. Itis based on the phase-plane analysis
and properties of the Jacobian elliptic functions. We included Theorem 1 for clarity
of our presentation.

Remark 3 The periodic travelling wave of the mKdV equation (1.1) in Theorem 1 is
also the periodic travelling wave of the following Gardner equation:

vy + 12avvy + 6020y + Vyyy = 0, (1.20)

where a € R is arbitrary. Indeed, if u(x,r) € C 3R x R) satisfies the mKdV
equation (1.1) and is represented by u(x,t) = a + v(x — 6a’t, t) with a € R, then
v(x, 1) € C31(R x R) satisfies the Gardner equation (1.20). The Gardner equation is
commonly used in modeling of internal waves (Grimshaw et al. 2010).

Next, we use the algebraic method from Cao and Geng (1990), Cao et al. (1999),
Geng and Cao (2001) and relate the solutions # in Theorem 1 with squared eigenfunc-
tions of the periodic spectral problem (1.2). Compared to our previous work in Chen
and Pelinovsky (2018), we have to use two squared eigenfunctions for two different
eigenvalues A in order to obtain periodic solutions of the third-order differential equa-
tion (1.10). The following theorem represents the outcome of the algebraic method.
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Theorem 2 The spectral problem (1.2) with u given by the periodic waves (1.14) and
(1.16) admits three pairs £\, £A2, £A3 of eigenvalues with Re(A) # O that corre-
sponds to the periodic eigenfunctions ¢. For the periodic wave (1.14), the eigenvalues
are located at

1 1 1
A= 5(141 +uz), Ar= 5(“1 +uz), Az= E(Mz + u3). (1.21)
For the periodic wave (1.16), the eigenvalues are located at
A 1( b)—}-i,B A 1( b) iﬂ A 1( +b) (1.22)
= —(a — —p, = —(a — — =P, = —(a . .
T3 27 Ty 27 P T2

Remark 4 The algebraic method in the proof of Theorem 2 gives also explicit charac-
terization of the periodic eigenfunctions ¢ of the spectral problem (1.2) at the three
pairs of eigenvalues A. If u(x,7) = u(x — ct) is a travelling wave solution to the
mKdV equation (1.1), the time evolution problem (1.3) is also satisfied with the solu-
tion ¢(x,t) = @(x — ct).

Remark 5 The algebraic method does not allow us to conclude that no other eigenval-
ues A with Re(X) # 0 exist in the periodic spectral problem (1.2).

Next, we proceed with the multi-fold Darboux transformations (Gu et al. 2005;
Matveev and Salle 1991) by using the general form proven with explicit computa-
tions in Appendix A of Chen and Pelinovsky (2018). Since we only have up to three
pairs of simple eigenvalues in Theorem 2 in a generic case, we should only use one-
fold, twofold, and threefold Darboux transformations. The corresponding Darboux
transformations are given by the explicit expressions:

40
U=u-- zlplqzl’ (123)
Py T4
u=u+ 4()‘% - )‘%) [)‘IPICII(P% +q22) — A2p2q2(p% + q12)]
R+ 2D (P24 (P2 +42) — 2 halApiqi paga + (P2 — a2 (P2 — D)1
(1.24)
and
- L 4N 125
u=1u e '
D
with

N i= 03 = 2D 63 = Daspsas [0 + 2D + D3 + ad)
~2k2(p} - aD(P3 — D)
+03 = 2D 03 = 3Drapaaz | 03 + 3D} +aD (] + ad)

— 2x123(pt — gD (p3 — qu)]
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+63 = 1303 = 2Dmpiar [ 03 +1D0F + e (v} +ad)
~2233(P3 — a)(P} — d)|

=8+ A3 + 23 — a1 — Al — BadDrmrrapipap3qi92gs
and

D = (b + 222 (k1 + 23)2 (2 — 13)2 (24343 + 4P p2p3)
+O 4+ 222 + 232 (0 — k3)2(P§f112432 + ‘I22P12P§)
+0 4 230202 + 23)2 (01 — M) (p3gias + aipipd)
FO = 2200 = 23)2 0 — A2 (P2 P3P} + 4l a3 dd)
—8(13 — 2D (W2 — AD)rirep1 p2q1g2(P3 + G3)

—8(13 — 2D (W% — A)rirspip3qias(p3 + 43)
803 — 1) (A3 = ADrrspap3qaga(ph + qb),

where @ stands for a new solution to the mKdV equation (1.1) and ¢; = (p;, g;)’,
Jj = 1,2, 3 stands for a nonzero solution to the Lax system (1.2)—(1.3) with potential
u and eigenvalue A ; assuming A; # £A; fori # j.

The following theorems represent the outcomes of the Darboux transformations
(1.23), (1.24), and (1.25) with the periodic solutions to the Lax system (1.2)—(1.3).

Theorem 3 Assume uy < uz < up < uy suchthatuy+ur+uz+ug =0, u;+uy %0,
uy +u3 # 0, and ur + u3 # 0. The onefold Darboux transformation with the peri-
odic eigenfunctions for each eigenvalue in (1.21) transforms the periodic wave (1.14)
to the periodic wave of the same period obtained after the corresponding symmetry
transformation in (1.18) and the reflection u — —u. The twofold Darboux transforma-
tion with the periodic eigenfunctions for any two eigenvalues from (1.21) transforms
the periodic wave (1.14) to the periodic wave of the same period obtained after the
complementary third symmetry transformation in (1.18). The threefold Darboux trans-
formation with the periodic eigenfunctions for all three eigenvalues in (1.21) maps the
periodic wave (1.14) to itself reflected with u +— —u.

Remark 6 Under the term “complementary third transformation” in Theorem 3, we
mean that if (A, A») is selected in (1.21), then (S3) is selected in (1.18), and so on.

Remark 7 The three eigenvalues in (1.21) with the three periodic eigenfunctions used
in the onefold transformation (1.23) recover the three symmetry transformations in
(1.18). It is interesting to note that due to the constraint u1 + ua + u3 + uq4 = 0, the
choice of each eigenvalue indicate explicitly the choice of the transformation between
uy, uz, uz, and ugq, e.g., Ay = (u1 + uz)/2 corresponds to (S1) with u; < u» and
u3 <> uy4, and so on.

Theorem 4 Assume a # £b. The onefold Darboux transformation with the periodic
eigenfunction for eigenvalue A3 in (1.22) transforms the periodic wave (1.16) to the
periodic wave of the same period obtained after the symmetry transformation in (1.19)
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and the reflection u — —u. The twofold Darboux transformation with the periodic
eigenfunctions for two eigenvalues A and Ay in (1.22) transforms the periodic wave
(1.16) to the periodic wave of the same period obtained after the symmetry transforma-
tion in (1.19). The threefold Darboux transformation with the periodic eigenfunctions
for all three eigenvalues in (1.22) maps the periodic wave (1.16) to itself reflected with
U —u.

Remark 8 Other possible onefold and twofold Darboux transformations missing in the
formulation of Theorem 4 return complex-valued solutions u to the mKdV equation

(1.1).

Finally, we use the algorithm above and construct new solutions to the mKdV
equation (1.1). To do so, we obtain the closed form expression for the second solution
¢ = (p1,q1)" of the Lax system (1.2)—(1.3) with A = Xy given by an eigenvalue
in Theorem 2. The explicit representation of the second solution has been already
obtained in our previous work (Chen and Pelinovsky 2018); however, the expression
obtained there is singular at any point of (x, #) where one of the two components of the
periodic solution ¢ = (py1, q1)" vanishes. As a result, the corresponding expression
was only used for the eigenvalue A in (1.7) but not for the eigenvalue A_. Here we
obtain a different explicit representation of the second solution ¢ which is free of
singularities for every eigenvalue X in Theorem 2. As a result, we are able to construct
new solutions to the mKdV equation by using the Darboux transformations with the
second solution to the Lax system (1.2)—(1.3) for every eigenvalue in Theorem 2. The
following two theorems describe the new solutions as a function of (x, t).

Theorem 5 Assumeuy < u3 < up < uy suchthatuy+uz+us+uqg =0, u;+us #0,
u1 +uz # 0, and ur + u3 # 0. Under three non-degeneracy conditions (7.5), (7.6),
and (7.7) below, there exist c1, c2, c3 # ¢ such that the second solutions to the Lax
system (1.2)—(1.3) for the eigenvalues A1, Az, A3 in (1.21) are linearly growing in x
and t everywhere on the (x, t) plane except for the straight lines x — c1 2.3t = 1,23,
where &1, &, &3 are phase parameters which are not uniquely defined. The onefold
Darboux transformation with the second solution for each eigenvalue 71 33 in (1.21)
adds an algebraic soliton with the corresponding speed ci 23 on the background of
the periodic wave (1.14) transformed by the corresponding symmetry in (1.18) and
reflection u — —u. The twofold Darboux transformation with the second solutions for
any two eigenvalues from (1.21) adds two algebraic solitons with the corresponding
two wave speeds on the background of the periodic wave (1.14) transformed by the
complementary symmetry in (1.18). The threefold Darboux transformation with the
second solutions for all three eigenvalues in (1.21) adds all three algebraic solitons
with the three wave speeds on the background of the periodic wave (1.14) reflected
with u +— —u.

Theorem 6 Assume a # +b. Under two non-degeneracy conditions (7.11) and (7.12)
below, the second solutions to the Lax system (1.2)—(1.3) for the eigenvalues )1 and
A2 in (1.22) are linearly growing in x and t everywhere, whereas there exists cy 7 ¢
such that the second solution to the Lax system (1.2)—(1.3) for the eigenvalue 13 in
(1.22) is linearly growing in x and t everywhere except for the straight line x —
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cot = &y, where &g is the phase parameter which is not uniquely defined. The onefold
Darboux transformation with the second solution for eigenvalue 13 in (1.22) adds
an algebraic soliton with the wave speed c( on the background of the periodic wave
(1.16) transformed by the symmetry in (1.19) and reflection u +— —u. The twofold
Darboux transformation with the second solutions for two eigenvalues L1 and Ay in
(1.22) adds a rogue wave on the background of the periodic wave (1.16) transformed
by the symmetry in (1.19). The threefold Darboux transformation with the second
solutions for all three eigenvalues in (1.22) adds both the algebraic soliton with the
wave speed co and the rogue wave on the background of the periodic wave (1.16)
reflected with u — —u.

Remark 9 The only rogue wave in Theorem 6 satisfies Definition 1, whereas the other
two solutions do not satisfy the limit (1.9) due to the algebraic solitons propagating on
the periodic background along the straight line x — cot = &j. None of new solutions
in Theorem 5 satisfy Definition 1 due to the same reason.

The paper is organized as follows. Section 2 describes the algebraic method which
allows us to complete step 1 in the algorithm above. Section 3 characterizes the most
general periodic wave of the mKdV equation (1.1) and gives the proof of Theorem 1.
Step 2 of the algorithm and the proof of Theorem 2 are given in Sect. 4. The proof
of Theorems 3 and 4 can be found in Sect. 5. Step 3 of the algorithm is developed
in Sect. 6, where the second non-periodic solution to the Lax system (1.2)—(1.3) is
obtained. Step 4 of the algorithm is completed in Sect. 7, where the new solutions to the
mKdV equation (1.1) are constructed, Theorems 5 and 6 are proven, and the surface
plots are included for graphical illustrations. Finally, Sect. 8 contains a conjecture on
the possible generalization of our results to the case of quasi-periodic solutions to the
mKdV equation (1.1).

2 The Algebraic Method

We showed in Chen and Pelinovsky (2018) that imposing a constraint u = p% + ql2
between a solution u to the mKdV equation (1.1) and components of the solution
¢ = (p1, q1)" to the Lax system (1.2)—(1.3) with fixed parameter A = A; results in the
second-order differential equation on u. This equation is given by (1.11) for e = 0 and
it does not recover the most general periodic wave of the mKdV equation (1.1). Here
we extend the algebraic method of Cao and Geng (1990), Cao et al. (1999), Geng and
Cao (2001) by imposing the constraint

u=pi+qi+p+a; @2.1)

between a solution u to the mKdV equation (1.1) and components of two solutions ¢ =
(p1,q1)" and ¢ = (p2, g2)" to the Lax system (1.2)—(1.3) with two fixed parameters
A =Ajpand A = Ap. Assume Ay # As.

The spectral problem (1.2) for two vectors ¢ = (p1, g1)" and ¢ = (p2, q2)! at Ay
and A; can be written as the Hamiltonian system of degree two
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dpj _ My -~ dq; _ _0Ho

=, =——, j=1,2, 2.2
dx 0q; dx op;j / 22)

generated from the Hamiltonian function

1
Ho(p1, q1, P2, q2) = Z(pf +qi +p3+ gD+ rpiq+raprqp. (2.3)

Since Hy is x-independent, we introduce the constant Eg := 4Hy(p1, g1, P2, q2) in
addition to parameters (A, A2). As is shown in Cao et al. (1999), the Hamiltonian
system (2.2)—(2.3) of degree two is integrable in the sense of Liouville and there exists
another conserved quantity

Hi(p1, q1, p2, ¢2) = 403 p1q1 + 23 p2ga) — 4G pigi + Aapaqn)?
—((p} = aD) + 2P} — g))?
+2(p1 + 47 + P+ 43)
(A3 (p}+aD) +23(p3 +a3)) (2.4)
1P T4 2Py T 43))- :
Since H is x-independent, we introduce another constant £ := 4H{(p1, q1, P2, 42).

Thus, the algebraic method includes four parameters (A1, A2, Eo, E1). It remains to
establish differential equations on the class of admissible solutions u.

2.1 Lax-Novikov Equations

By differentiating (2.1) in x and using the Hamiltonian system (2.2)—(2.3), we obtain
the following first-order differential equation:

du
5 = 21T = aD) + 22003 — 43). 2.5)

It follows from (2.1) and (2.3) that
Eo — u? = 401 p1g1 + 4hapaga. (2.6)

By differentiating (2.5) in x and using the Hamiltonian system (2.2)—(2.3) and the
relation (2.6), we obtain the following second-order differential equation:

d’u
57 H200 = 2Eou + 43 (P + a1) + 433 + 43)
= cu —43(pi +47) — 41 (p3 + a3, @7
where we have introduced a parameter

c:=2Eq + 407 + 423 (2.8)
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Taking yet another derivative of (2.7) in x and using the Hamiltonian system (2.2)—(2.3)
again, we obtain the following third-order differential equation:

du
Sel T = =8 [l —a) + i -] @)

Differential equations (2.5), (2.7), and (2.9) are not closed for u. However, we show
that one more differentiation gives a closed fourth-order differential equation on u. To
do so, we first note that it follows from (2.1), (2.3), (2.4), (2.5), and (2.7) that

Ey = 1623 p1g1 + 23 paga) — (Eo — u*)?

d2u 3 du\?
+2u @+2u —2Eou | — =) (2.10)

By using (2.6), this relation can be rewritten in the equivalent form

du\? d2
E1+E} —4Eg( 3 +33) + (=) —2u-——2
0 ! 2 dx dx?
—3u* 4 cu® = 16112 (h2p1q1 + 21 p2q2)- (2.11)

By differentiating (2.9) in x and using the Hamiltonian system (2.2)—(2.3) and the
relation (2.11), we obtain a closed fourth-order differential equation on u:

d*u 2 d%u du'\? 5 d%u 3
— +10u"— +10u| — | +6u’ =c|—+2u’ ) +2du, (2.12)
x x dx dx?
where we have introduced another parameter

d = E; + E} —4Eo(\ 4+ 13) — 80223. (2.13)
The fourth-order differential equation (2.12) belongs to the class of Lax—Novikov
equations (see Varley and Seymour 1998 and references therein), which combine the

stationary flows of the mKdV equation and higher-order members of its integrable
hierarchy.

2.2 Conserved Quantities for the Stationary Fourth-Order Equation

Let us introduce

W) Wiz(d)
W) = , 2.14
*) (le(—m ~Win(=2) @19
where the components of W (1) are given explicitly by
2X 2X
Wiy = 1 - 2Pd _ 2hapag 2.15)

2 2’
A= AZ=25
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2 2 2 2
P1 i q1 P3 a3

. 2.16
— A )\+)\.l+)\.—)\.2+)\.+)\.2 ( )

Wi(A) = 7

In order to simplify the presentation, we denote derivatives of u in x by subscripts.
By using (2.1), (2.5), (2.7), and (2.9), the expression for Wi, can be rewritten in the
equivalent form:

Au+ %Azux + él—t)u(uxx +2u3 — cu) + %(uxxx + 6ulu, — cuy)
(A2 =AD (2 = 13) '

W) =

(2.17)

By using (2.6), (2.11), and (2.13), the expression for Wy can also be rewritten in the
equivalent form:
A2(Ep — u?)
202 = 2H (A2 = 13)
_d + 8)»%)»% + (ux)2 — Quuny, — 3u® + cu?
8(A2 —AH (W2 =A%)

W) =1

(2.18)

The Lax equation
diW(k) =UX,u)WOH) — WU, u), (2.19)
X

is satisfied for every A € C if and only if (p1, g1, p2, g2) satisfy the Hamiltonian
system (2.2) with (2.3), where u is represented by (2.1). In particular, the (1, 2)-entry
in the above relations yields the equation

d
3 W) =20Win () — Wi (). (2.20)

Substituting (2.17) and (2.18) into (2.20) yields the same fourth-order differential
equation (2.12).

It was shown in a similar context in Tu (1989) that det[ W (1)] has only simple poles
at A, = £A; and A = =£X,. This can be confirmed from (2.14), (2.15), and (2.16)
with straightforward computations. Substituting the representations (2.17) and (2.18)
into det[W (A)] and removing the double poles at A = +X; and L = £, yield the
following two constraints:

2 2
4)»? [uxx +2ud —cu+ 4)»%14] — [uxxx + 6u2ux —cuy + 4)»?14)6]
2
_ [d +8A3 4 (u)? — 2wt — 3ut + cu® + B3 (Eg — uz)] -0 (221)
These two equations (2.21) for j = 1 and j = 2 represent lower-order invariants for
the fourth-order differential equation (2.12). By performing elementary operations,

the system of two constraints (2.21) can be rewritten in the equivalent form:
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2
(uxx +2u3 — 2E0u) — 16A%k%u2 — 2uy (uxxx + 6u2ux — cux>
—2(Ep — u?) [d 83202 + (u4)? — 2uttgy — 3u + cu2]

403 +33) [@0)? + (Bo —u>?] =0 (2.22)

and

2. 2 2 2 a4 2\?
Uyxy + 06U uy —2Eouy ) + (E1+ Ej + (uyx) 2uuyy — 3u” +2Equ

—402 4+ 1) (txx + 203 — 2Equ)? — 163323 [(ux)2 + (Ey— u2)2]
+320323u(uy + 2u® — 2Equ) = 0. (2.23)

In order to verify conservation of (2.22) and (2.23), we have checked that differentiating
these constraints in x recovers the fourth-order differential equation (2.12).

2.3 Dubrovin Equations

One can characterize solutions u to the fourth-order differential equation (2.12) from
the algebro-geometric point of view, which is now commonly accepted in the context
of quasi-periodic solutions of integrable equations (Belokolos et al. 1994; Gesztesy
and Holden 2003). Since the numerator of Wi,() is a polynomial of degree three, it
admits three roots denoted as i1, 12, and 3. Writing the representation (2.17) in the
form

u(h — p1) (A — p2)(A — p13)

Wia(h) = , 2.24
12(2) W2 =02 -3 (2.24)
yields the following differential expressions for w1, 12, and u3:
1 du
ML+ 2+ U3 =———, (2.25)
2u dx
1 [du 3
W12 + U3 + 23 = ol P +2u’ —cul, (2.26)
u [ dx
1 [d3u du du
=—— | —46u— —c—|. 2.27
Hik2aks Su [dx3 +ou dx Cdxi| 2:27)

By substituting the representations (2.17) and (2.18) into det [W (A)], removing the
double poles with the constraints (2.21), and simplifying the remaining expressions,
we obtain the following representation:

AEo( — A1 =) + Er _ b()
402 =D (2 = 13) an)’

det[W(A)] = —1+ (2.28)
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where

a(h) = (2 = ADG2 = 43),
b(A) = (W2 —AH(A2 —A3) — Eg(Wr — 23 —23) — 1 E).

By substituting (2.24) and (2.28) into (2.20) and evaluating (2.20) at A = 12,3,
we recover the Dubrovin equations (Dubrovin 1981) in the form:

dpj _ 2ya(upbu;) (2.29)

dx H[;ﬁj(:uj —Mi).

These equations characterize the algebro-geometric structure of the quasi-periodic
solutions. The variables {11, (2, (3} are called Dubrovin’s variables for the quasi-
periodic solutions. The presence of three Dubrovin variables indicates that the general
solution to the fourth-order equation (2.12) is expressed by the Riemann Theta function
of genus three (Belokolos et al. 1994; Gesztesy and Holden 2003).

2.4 Degeneration Procedure

For the scopes of our work, we reduce the algebraic method in order to recover the
third-order differential equation (1.10) instead of the fourth-order equation (2.12). This
scope is achieved by imposing the constraint u3 = 0 on Dubrovin variables satisfying
the system of equations (2.25), (2.26), and (2.27). Indeed, if u3 = 0, Eq. (2.27) is
equivalent to the third-order differential equation (1.10) rewritten again as

whereas the other two Egs. (2.25) and (2.26) yield relations

1 du

M1+M2=—Zav (2.31)
1 [d%u
Uiy = ™ [W +2u° — cu:| . (2.32)

The presence of two Dubrovin variables indicates that the general solution to the
third-order equation (2.30) is expressed by the Riemann Theta function of genus two
(Belokolos et al. 1994; Gesztesy and Holden 2003).

Substituting (2.30) into (2.12) yields the following invariant for the third-order
equation (2.30):

Indeed, differentiating (2.33) in x recovers the third-order equation (2.30).
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Note in passing that the representations (2.17) and (2.18) are factorized by one
power of A, after equations (2.30) and (2.33) are used, namely:

22u+ %Aux + zll(uxx +2u° — cu)

AW o) =
12 (2 —2)(A2— 12

and

A3 — InM(Eg + 222 4223 — u?)

-1 _

These representations coincide with those used in Wright (2016) for integration of
ultra-elliptic solutions to the cubic NLS equation.

Remark 10 1t may be possible to modify the algebraic method by starting with poly-
nomials of even degree for Wi, (A) and odd degree for Wi (A) and to derive the same
solutions as those obtained by the degeneration procedure here. This possible modifi-
cation remains to be developed.

By substituting differential equations (2.30) and (2.33) into the constraints (2.22)
and (2.23), we rewrite the constraints in the equivalent form:

d?u 2 du\?
<@ +2u® — 2E0u) — 402 +1%) [(5) + (Eo — u?)?
—16ATA5E) =0 (2.34)

and

du\?
407+ 2303 + 29 [(E) + (Eg — uz)z}

+162323(A3 + A3)(Ep — u®) + 161743

2
2 2 d*u 3
()\.1 + )\'2) _dx2 + 2” 2EOM

vz (4 40l ok 0 (2.35)
u\l\ —= u — uj] =~u. .
1725 dx2 0
In order to simplify characterization of the general solution of the third-order equa-

tion (2.30), we integrate it once and obtain the differential equation (1.11) rewritten
again as

d2

é +2d —cu=e, (2.36)
where e is the integration constant. Substituting (2.36) into (2.33) yields the first-order
invariant (1.12) for the second-order equation (2.36) rewritten again as
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A 2
. +u" —cu”+d=2eu. (2.37)

Indeed, differentiating (2.37) in x recovers the second-order equation (2.36).
Substituting (2.36) and (2.37) into (2.34) and (2.35) yields the following two con-
straints on the parameters of the algebraic method:

e =407 + 13)(E§ — d) + 163103 Ey (2.38)
and

40 + AN FA(EE — d) + 160323003 4 A3) Eo + 160123
~(A\ +Ader =0. (2.39)

The system (2.38) and (2.39) is solved in the explicit form:
d=Ej— 4233 (2.40)
and
e* = 16A3A3(Eg + A} + A3). (2.41)

The relation (2.40) and the definition (2.13) imply that the parameter E is uniquely
expressed by

E| = 4Eq(A3 4 13) 4 42323 (2.42)

Summarizing, the three parameters (c, d, e) for the differential equations (2.30),
(2.36), and (2.37) are related to the parameters (A1, A2, Eg) of the algebraic method
with the help of relation (2.8), (2.40), and (2.41), whereas parameter E; is uniquely
expressed by (2.42).

Remark 11 Compared to the algebraic method with only one eigenfunction ¢ =
(p1, q1)" in Chen and Pelinovsky (2018), where solutions to the second-order equation
(2.36) with e = 0 are obtained, we have flexibility to recover the same solutions with
the two eigenfunctions ¢ = (p1, ¢1)" and ¢ = (p2, ¢2)" as in (2.1), as long as there
are two nonzero eigenvalues for A1 and X, such that A1 # 4X,. Thus, solutions to the
second-order equation (2.36) with e = 0 can be recovered by two equivalent algebraic
methods.

3 Proof of Theorem 1
Here we develop the phase-plane analysis of the second-order differential equation

(1.11). Therefore, we treat it as a dynamical system on the phase plane (u, u"), where
u' :=34 Ifc > Oand e € (—ep, €p), Where e := 2v/c3/(3+/6), the cubic polynomial
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-2 -1 0 1 2 3

Fig. 1 Phase plane (u, u’) for the second-order equation (1.11)

QW) :=2u’—cu—e, (3.1

has three real roots ordered as uy, < Uy < Usss. Since Q' (u) = 6u? — ¢, we have
0 (uy) > 0, Q' (usx) < 0, and Q' (tsss) > 0, hence (14, 0) and (w44, 0) are center
points on the phase plane, whereas (u4x, 0) is a saddle point. Trajectories on the phase
plane coincide with the level curves of the energy function

Hu,u') = ') + u* — cu® = 2eu,

which are given by the constant value —d in the first-order invariant (1.12). The level
curves of H(u, u’) in the case ¢ > 0 and e € (—ey, ) are shown on Fig. 1.

Since 2Q(u) = 9, H (u, 0), the function H (u, 0) has three extremal points with
two minima at u, and U4 and one maximum at uyy. Let hy = H(ux, 0), Ay =
H(tssx, 0), and hyys := H (Ussx, 0). Recall that H(u, 0) = P(u) — d, where P (u) is
given by (1.13). For every d € (d1, dy) with di = —hy, and do = — max{h., hyx},
the polynomial P (u) has four real roots ordered as uq4 < u3z < up < uj also shown
on Fig. 1. There exists two periodic solutions which correspond to closed orbits on
the phase plane: one closed orbit surrounds the center point (u,, 0) and the other
closed orbit surrounds the center point (i, 0). These periodic solutions are shown
on Fig. 2a, b.

For every d € (—00, d1) U (d2, d3), where d3 := — min{h,, h.}, the polynomial
P(u) has only two real roots ordered as b < a also shown on Fig. 1. There exists
only one periodic solution which corresponds to either the closed orbit surrounding
all three critical points (¢4, 0), (U4, 0), and (#y4, 0) if d € (—00, dy) or the closed
orbit surrounding only one center point if d € (d», d3). Note that d» < dz if e # O,
whereas dy = d3 if e = 0. The periodic solution surrounding all three critical points
is shown on Fig. 2c.

If either c < Oorc > 0 and e € (—o00, —ep] U [eg, 00), the cubic polynomial
Q(u) in (3.1) admits only one real root labeled as u.., which corresponds to the global
minimum of H (u, 0). For every d € (—o00, d1), where d| := —H(u,, 0), there exists
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25

-0.75 - i

-1.25 L L L L L L L L L

Fig. 2 Three periodic solutions for the phase plane on Fig. 1: (a) inside [u7, u1], (b) inside [ug, u3], (c)
inside [b, a]

only one periodic solution which corresponds to the closed orbit surrounding the only
center point (u,, 0) of the dynamical system.

In order to complete the proof of Theorem 1, it remains to verify the exact represen-
tations (1.14)—(1.15) and (1.16)—(1.17) of the periodic solutions as rational functions
of the Jacobian elliptic functions. The following two lemmas state the corresponding
exact representations.

Lemma 1 Let P(u) in (1.13) admit four real roots ordered as us < uz < up < uj.
The exact periodic solution to the first-order invariant (1.12) in the interval [u;, u1]
is given by

@ Springer



2816 Journal of Nonlinear Science (2019) 29:2797-2843

(1 — ua)(uz — ug)

=ug + , 3.2
1O = G T+ n — wsn w1 2
where v > 0 and k € (0, 1) are parameters given by
4% = (u1 — u3)(uz — ug),
{4v2x2 = (1 — w2) (3 — u2). G-

The roots satisfy the constraint u +uy+usz+us = 0and are related to the parameters
(c,d,e) by

¢ = —(urup +uru3 + uiug + usu3 + upuq + uzuy),
2¢ = ujupus + ujurlg + U U3ug + Uousg, (3.4)
d = ujuruszuy.

Proof By factorizing P (u) by its roots, we rewrite the first-order invariant (1.12) in
the form:

d 2
(ﬁ) (= ) (U — un)(u — u3) (t — 1g) = 0. (3.5)

Expanding the quartic polynomial and comparing it with the coefficients in (1.12),
we verify the constraint u; + up + u3 + ug4 = 0 and the relations (3.4). In order
to prove that (3.2) with (3.3) is an exact solution of (3.5), we substitute u(x) =
ug + (w1 — ug)(u2 — uq)/v(x) into (3.5) and obtain the equivalent equation:

dv\?
(d—> + [(u1 —ug) — v][(u2 — ug) — vl
X

[(u1 — ug)(uz — ug) — (w3 — ug)v] = 0. (3.6)

Then, we substitute v(x) = (42 — u4) + (u; — u2)w(x) into (3.6) and obtain the
equivalent equation

dw\2
(ﬁ) =w(l —w) [(ur —uz)(ua —ug) — (U1 —uz)(uz —ug)wl]. (3.7)

Taking derivative of w(x) = snz(vx; k) and defining v and « by (3.3) satisfies (3.7).
Since the Jacobian elliptic function sn?(vx; «) is periodic in x with the period L :=
2K (k)/v, where K (k) is the complete elliptic integral, the solution u in (3.2) is L-
periodic. It is unique up to the translation symmetry u(x) — u(x + xg), xo € R.
Furthermore, it is defined in the interval [u3, u1] with u(0) = u; and u(L/2) = u,. 0

Remark 12 As follows from Fig. 1, there exists another periodic solution in the interval
[t4, us] for the same combination of roots {u1, uz, u3, u4}. This solution is obtained by
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the symmetry transformation (S2) in (1.18). The corresponding exact periodic solution
is

(uz — u2) (g — u2)
(us — uz) + (u3 — ug)sn®(vx; )’

u(x) =ur + (3.8)

whereas the relations (3.3) remain the same. The new solution (3.8) is defined in the
interval [u4, u3] with u(0) = u3 and u(L/2) = u4. The new solution (3.8) is also
L-periodic with the same period L = 2K (k) /v.

Remark 13 The symmetry transformation (S1) in (1.18) generates another solution

(up — uz)(uy — u3s)
(ur —u3) + (uz — up)sn?(vx; )’

u(x) = usz + 3.9)

which also exists in the interval [us, u1] with u(0) = up and u(L/2) = u;. The
symmetry transformation (S3) in (1.18) generates another solution

(ug —uy)(uz —uy)
(uz —uy) + (ug — uz)sn>(vx; )’

(3.10)

ulx) =u; +

which also exists in the interval [u4, u3] with u(0) = u4 and u(L/2) = u3. By
uniqueness of the closed orbits for periodic solutions on the phase plane, the solution
(3.9) coincides with the periodic solution (3.2) translated by the half-period L /2,
whereas the solution (3.10) coincides with the periodic solution (3.8) also translated
by the half-period L/2.

Example 1 Let e = 0. Since P (u) is even in (1.13) for e = 0, we have uqy = —u and
u3 = —uy. It follows from (3.4) that ¢ = u% + u% andd = u%u%, whereas relations
(3.3) yield u; = v(1 + «) and u» = v(l — k), from which the exact solution (3.2)
takes the equivalent form

2uq 1-— Ksnz(vx; K)
=u .
1 + xsn2(vx; k) ¥ ksn2(vx; k)

u(x) = —uy + (3.11)

From Table 8.152 of Gradshteyn and Ryzhik (2005), we have the transformation
formula

1 — ksn?(vx; k) 2.k
—— =d 1 k), k= ,
1 + «ksn2(vx; k) (v +0)x; &) 1+«

from which we derive

2
u(x) = wdnGuyx; k), k= [1— =2, (3.12)
uy

Setting 1 = 1 and up = /1 — k? yields the normalized dnoidal periodic wave (1.4).
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Example 2 Letu; = u;. The exact solution (3.2) becomes the constant solution u(x) =
uj.

Example 3 Let up = u3. It follows from (3.3) that x = 1 so that the exact solution
(3.2) becomes the exponential soliton on the constant background u;:

(1 — ua)(uz — ug)
(u2 — ua) + (uy — uz) tanh?(vx)’

1
V= E\/(ul —up)(u2 — uyg),
(3.13)

u(x) =uqg +

where roots satisfy the constraint u| + 2us + uq = 0.

Example 4 Let u3z = uy4. It follows from (3.3) that x = 0 so that the exact solution
(3.2) becomes

(1 — uq)(u2 — ug)

MO =t T r — 1) sin2(vx)

|
V= 5\/(u1 — us)(uz — us),

where roots satisfy the constraint #1 + us + 2u4 = 0. This periodic wave solution is
obtained in Akhmediev et al. (1987) and reviewed recently in Chowdury et al. (2016).
Setting u; = 1 +2b,up =1 —2b, and uy = —1 with b € [0, 1] yields v = /1 — b2
and transform the explicit solution to the form:

2(1 — b?)

=—1 .
ut) * 1 —bcos(2v1 — b2x)

(3.14)

It follows from (3.4) that ¢ = 2 +4b%, d = 1 — 4b% and e = 4b*. As b — 1,
the explicit solution (3.14) converges to the algebraic soliton (1.6) at # = 0 and after
reflection u — —u.

Lemma2 Let P(u) in (1.13) admit two real roots ordered as b < a and two complex
conjugated roots labeled as o £ iB. The exact periodic solution to the first-order

invariant (1.12) is given by

(b —a)(1 —cn(vx; k))

= , 3.15
U = a4t o S T Den(x: ©) (3.15)
where § > 0, v > 0, and k € (0, 1) are parameters given by
52 = (=’+p?
(a—a)*+p2”
v = Jl@ -2+ 2] [0 - )2 + 8], (3.16)

w2 =1— (@) (b—a)+5 .
VIa-a?+82][(b—)*+57]
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The roots satisfy the constraint a + b + 2o = 0 and are related to the parameters
(c.d,e) by

¢ = —(ab +2a(a + b) + a® + ?),
2¢ = 2aab + (a + b)(a® + B2), (3.17)
d = ab(a? + B2).

Proof By factorizing P (u) by its roots, we rewrite the first-order invariant (1.12) in
the form:

2
(d_u) + u—a)(u —b) [(u —a)’ + ,32] =0. (3.18)
dx

Expanding the quartic polynomial and comparing it with the coefficients in (1.12), we
verify the constraint @ + b + 2« = 0 and the relations (3.17). In order to prove that

(3.15) with (3.16) is an exact solution of (3.18), we substitute u(x) = a+ (b—a)/v(x)
into (3.18) and obtain the equivalent equation:

dv\2
(-”) +(1—v) [((a —oz)v+b—a)2+ﬂ2v2] =0. (3.19)
dx
Then, we substitute
1 .
o) =148 + cn(vx; k)

1 —cn(vx; k)

into (3.19) and obtain three equations on §, v, and k which yield (3.16). Since the
Jacobian elliptic function cn(vx; «) is periodic in x with the period L := 4K (x)/v,
where K (r) is the complete elliptic integral, the solution « in (3.15) is L-periodic. It
is unique up to the translation symmetry u(x) — u(x + xg), xo € R. Furthermore, it
is defined in the interval [b, a] with u(0) = a and u(L/2) = b. O

Remark 14 The symmetry transformation (S0) in (1.19) generates another solution:

(a —b)(1 —cn(vx; k))

—b ,
X = b+ T T~ Den(ox: 0)

(3.20)

which also exists in the interval [b, a] with u(0) = b and u(L/2) = a. By uniqueness
of the closed orbits for periodic solutions on the phase plane, the solution (3.20)
coincides with the periodic solution (3.15) translated by the half-period L /2.

Example 5 Lete = 0. Since P(u) isevenin (1.13) fore = 0, wehave b = —a,a = 0,
and § = 1. The exact solution (3.15) becomes

Setting a = k and B = +/1 — k2 yields the normalized cnoidal periodic wave (1.5).
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4 Proof of Theorem 2
Combining (2.8), (2.40), and (2.41) yields the following system of algebraic equations

¢ =2Eq+403 +13),
d = E} — 4.3, 4.1
e? = 16A323(Eg + A7 + 23).

Let us introduce y := 4(A% + k%) and z := 4)»%)%. Substituting y = ¢ — 2Eq and

z= Eg — d into the third equation of the system (4.1) yields the cubic equation for
Eo:

(E3 — d)(2Eg +¢) = 2. 4.2)

There exists exactly three roots of the cubic equation (4.2) and each root defines
uniquely (y, z) and hence (12, A%). In order to complete the proof of Theorem 2, it
remains to verify the exact representations (1.21) and (1.22) for the eigenvalue pairs
+X1, X2, £A3. The following two lemmas give the corresponding exact representa-
tions of eigenvalues.

Lemma 3 Assume usq < u3 < upy < uj such that uy + uz + uz + usq = 0 and express
(c,d, e) by (3.4). The cubic equation (4.2) admits three simple roots in the explicit
form:

1 1
(R1) Eg = §(u1u4 +uou3), (R2) Eg= 5(141143 + uauy),

1
(R3) Eo = 5 (uiuz + usuq). 4.3)

Proof Due to three possible choices of two eigenvalues A1 and A, from three admissible
values, it is sufficient to consider one combination of the three eigenvalues, e.g., the
expression (1.21) rewritten again in the form:

1 1 1
A= 5(“1 +uz), Ay = 5(141 +uz), Az= 5(“2 + u3). 4.4

Here (11, 12) are selected as eigenvalues of the algebraic method, whereas A3 is the
third complementary eigenvalue. We prove validity of the root (R1) in (4.3) for Ey.
If (A1, X2, A3) is given by (4.4), then root (R1) for Ey is equivalent to the following
representation:

2,2 42
= 5(”2143 - u% —uuy — uju3)
1
= E(MMS +ujug). (4.5)
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Substituting (4.4) and (4.5) into (4.1) yields the following relations:

c=203 413 +13)

= (u1 +uz + u3)* — uyus — uyu3z — upu3

= —UilU4 — UDU4 — U3U4 — UTUD — UTU3 — UDU3, (4.6)
d =225 423 20003 + 2305 + 34D

= —u%u2u3 — ulu%ug - uluzug

= ujUU3U4, 4.7
and

e = —4lA2)3

1
= §(u1u2u3 — (uy +uz +u3)(wiuz + ujuz + uzu3))
1
= 5(“1“2”3 + uruolg + uruzug + upu3zuy). (4.8)

These relations confirm validity of the parametrization in (3.4). Hence, the value (R1)
in (4.3) gives one of the three roots of the cubic equation (4.2). The other two roots (R2)
and (R3) in (4.3) are given by the interchanges Ay <> A3 and A <> A3 respectively in
the list of three eigenvalues in (4.4). Since u4 < u3z < uy < uj, the three roots (R1),
(R2), and (R3) for Ej in (4.3) are distinct and no other roots of the cubic equation
(4.2) exists. O

Remark 15 When u; = up or up = u3 or u3 = uy in Examples 2, 3, and 4, one
eigenvalue in (4.4) is simple and the other eigenvalue is double. This corresponds to
one simple and one double roots for Ey in (4.3).

Remark 16 When ¢ = 0 in Example 1, one eigenvalue is zero, e.g., A3 = 0 in (4.4).
Setting #; = 1 and up = /1 — k? for the normalized dn-periodic wave (1.4) yields
the other two eigenvalues (A1, A7) in the form (1.7).

Lemma4 Assume  # 0, « = —(a + b)/2 and express (c, d, e) by (3.17). The cubic
equation (4.2) admits three simple roots in the explicit form:

1 1
(R1) Ey= g(a2 + 6ab + b*) + 5’32’
1 i
(R2+) Eg = —Z(a + b)2 + Eﬁ(a —b). 4.9)
Proof Roots (4.9) are obtained from roots (4.3) with the formal correspondence: u; =
a,uy =a+if,us = a —ip, us = b. The constraint uy + uy + u3 + ug = 0is

equivalent to a + b + 2o = 0, which allows us to eliminate « = —(a + b)/2 from all
expressions and to obtain eigenvalues in the form:

1 ' 1 J 1
M=g@=b 43 da=g@—b=3p k=3@+bh. @10
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The three roots for Eg in (4.9) and the three eigenvalues (A1, A2, A3) in (4.10) are
distinct if B # 0. O

Remark 17 When e = 0 in Example 5, one eigenvalue is zero, e.g., A3 = 0 in (4.10).
Setting @ = k and B = /1 — k? for the normalized cn-periodic wave (1.5) yields the
other two eigenvalues (A1, A>) in the form (1.8).

Remark 18 The explicit expressions (4.4) of the three eigenvalues for the periodic
wave (3.2) can be recovered from formulas (58) and (62) in Kamchatnov et al. (2012),
where they are derived by a different technique. The explicit expressions (4.10) of the
three eigenvalues for the periodic wave (3.15) are new to the best of our knowledge.

5 Proof of Theorems 3 and 4

Let us first establish algebraic relations on the squared eigenfunctions in the periodic
spectral problem (1.2) with the periodic solution u to the mKdV equation (1.1). We
rewrite Egs. (2.1), (2.5), (2.7), and (2.9) as a system of linear equations for squared
eigenfunctions:

P+a+pi+ql=u,
201(p2 = q2) +222(p2 — ¢2) = u,,
43P+ g + 43(p2 4 ¢3) = urx + 20> — 2Eou,
8A3(pT — q) + 803 (p3 — 43) = txxx + 6uPuyx — 2Equy,

5.D

where the subscripts denote the derivatives in x. Solving the algebraic system (5.1)
with Cramer’s rule yields the relations

’ 5 Uxx + 2u3 —2Equ — 4A%u

P1 +C[1 = s (52)
403 —23)
+ 6u”u, — 2Equ, — 413
p% _ qlz _ Uxxx U™ Uy , OZx zux (5.3)
8A1(AT — A3)

and similar relations for p% + q% and p% - q% obtained by the transformation | <> A;.
If u satisfies differential equations (2.30) and (2.36), the expressions (5.2) and (5.3)
are simplified to the form

2
2 2 e+ 4ru
gt = - 54
Pt 4i 20212 5.4
2Mu
2 2 x
— = 5.5
P1— 4 20212 (5.5

We also rewrite Eqgs. (2.6) and (2.10) as another system of linear equations for
squared eigenfunctions:
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4r1p1g1 +4rapaqa = Eo — u?, (5.6)
1643 p1g1 + 1633 p2ga = Ey + E3 + (ux)? — 2uuyy — 3u® + 2Equ®.
Solving the algebraic system (5.6) with Cramer’s rule yields the relations
Ey + E2 + (ux)* — 2uuyy — 3u* + 2Eou® + 405u® — 423E
dhaprg = DT @) aa 0 2 270 (57

2_ 52
4(A7 =A%)

and a similar relation for 4A; pogo> obtained by the transformation A1 < Ap. If u
satisfies the differential equation (2.33), while d and E are expressed by (2.40) and
(2.42), then the expression (5.7) is simplified to the form

M(Eo + 243 — u?)
I

piq1 = (5.8)

By using the relations (4.5) and (4.6), the relation (5.8) can be rewritten in the equivalent
form:

Al — 423 —2u?)
2 2 :
4002 — 2%

2piq1 = (5.9

Remark 19 Any eigenfunction ¢ = (p1, q1)" of the spectral problem (1.2) is defined
up to the scalar multiplication, and so are the Darboux transformations (1.23), (1.24),
and (1.25). Therefore, the denominators in (5.4), (5.5), and (5.9) can be canceled
without loss of generality. On the other hand, the numerators in (5.4), (5.5), and (5.9)
for the eigenfunction ¢ = (p1, ¢1)" can be extended to the other two eigenfunctions
¢ = (p2,q2)" and ¢ = (p3, g3)" by replacing A; — A and A; — A3 respectively.

We now proceed with the proof of Theorem 3. The following three lemmas represent
the outcomes of the onefold, twofold, and threefold Darboux transformations for the
periodic wave (1.14) with the periodic eigenfunctions of the spectral problem (1.2).

Lemma5 Assume us < uz < up < uy suchthatuy +uy +uz +us =0, uy +us #
0, uy +usz # 0, and uy + uz # 0. The onefold Darboux transformation (1.23)
with the periodic eigenfunction for each eigenvalue in (1.21) transforms the periodic
wave (1.14) to the periodic wave of the same period obtained after the corresponding
symmetry transformation in (1.18) and the reflection u — —u.

Proof Substituting (5.4) and (5.9) into (1.23) yields the new solution to the mKdV
equation (1.1) in the form:

eu + ZKf(c — 4)»%)

5.10
e —|—4)L%u ( )

U=

The representation (5.10) is a linear fractional transformation between two solutions
to the mKdV equation (1.1). By replacing A1 + Az and A1 > A3 in (5.10), two more
solutions u can be obtained from the representation (5.10).
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We show with explicit computations that the transformation (5.10) applied to the
periodic wave (3.2) with the eigenvalue A ; produces the same periodic wave after the
corresponding symmetry transformation (Sj) and the reflection u +— —u.

By using (3.2), (3.4), and (4.4), we perform lengthy but straightforward computa-
tions to obtain the following expressions:

1
e +4fu = (1 + 1)y — ua) (2 — )

(ur — u3) + (uz — up)sn?(vx; &)

. (5.11)
(2 — ug) + (uy — uz)sn(vx; «)
and
2 2 1
eu +207(c —4ry) = 5(1“ + u2)(uy — ug)(uz — ug)
(3 — u)uz + (U1 — uz)uzsn?(vx; K), 5.12)

(uz — ug) + (uy — uz)sn?(vx; «)

where v and k are given by (3.3). Substituting (5.11) and (5.12) into (5.10) foru 1 +uo #
0 produces a new solution in the form:

(5.13)

i(x) = — |:u3 + (w2 — u3)(uy — u3) :| |

(u1 —u3) + (uz — up)sn?(vx; k)

The new solution is obtained from the periodic wave (3.2) by the symmetry transfor-
mation (S1) in (1.18) and the reflection u — —u, see the explicit form (3.9).

By repeating the previous computations for the eigenvalue A in (4.4), we obtain
the following expressions:

1
e+ 4nju = 5 Wt u3)(ur — ua)(uy — u)

(uz — us) + (us — uz)sn’(vx; «)

> (5.14)
(up — ug) + (u1 — uz)sn*(vx; «)
and
2 2 1
eu +2X15(c —413) = E(”l +u3z)(uy — ug) (U1 — u2)
(usg — un)uz + (uz — ug)uzsn®(vx; «) (5.15)

(u2 — us) + (u1 — uz)sn(vx; k)

Substituting (5.14) and (5.15) into the onefold transformation for 1 +u3 7# 0 produces
a new solution in the form:

(5.16)

u(x) = — [uz + (ug —u2)(u3 — uz) } 7

(us — us) + (u3 — ug)sn?(vx; «)
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which is obtained from the periodic wave (3.2) by the symmetry transformation (S2)
in (1.18) and the reflection u — —u, see the explicit form (3.8).

By repeating the previous computations for the eigenvalue A3 in (4.4), we obtain
the following expressions:

1
e+ 4rju = 5 W2+ u3) = u2) @z — ua)

(U3 — ur) + (us — u3)sn?(vx; &)

: (5.17)
(2 — ug) + (uy — uz)sn(vx; «)
and
2 2 1
eu+215(c —4r3) = E(uz +u3)(uy — u2)(uz — ug)
(uy — u3)ug + (u3 — ug)uysn?(vx; K)’ (5.18)

(uz — ug) + (uy — uz)sn®(vx; k)

Substituting (5.17) and (5.18) into the onefold transformation for us +u3 # 0 produces
a new solution in the form:

(5.19)

i(x) = —|:u1+ (uz —ur)(usq —u) }

(u3 — up) + (us — uz)sn(vx; k)

which is obtained from the periodic wave (3.2) by the symmetry transformation (S3)
in (1.18) and the reflection u +— —u, see the explicit form (3.10). m]

Remark 20 1f ¢ = 0, the onefold transformation (5.10) simplifies to the form

. - 4)»%
= —— (5.20)

Setting u1 = 1 and u = +/1 — k? yields the normalized dnoidal periodic wave (1.4)
with the two nonzero eigenvalues (1.7). Substituting these expressions into (5.20)
yields

VI—&2

(e )~ TanG KR k) = Fulx + L/2), (5.21)

ux) =F

where L = 2K (k) is the period of the periodic wave (1.4). Hence, the transformed
solution (5.21) is again a translated and reflected version of the periodic wave (1.4).

Lemma 6 Under the same assumptions as in Lemma 5, the twofold Darboux trans-
Jormation (1.24) with the periodic eigenfunctions for any two eigenvalues from (1.21)
transforms the periodic wave (1.14) to the periodic wave of the same period obtained
after the complementary third symmetry transformation in (1.18).
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Proof Substituting (5.4), (5.5), and (5.8) into (1.24) yields the new solution to the
mKdV equation (1.1) in the form:

403 — 13)°[8A3A3u — e(Eg — u?)]
U+ 55 2 ) 2_ 2 2, .2 2 25"
8AIA[(ux)2 + (Eo + 203 — u®)(Eo + 223 — u?)] — (A3 + A3) (e + 422u) (e + 405u)

ﬂ =
By using the expressions (2.37), (2.40), and (2.41), we obtain

eEg — 423 03u

, 5.22
eu +4A313 622

u=

where Eg = )% - A% - )\% with A3 being the complementary third eigenvalue to the
pair (A1, A2). Any pair of two eigenvalues from the list of three eigenvalues in (4.4)
can be picked as (A1, A2).

The representation (5.22) is another linear fractional transformation between two
solutions of the mKdV equation (1.1). We show with explicit computations that this
transformation applied to the periodic wave (3.2) with the eigenvalue pair (A1, A2)
produces the same periodic wave after the complementary symmetry transformation
(S3).

By using (3.2), (3.4), and (4.4), we obtain the following expressions:

1
eu+ 41133 = 21 — ) (2 — ua) (uy + ) (wy + u3)

(1 — u3) + (u3 — us)sn®(vx; «)
(uz — ug) + (uy — uz)sn?(vx; k)

and

1
eEo — 4ATA3u = Z(ul —up)(uz — ug)(uy + uz)(uy + u3)

us(uy — u3) + uy (U3 — us)sn?(vx; k)
(uz — ug) + (u1 — uz)sn®(vx; k)

where v and « are given by (3.3). Substituting these expressions into (5.22) for u; +
uy # 0and uy + u3 # 0 produces a new solution in the form:

(ug —ur)(uy — u3)

, (5.23)
(u1 — u3) + (u3 — ug)sn®(vx; k)

ux)=u; +

The new solution is obtained from the periodic wave (3.2) by the symmetry trans-
formation (S3) in (1.18). Repeating the same computations for the eigenvalue pair
(A1, 23) in (4.4) for u; 4+ uz # 0 and uy + u3 # 0 produces the periodic wave (3.2)
after the symmetry transformation (S2) in (1.18). Repeating the same computations
for the eigenvalue pair (A, A3) in (4.4) for u; + u3 # 0 and ur + u3 # 0 produces
the periodic wave (3.2) after the symmetry transformation (S1) in (1.18). m|
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Remark 21 The twofold transformation with two eigenvalues (11, Ap) can be thought
as a composition of two onefold transformations with eigenvalues A1 and A,. Indeed,
by Lemma 5, the onefold transformation with A1 performs symmetry transformation
(S1) and reflection, whereas the onefold transformation with A, performs symmetry
transformation (S2) and reflection. Composition of (S1) and (S2) yields (S3), whereas
two reflections annihilate each other.

Remark 22 1f e = 0, the twofold transformation (5.22) yields # = —u. Indeed, the
onefold Darboux transformations of the dn-periodic wave (1.4) with the two nonzero
eigenvalues in (1.7) produce (5.21), a composition of which yields just the reflection
of u.

Lemma 7 Under the same assumptions as in Lemma 5, the threefold Darboux trans-
formation (1.25) with the periodic eigenfunctions for all three eigenvalues in (1.21)
transforms the periodic wave (1.14) to itself reflected with u — —u.

Proof By using (5.9) with ¢ = Z(X% + A% + )L%) and neglecting the denominators, we
write the product terms in the form:

Mpigr 2303 + 22— a3 —u?),
Mapagy =500 + 43 — A5 —u), (5.24)
A3p3gs =305 + 35 =45 —u?),

the sign = denotes the missing multiplication factor. By using (5.4) and (5.5) and
neglecting the same denominators, we also express the squared components in the
form:

2p} Ze+40ju+ 20y, 2q7 = e+ 40Tu — 20 uy,

2p5 e+ 40Ju+2houy,  2q5 = e+ 403u — 2hou,, (5.25)
2p3 Ze+403u+ 2h3ux,  2g5 = e+ 423u — 203u,.

Only for succinctness in writing, let us make the notation
Ti=e+4rju, Yo=e+43u, T3=e+423u.

By substituting (5.24), and (5.25) back into the threefold transformation formula (1.25)
we simplify the numerator N and the denominator D with the straightforward com-
putations to the form:

N =233 —AD A3 = A 0F 4+ 23 — A3 — uHI8ATAs(w* + d)
+e2 (AT + 23 —u?) +deu(r] — 2D F M3 - A3 - A3
3+ 23 =23 — )BTt + d) + (0 + 43 — u?) + deu(h — 23)%]
FA303 =3 —2H 3 + 23— A —u?)
[8)303(u* + d) + > (A3 + 13 — u?) + deu(r3 — 23]
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=8I + A3 — A3 — )M + 43 — A3 — 1) (A3 + A3 — A — u?)
x(d + 1323 + 2323 AZA 8

and
1
= (M + 227 (1 4+ 1322 — )»3)2[ZT1T2T3 + U2 (MA3 Y1 — AA2 T3

1
— A3 T)]+ A1 4 22)2(ha + 23)2 (g — Ag)z[zm 1273
+MJ2C(M)»3T2 — A3 — A3 YD+ (1 + 2320 4+ 23)2 (0 — 22)?
1
[ZT1T2T3 + u)zc (A A3 — AA32 — AaA3 )]
+(h1 = 22)% (2 — A3)2 (A1 — 13)?
1
[—T1T2T3 + MZ(M)@Tz + A2 Y3 4+ A3 )]
—8,\2)\ 203 =203 D03+ - —uH T3 - -
—8ATAI(A3 — ADH (A3 — ADT2 (A3 + A3 — 12 — uz)()\2 + 43— 23 —u?)
—8AZA (] = A3)0F = ADTIAT + 243 — 43 — uh) (0] + 23 — 23 —ud).

By using (2.37) to express (uy)? and using (4.6), (4.7), and (4.8) to express (c, d, e),
we obtain

1
N =32r120030F =220 — 29203 — 2D = —EMD,

which yields t = u — 2u = —u. O

We end this section with the proof of Theorem 4. The following three lemmas
represent the outcomes of the onefold, twofold, and threefold Darboux transformations
for the periodic wave (1.16) with the periodic eigenfunctions of the spectral problem
(1.2). Only real-valued solutions # to the mKdV equation (1.1) are allowed as the
outcomes of the Darboux transformations.

Lemma 8 Assume a # +b. The onefold Darboux transformation (1.23) with the
periodic eigenfunction for eigenvalue A3 in (1.22) transforms the periodic wave (1.16)

to the periodic wave of the same period obtained after the symmetry transformation
(S0) in (1.19) and the reflection u +— —u.

Proof By using (3.15), (3.17), and (4.10), we obtain the following expressions:

2 (14+8)+ (1 —8)en(vx; k)
(1438)+ (6 — en(vx; k)

1
e+4k%u = E(a+b)v

and

__( +b)v 2 (b + ad) + (b — ad)cn(vx; k)

eu+2)\3(0—4)\ ) = (14 8) + (8§ — Den(vx; k)
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where &, v, and « are defined by (3.16) with « = —(a + b)/2. Substituting these
expressions into (5.10) with A — A3 for a 4+ b # 0 produces a new solution

(5.26)

) = — |:b . (a — b)(1 — cen(vx; k)) i| ’

148714+ (! — Den(vx; k)

which is obtained from the periodic wave (3.15) by the symmetry transformation (SO)
in (1.19) and the reflection u +— —u, see the explicit form (3.20). m|

Remark 23 The onefold transformation (5.10) with A; — A3 cannot be used fore = 0,
because A3 = 0 and (p3, g3) = (0,0) if e = 0.

Lemma 9 Under the same assumptions as in Lemma 8, the twofold Darboux trans-
formation (1.24) with the periodic eigenfunctions for two eigenvalues L1 and Ay from
(1.22) transforms the periodic wave (1.16) to the periodic wave of the same period
obtained after the symmetry transformation (S0) in (1.19).

Proof By using (3.15), (3.17), and (4.10), we obtain the following expressions:

1
eu + 4)\%)5 = -
4 (148) 4+ (§ — Den(vx; k)

|:‘1—‘(a e ,32:| 2 (1+8)+ 1A —38)cn(vx; k)
and

5 (b+ad)+ (b —ad)en(vx; k)
(148) 4+ (8 — Den(vx; k)

171

eEg— 4\ 5u =~ |—(a—b)?> +p°|v
414

where &, v, and « are defined by (3.16) with « = —(a + b)/2. Substituting these

expressions into (5.22) for a + b # 0 produces a new solution

(a — b)(1 —cn(vx; k))
1+686 14+ 61— Den(vx; k)’

i(x) =b+ (5.27)

which is obtained from the periodic wave (3.15) by the symmetry transformation (SO)
in (1.19). O

Remark 24 1f e = 0, then the twofold transformation (5.22) produces & = —u, which
is just a reflection of u.

Lemma 10 Under the same assumptions as in Lemma 8, the threefold Darboux trans-
formation (1.25) with the periodic eigenfunctions for all three eigenvalues in (1.22)

transforms the periodic wave (1.16) to itself reflected with u — —u.

Proof Computations in the proof of Lemma 7 are independent on the choice of
(A1, A2, 23), hence they extend to the eigenvalues in (1.22). O
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6 Second Solution of the Lax System

By Theorems 3 and 4, Darboux transformations with periodic eigenfunctions of the
spectral problem (1.2) only generate symmetry transformations of the periodic solu-
tions to the mKdV equation (1.1). In order to obtain new solutions to the mKdV
equation (1.1), we construct the second linearly independent solution to the spectral
problem (1.2) with the same eigenvalue A. We also include the time evolution (1.3) in
all expressions.

The following lemma gives the time evolution of the periodic eigenfunction ¢
satisfying the Lax equations (1.2)—(1.3) if « is the periodic travelling solution to the
mKdV equation (1.1).

Lemma 11 Letu(x,t) = u(x—ct) be aperiodic travelling wave of the mKdV equation
(1.1) with the wave speed c, hence u satisfies the third-order differential equation
(2.30). Let ¢ = (p1,q1)" be the periodic eigenfunction of the spectral problem (1.2)
with A = A1. Then, p(x,t) = @(x — ct) satisfies the time evolution system (1.3).

Proof Since the relation (2.1) holds for every ¢ and u(x, t) = u(x —ct), then p(x, t) =
¢(x — ct). Alternatively, by using (2.36), (5.4), (5.5), and (5.8) in the time evolution
problem (1.3), we obtain

ap1 ap1 9q1 9q1
Ta. — 09 T~ V= 07
or 1 “ox or T ox

hence p1(x,t) = p1(x —ct) and g1 (x, 1) = q1(x — ct). O

Let ¢ = (p1, g1)" be the periodic eigenfunction of the spectral problem (1.2) with
A = A1 and denote the second linearly independent solution the same spectral problem
(1.2) with the same A = A1 by ¢ = (p1, ¢1)". Since the coefficient matrix in (1.2) has
zero trace, the Wronskian determinant between the two solutions is constant in x and
nonzero. To keep consistency with our previous work (Chen and Pelinovsky 2018),
we normalize the Wronskian by 2, hence

141 — p1q1 = 2. (6.1)

In the previous work (Chen and Pelinovsky 2018), we constructed the second solution
in the explicit form:

N or—1 01 +1
p1= . g1 = : 6.2)
q P

where 0; satisfies a certain scalar equation in x and 7, which can be easily integrated.
The corresponding expressions were used in Chen and Pelinovsky (2018) to construct
the rogue waves on the periodic background; however, it was found that the expressions
may be undefined if there exists a point of (x, #) for which either p; or g vanishes.

Here we consider a different representation of the second solution which is free of
the technical problem above. The following lemma represents the second solution in
the explicit form.
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Lemma 12 Let ¢ = (p1, q1)! be the periodic eigenfunction satisfying the Lax equa-
tions (1.2)—(1.3) with . = Ay and u(x,t) = u(x — ct) and let ¢ satisfy the
normalization conditions (5.4), (5.5), and (5.9). The second linearly independent solu-
tion satisfying the normalization (6.1) can be written in the form:

1’31=Pl¢1—L 61=Q1¢1+2¢ (6.3)
pi+ai pi+ai
with
c—4axr —2u?

xX—ct
610, 1) = —1602 —22) [x%/o dy+t+w1] (6.4)

(e + 4)»%14)2

where 1 is independent of (x, t).

Proof By substituting the representation (6.3) to the spectral problem (1.2) with A = A
and using the same spectral problem (1.2) for ¢ = (p1, g1)’, we obtain

a 8
0 Sapai 6.5)
dx (p1 + ql)Z
Thanks to (5.4) and (5.9), this equation can be integrated to the form
¢ = —1602 —132) AZ/XC_“%_z”zd + (6.6)
1= e A (e + 4320)? Yy L .

where 1 is the constant of integration in x that may depend on 7.
On the other hand, by substituting the representation (6.3) to the time evolution
system (1.3) with A; and using the same system (1.3) for ¢ = (p1, ¢q1)", we obtain

I 8ripiq1(dai +2u?)  8hux(pi —q7)

991 _ 6.7)
dt (P +q1)? (P} +q})?
Substituting (5.5), (5.9), and (6.5) into (6.7) yields the scalar equation
8¢1 3¢1 2 2
— — = —16(A7 — A5),
ot S ox A=)
from which we obtain (6.6), where /1 is now constant both in x and ¢. O

Remark 25 Without loss of generality, thanks to the translational invariance in (x, f),
we can set Y1 = 0 so that if u is even in x, then ¢ is odd in x at = 0.

Remark 26 The representation (6.3) is non-singular for every (x, #) for which p% +
ql2 # 0.If A € Rwithreal ¢ = (p1, q1)", we have p% +q12 # 0 everywhere because
if ¢ vanishes at one point, then ¢ is identically zero everywhere since it satisfies the
first-order systems (1.2) and (1.3).
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Remark 27 1f A1 ¢ R, the representation (6.3) is non-singular if ¢ # 0 and singular if
e = 0. This follows from the expression (5.4) which shows that p7 + g7 = e + 42%u
withe € R and u € R. If e = 0, the cn-periodic solution (1.5) vanish at some points
of (x, t), which lead to the singular behavior of p; and §; given by (6.3). Note in this
case, the previous representation (6.2) is non-singular, as it follows from our previous
work (Chen and Pelinovsky 2018).

7 Proof of Theorems 5 and 6

Here we use the Darboux transformation formulas (1.23), (1.24), and (1.25) with the
second solutions of the Lax system (1.2) and (1.3) for the same eigenvalues A1, A2, and
A3 as in Theorem 2. Outcomes of the Darboux transformations are first represented
graphically and then studied analytically.

Substituting (6.3) into the onefold transformation (1.23) yields the new solution to
the mKdV equation (1.1) in the form:

i u g PN (7.1)
D’ '
where
P1q1
Ny i= s [oF + aDet - 4]+ 200 - aDs,
rit4qi

Dy = (p} + ¢} + 4.

with ¢ given by (6.4) for the choice of ¥; = 0.
Figure 3 shows three new solutions computed from the periodic wave (1.14) with
the parameter values:

uy =2, uy=-0.25 wu3=-0.75 u4=-1. (7.2)

The three solutions are generated with three different choices for the eigenvalue X
given by (1.21). Each solution displays an algebraic soliton propagating on the back-
ground of the periodic travelling wave.

Substituting (6.3) into the twofold transformation (1.24) yields the new solution to
the mKdV equation (1.1) in the form:

4003 =23 (A N1 Dy — AaN2 Dy)
(A +23)D1 Dy — 811 22N 1Ny — 201028152

i=u+ (1.3)

where for j = 1,2

@ Springer



Journal of Nonlinear Science (2019) 29:2797-2843 2833

-10

Fig.3 Three outcomes of the onefold transformation of the periodic solution (1.14)
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i
Nj = 2 [0 + )07 — 4] +20% - D).
P +q]‘
(P? —6]]2-) [
= | (P + 4] —4] —8pjaj®),
J p?—i—qu- J J J J1]¥]

Dj = (p; +4)°¢; + 4.

The expression for ¢ is given by (6.4) with ¢r; = 0. Note that the numerical factor
(A% — 23) in (6.4) cancels with the denominators in the expressions (5.4), (5.5), and
(5.9) for the squared eigenfunctions. Therefore, the expression for ¢, and ¢3 can be
obtained with the transformation A; — A and A| — X3 respectively.

Three choices exist for an eigenvalue pair (11, A2) from the three real eigenvalues
in (1.21). Figure 4 shows three new solutions computed from the periodic wave (1.14)
with the same choice of parameters as in (7.2). The three solutions display three dif-
ferent choices of two algebraic solitons propagating on the background of the periodic
travelling wave.

Substituting (6.3) into the threefold transformation (1.25) yields a new solution in
the explicit form that is similar to (7.1) and (7.3). There is only one choice for the three
real eigenvalues (A1, Az, A3) in (1.21). Figure 5 shows the new solution computed
from the periodic wave (1.14) with the same choice of parameters as in (7.2). The
new solution displays three algebraic solitons propagating on the background of the
periodic travelling wave.

The proof of Theorem 5 relies on the following two lemmas.

Lemma 13 Let (p1,2,3,q1,2,3) be the periodic solution to the Lax equations (1.2)—
(1.3) for A¢12.3 and (P1.2.3, 41.2.3) be the second solution in Lemma 12. Let it be the
Darboux transformations of u with the periodic solution and it be the corresponding
Darboux transformations of u with the second solution. Then, we have

lim & =u, lim 4 =2u—1u. (7.4)
[¢1,2,3]—>00 [$1,2,31—0

Proof By using (5.10) and (7.1) for the onefold transformation, we obtain

. R piqr .
Iim u=u — 5 =1u
[¢1]—>00 P +q1
and
A 4r1p1qi .
lim u:u—ﬁ=2u—u.
[¢11—0 P +q1

By using (5.22) and (7.3) for the twofold transformation, we obtain similarly:

403 —23) [Mmql (P3+43) — rapra2(p? + qlz)]
+ =
A3+ (2 + gD (3 + ¢3) — 2n10al4p1a1 p2g2 + (P — 4D (P3 — ¢3))

lim U=u i
#1112 ]—>00
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Fig.4 Three outcomes of the twofold transformation of the periodic solution (1.14)
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Fig.5 Outcome of the threefold transformation of the periodic solution (1.14)

and

402 =) [Mp1a1 (3 +43) — (PP +4])]

lim a=u
|11,1¢21—0

The proof for the threefold Darboux transformation (1.25) is similar.

— = ZU
03 +213)(p} +aD)(P3 +q3) — 21 hal4pigi praz + (P — aD) (P53 — 43)]

O

Lemma 14 Assumeus < u3 < up < uy suchthatui+uz+uz+us =0, uy+uz # 0,
u1+u3z # 0, and ur +usz # 0. Under the following three non-degeneracy conditions,

A2 (ujuy + usug + 2u?
%1(12 3U4 )dy;éO,

(e + 423u)?
f A%(u1u3 + upua + 2u?)
(e + 4)L%u)2

dy #0,

and

% X%(ulm + uruz + 2u2)

dy #0,
(e + 432u)? e

(7.5)

(7.6)

(1.7)

where 55 denotes the mean value integral, there exist c1, ca, ¢3 # ¢ such that the second
solutions to the Lax system (1.2)—(1.3) for u in (1.14) and eigenvalues L1, A2, A3 in
(1.21) are linearly growing in x and t everywhere on the (x, t) plane except for the
straight lines x — c123t = &1 2.3, where &1, &2, &3 are phase parameters which are

not uniquely defined.

Proof Thanks to the periodicity of ¢ = (p1, q1) in (x, t) and the explicit representa-
tion (6.3)—(6.4) for the second solution ¢ = (p1, ¢1)’, the proof follows from analysis

of the factor
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Table 1 Characteristics of rogue waves on the periodic background (1.14)

Transformation i (0) 1(0) u(L/2) u(L/2)
Onefold with A1 —up 2uy +up —uq 2uy 4+ uq
Onefold with Ay —u3 2ui 4+ u3 —uy 2uy + uy
Onefold with A3 —uy 2uy +uyg —u3 2uy + u3
Twofold with (A1, A2) uq 2u — uy u3 2uy —u3
Twofold with (A1, A3) u3 2uy — u3 uq 2uy — uy
Twofold with (Ao, A3) us 2up — uyp uy 2uy —uy
Threefold with (L1, A2, A3) —u 3uy —un 3uy
$r0x.1) /“t MO0 =20 Ly (7.8)
11X, 7) = y 1- .
0 (e +423u)?

Let M be the mean value of the factor under the integration sign and assume that
M # 0. Then,

(;31 (x,t) = M{(x — ct) + t 4 periodic function. (7.9)

Hence, |q~51 (x,1)] — oo as a linear function of (x, ) everywhere on the (x, t) plane
except for the straight line x — cit = &, where ¢y =c — M| "and & is not uniquely
defined due to the phase parameter /. Similar formulas are obtained for the second
solutions (p3, ¢2) and (p3, g3). The conditions My, My, M3 # 0 are equivalent to
the non-degeneracy conditions (7.5), (7.6), and (7.7) respectively, e.g., ¢ — 4A% =
2003 + 23 — A3 = —(uiuz + uzus). o

Remark 28 The first limit in (7.4) tells us that the new solution & approaches the
transformed periodic wave u almost everywhere on the (x, ¢) plane as |x| + |t| — oo
except for the lines x — ¢y 2 3¢t = &1 2 3. Algebraic solitons propagate along these lines
with the wave speeds ¢ 2 3.

Remark 29 The second limit in (7.4) tells us the amplitude of the algebraic soliton
on the periodic background . The periodic wave u in (3.2) has two extremal points
u(0) = uy and u(L/2) = up and our convention is uqg < u3z < up < uy. Table 1
shows the periodic background i and the new solution # at two extremal points of u.

We next represent graphically the outcomes of the onefold, twofold, and threefold
Darboux transformations for the periodic wave (1.16). For the onefold transformation
(7.1), only one choice generates the real solution i to the mKdV equation (1.1). This
choice corresponds to the real eigenvalue A3 in (1.22). Figure 6 shows the new solution
computed from the periodic wave (1.16) with the parameter values:

a=15 b=-05 o=-05 pg=2. (7.10)

The new solution displays the algebraic soliton propagating on the background of the
periodic travelling wave.
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Fig.6 Outcome of the onefold transformation of the periodic solution (1.16)

5

-10

Fig.7 Outcome of the twofold transformation of the periodic solution (1.16)

For the twofold transformation (7.3), only one choice generates the real solution
i to the mKdV equation (1.1). This choice corresponds to the complex-conjugate
eigenvalues (A1, Ap) in (1.22). Figure 7 shows the new solution computed from the
periodic wave (1.16) with the same choice of parameters as in (7.10). The new solution
displays a fully localized rogue wave on the background of the periodic travelling wave.

Figure 8 shows the outcome of the threefold transformation computed from the
periodic wave (1.16) with the same choice of parameters as in (7.10). All three eigen-
values (A1, Az, A3) are selected from the list (1.22). The new solution displays both
the algebraic soliton propagating on the background of the periodic travelling wave
and a localized rogue wave at the center.

The proof of Theorem 6 relies on Lemma 13 and the following lemma.
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Fig.8 Outcome of the threefold transformation of the periodic solution (1.16)

Lemma 15 Assume a # £b. Under the following two non-degeneracy conditions,

209 B(r — ) — 2 2
Im?g,\l(zzﬂ(a b) — (a+b)* +4u )dy#o (7.11)

(e + 4)\%u)2

and

12(4B% + a® + b + 6ab + 8u?
%‘3(5 +a*+ +a+u)dy7é0, (7.12)

(e + 4A§u)2

the second solutions to the Lax system (1.2)—(1.3) for u in (1.16) and eigenvalues A1, A
in (1.22) are linearly growing in x and t everywhere, whereas there exists co 7 c such
that the second solution for A3 in (1.22) is linearly growing in x and t everywhere
except for the straight line x — cot = &y, where &g is the phase parameter which is not
uniquely defined.

Proof In the representations (7.8) and (7.9), the value of M is complex since 1| in
(1.22) is complex. If Im(M7) # O, then |1 (x, 1)| — oo as a linear function of (x, 1)
everywhere on the (x, ¢) plane. The same is true for the solution (p3, ¢2) since Ap = Al
However, the solution (p3, ¢3) with real A3 is real and the representation (7.9) with
M3 # 0 shows that |q~51 (x, t)| remains bounded on the straight line x —cot = &y, where
co =c— My ! and &o is not uniquely defined due to the phase parameter /3. The
conditions Im(M7) # 0 and M3 # 0 are equivalent to the non-degeneracy conditions
(7.11) and (7.12) respectively, e.g., c — 423 = 2(A3 + 23 —13) = —(B% + (a® + b* +
6ab)/4). O

Remark 30 By Lemma 15, the new solution # after the onefold transformation with
eigenvalue A3 approaches the transformed periodic wave i everywhere on the (x, t)
plane as |x| 4 |¢| = oo except for the line x — cot = &y, where the algebraic soliton
propagates. The periodic wave u in (3.15) has two extremal points #(0) = a and
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Table 2 Characteristics of rogue waves on the periodic background (1.16)

Transformation 1(0) 1(0) u(L/2) u(L/2)
Onefold with A3 —b 2a +b —a 2b+a
Twofold with (A1, A2) b 2a — b a 2b—a
Threefold with (A1, A2, A3) —a 3a —b 3b

u(L/2) = b and our convention is b < a. Table 2 shows the periodic background #
and the new solution # at two extremal points of u.

Remark 31 By Lemma 15, the new solution # after the twofold transformation with
eigenvalues (A, ) approaches the transformed periodic wave & everywhere on the
(x,t) plane as |x| + || — oo. Hence, this is the proper rogue wave in the sense of
Definition 1. Table 2 shows the magnification factors of the rogue wave defined as a
ratio between the extremal values of &z and i1, e.g., M = max{|2a—b|/|b|, |2b—al/|al}.

Remark 32 The threefold transformation with all three eigenvalues (A1, A3, A3) pro-
duces both the rogue wave and the algebraic soliton with the wave speed cg. Table 2
shows that the new wave # has triple magnification compared to the periodic back-
ground .

8 Conclusion

We have addressed the most general periodic travelling wave solutions to the mKdV
equation (1.1) and obtained the periodic solutions to the Lax system (1.2)—(1.3) for
three particular pairs of eigenvalues A away from the imaginary axis. For the family
of periodic waves (1.14) generalizing the dn-periodic wave (1.4), the three pairs of
eigenvalues 11, £A;, £A3 are real. For the family of periodic waves (1.16) general-
izing the cn-periodic wave (1.5), one pair 13 is real and two pairs £A1, =A, form a
quadruplet of complex eigenvalues. By using the Darboux transformations, we have
showed that transformations involving the periodic eigenfunctions remain in the class
of the same periodic wave solutions, whereas transformations involving second non-
periodic solutions to the Lax system (1.2)—(1.3) for the same eigenvalues generate new
solutions on the background of the periodic waves. Among new solutions, one solution
is a rogue wave on the periodic background satisfying (1.9), whereas all others are
algebraic solitons propagating on the periodic background. The rogue wave exist on
the background of the periodic wave (1.16) which is expected to be modulationally
unstable with respect to perturbations of long periods.

Let us summarize the outcomes of the algebraic method for periodic solutions
to the mKdV equation (1.1) expressed by the Riemann Theta functions of genus g
with g = 0, 1, 2. These solutions are obtained by degeneration of the three Dubrovin
variables 111, (2, and w3 related to the periodic solution u in (2.25), (2.26), and (2.27).
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If w1 = w2 = pu3 =0, thenu(x, t) = u; is a constant wave with u; € R. This
corresponds to only one pairs of real eigenvalues A with A1 = u; and the
constant solution to the Lax system (1.2)—(1.3).

If up = u3 =0, then u(x, t) = u(x — ct) satisfies the second-order equation

d2
d—L21+2u3—cu=O,
X

which is solved by two families of the solutions (1.14) and (1.16) in the case
e = 0. One solution corresponds to u4s = —u1, u3 = —uy and it generalizes
the dn-periodic wave (1.4), whereas the other solution corresponds to b = —a,
a = 0, B # 0 and it generalizes the cn-periodic wave (1.5). As is shown in
Chen and Pelinovsky (2018), the algebraic method produces only two pairs of
eigenvalues +X 1, A, with the periodic eigenfunctions of the Lax equations
(1.2)—(1.3), where

1 1
Al =§(u1+uz), ?»2=§(M1—u2)
for the periodic solution (1.14) and

1 1
A= E(Cl +iB), i = z(a —ip)

for the periodic solution (1.16).

If u3 =0, then u(x, t) = u(x — ct) satisfies the third-order equation
d3u n s du du 0
— — — C— —_— .
dx3 dx dx

which is solved by two families of the solutions (1.14) and (1.16) in the general
case e # 0. As is shown here, the algebraic method produces only three pairs
of eigenvalues A, =X, A3 with the periodic eigenfunctions of the Lax
equations (1.2)—(1.3).

Based on the summary above, it is natural to conjecture that the solution u to the
mKdV equation (1.1) expressed by quasi-periodic Riemann Theta function of genus
g is related to exactly g + 1 pairs of eigenvalues in the spectral problem (1.2) with
the quasi-periodic eigenfunctions of the same periods. Moreover, location of these
eigenvalues is related to parameters of the Riemann Theta functions. It is also natural
to conjecture that no other eigenvalues A with the quasi-periodic eigenfunctions exist
away from the imaginary axis. To the best of our knowledge, these mathematical ques-
tions have not been solved in the literature, in spite of the large amount of publications
on the mKdV equation. Solving these problems in future looks an interesting question
of fundamental significance with many potential applications.
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