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LINEAR INSTABILITY AND UNIQUENESS OF THE PEAKED
PERIODIC WAVE IN THE REDUCED OSTROVSKY EQUATION*

ANNA GEYER' AND D. PELINOVSKY#

Abstract. The stability of the peaked periodic wave in the reduced Ostrovsky equation has
remained an open problem for a long time. In order to solve this problem we obtain sharp bounds
on the exponential growth of the L2 norm of co-periodic perturbations to the peaked periodic wave,
from which it follows that the peaked periodic wave is linearly unstable. We also prove that the
peaked periodic wave with a parabolic profile is the unique peaked wave in the space of periodic L?
functions with zero mean and a single minimum per period.
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1. Introduction. We address solutions of the Cauchy problem for the reduced
Ostrovsky equation [33] written in the form

(1.1)

wp +uu, = 07 u, >0,
ult=0 = uo,

where wug is a 27m-periodic function with zero mean defined in the Sobolev space
H:. (—m,m) for some s > 0, which we simply write as H? We denote the sub-

per per*
space of 2r-periodic functions with zero mean in Hp., by Hp. The operator 9, L.

ngr — ngrl denotes the antiderivative with zero mean, which can be defined using

Fourier series.

The reduced Ostrovsky equation is also known under the names of the Ostrovsky—
Hunter and Ostrovsky—Vakhnenko equation, due to contributions of Hunter [26] and
Vakhnenko [43].

Local solutions to the Cauchy problem (1.1) with ug € ngr exist for s > 2

[39], and we refer to [32] for a discussion on how the well-posedness in H*(R) is

extended to Hser. For sufficiently large initial data, the local solutions break in finite

time, similar to the inviscid Burgers equation [32]. However, if the initial data ug is
suitably small, then the local solutions for s = 3 are continued for all times [19, 20].
Weak bounded solutions with shock discontinuities were constructed in [7, 8]. Weak
solutions of the Cauchy problem (1.1) as the limiting solution of the Cauchy problem
for the regularized Ostrovsky equation were considered in [6].
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The reduced Ostrovsky equation with smooth solutions is completely integrable as
it can be reduced to the integrable Tzizeica equation by a coordinate transformation
[29]. This property enables a construction of a bi-infinite set of conserved quantities in
the time evolution [5] and the inverse scattering transform with the Riemann—Hilbert
approach [1]. Two integrable semidiscretizations of the reduced Ostrovsky equation
have been obtained by using bilinear forms [16].

The stability of smooth and peaked periodic waves in the reduced Ostrovsky
equation has been recently addressed in a number of publications [14, 18, 21, 22, 38].
By using higher-order conserved quantities the smooth small-amplitude periodic waves
were shown in [14] to be unconstrained minimizers of a higher-order energy function.
This result holds for subharmonic perturbations, that is, perturbations whose period
is a multiple of the period of the smooth periodic waves. Since the higher-order
conserved quantities are well-defined in the space Hg‘cr, where global well-posedness
has been proved [20], it follows from the minimization properties that smooth small-
amplitude periodic waves are both spectrally and orbitally stable. The minimization
properties were confirmed numerically for smooth periodic waves of large amplitude all
the way up to the limiting peaked wave of parabolic profile with maximal amplitude,
for which the numerical results were inconclusive [14].

The spectral stability of smooth periodic waves with respect to co-periodic pertur-
bations, that is, perturbations with the same period as the period of the periodic wave,
was shown in [18] by using the standard variational formulation of the periodic waves
as critical points of energy subject to fixed momentum. This result holds also for the
generalized reduced Ostrovsky equation with power nonlinearity. Independently, the
spectral stability of smooth periodic waves in the reduced Ostrovsky equation was
shown in [22] by using a coordinate transformation of the spectral stability problem
to an eigenvalue problem studied earlier in [38].

Regarding the peaked periodic waves, some conflicting results were recently ob-
tained. In [22], the peaked wave with the parabolic profile was addressed and claimed
to be “unstable in the absence of periodic boundary conditions.” A formal proof of
this statement was obtained by constructing explicit solutions of the spectral stabil-
ity problem for a positive (unstable) eigenvalue. However, this construction violates
the periodic boundary conditions on the perturbation and hence does not provide
an answer to the spectral stability question. In contrast, families of peaked periodic
waves of small amplitude, which were previously unknown in the context of the re-
duced Ostrovsky equation, were constructed in [21] and these families were shown
to be spectrally stable with respect to co-periodic perturbations by using the same
coordinate transformation as in [38].

In this paper we give a simple and definite conclusion about the existence, unique-
ness, and stability of peaked periodic waves in the reduced Ostrovsky equation. This
is the first time, to the best of our knowledge, that the linear instability of peaked
periodic waves is proved by means of semigroup theory and energy estimates.

The following theorem presents a summary of the main results of this paper. See
Definitions 1, 3 and Lemmas 2, 7 for precise statements.

THEOREM 1.
1. Uniqueness: The peaked periodic wave U, with parabolic profile is the unique
(up to spatial translations) peaked traveling wave solution of the reduced Os-

trovsky equation in le)er having a single minimum per period. The solution is

Lipschitz continuous and exists in Hser with s < 3/2. Moreover, the reduced

Ostrovsky equation does not admit any Hoélder continuous solutions.
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2. Instability: The orbit generated by spatial translations of the peaked periodic

wave U, is linearly unstable with respect to perturbations in Xéer, where

(1.2) Xt o ={vel?,: (c.—U)ve Ho}

per per

and ¢, 1s the wave speed of the periodic wave U,.

Part (1) of Theorem 1 allows us to prove that the families of peaked periodic small-
amplitude waves constructed in [21] do not satisfy the reduced Ostrovsky equation
(see Remark 6). Our analysis relies on Fourier theory and the existence of a first
integral. Indeed, the reduced Ostrovsky equation for smooth periodic waves can be
rewritten as a second-order differential equation with a conserved quantity. Although
this equivalence cannot be used when dealing with peaked periodic waves, we can
still use a first-order invariant of the second-order differential equation to analyze
the behavior of the smooth parts of the peaked periodic waves together with sharp
estimates of the solution at the singularity (see Remark 4 and Lemma 2).

Part (2) of Theorem 1 gives a definite conclusion on linear instability of the peaked
periodic wave with parabolic profile with respect to co-periodic perturbations. We do
not make any claims regarding the spectral stability problem related to the peaked
periodic wave (see Remark 19). Instead, we prove linear instability of the peaked
periodic waves by obtaining sharp bounds on the exponential growth of the L? norm

of the co-periodic perturbations in the linearized time-evolution problem in Xéer (see

Lemma 7). Note that Hrl,er is continuously embedded into X, but is not equivalent

to X, (see Remark 8).

It is interesting to compare peaked periodic waves in the reduced Ostrovsky equa-
tion with peaked waves in other related nonlinear dispersive equations such as the
Whitham equation and the Camassa—Holm equation. The existence of smooth pe-
riodic traveling waves in the Whitham equation has recently been established by
[4, 10, 11, 12], where it was shown that the family of smooth periodic waves termi-
nates at the highest, peaked wave, similarly to what happens for the reduced Os-
trovsky equation. It was shown numerically in [36] that smooth periodic waves of
small amplitude are stable while smooth waves of large amplitude become unstable,
even before reaching the highest wave. This is different from the reduced Ostrovsky
equation, where all smooth periodic waves are stable even for large amplitudes up
to the peaked wave (see [14]), whereas the peaked periodic wave is unstable. For
the Camassa—Holm equation, both the smooth periodic waves of all amplitudes and
the limiting peaked periodic wave are stable; see [30, 31] and the earlier result [9] on
peakons. It is an open question to understand which precise mechanisms govern these
surprisingly different stability behaviors.

The paper is organized as follows. Section 2 contains the proof that the peaked
wave with parabolic profile is unique up to spatial translations in the space of functions
in L%er with a single minimum per period. Section 3 gives the proof of linear instability
of the peaked periodic wave with respect to co-periodic perturbations. Section 4
concludes the paper with summary and discussions.

2. Peaked periodic wave. The periodic traveling waves in the reduced Ostro-
vsky equation are given by

u(z,t) = U(x — ct),

where ¢ is the wave speed and U is a bounded 27w-periodic wave profile with zero
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mean. The wave profile U is to be found from the boundary-value problem

[c—U(2)|U'(2) + (0;1U)(2) =0 for every z € (—m,m) with U(z) # ¢,

(2.1) 7
U(—m)=U(n), [ U(z)dz=0,

where z = x — ct is the traveling wave coordinate. If U € Lger, then 97U € Héer.

By Sobolev’s embedding, it follows that 9;'U € Cper so that the antiderivative 871U

with zero mean can be expressed by the pointwise formula

4 1 s z
(2.2) (071U)(2) = / U(z')dz' — —/ / U(z)dz'dz, z¢€ [—m,7].
0 2r J = Jo

In what follows, we assume that U is at least continuous on [—, 7], that is, we assume
that U € Cper. For a € (0,1), let CF,, be the space of a-Hélder 27-periodic continuous
functions such that

(2.3) U(z) Uyl < Klz —y|* Va,yel-mm7]

for some K € R. We will adopt the following definition of single-lobe periodic waves.

DEFINITION 1. We say that U € Cper is a single-lobe periodic wave if there exists
2o € (—m,m) such that U is nonincreasing on [—7, z9] and nondecreasing on [zo,7].

Remark 1. Due to the condition U(—7) = U(7) and the symmetry of the equation

z 1 ™ 4
(c— U)U'() + / U(x)ds — 4 / / U(+')dz'dz = 0
0 2r J = Jo

with respect to the reflection z — —z, the single-lobe periodic waves in Definition 1
have even profile U with zo = 0. In this case, (0;'U)(z) = [; U(2')dz’ is odd.

A family of smooth 27-periodic waves to the boundary-value problem (2.1) satis-
fying U(z) < ¢ for every z € [—7, 7| was constructed in our previous work [18] in an
open interval of the speed parameter ¢. By Theorem 1(a) and Lemma 3 in [18], we
have the following result.

LEMMA 1. There exists ¢, > 1 such that for every ¢ € (1,c¢y), the boundary-value
problem (2.1) admits a unique smooth periodic wave in the sense of Definition 1 with
the profile U € HSS, satisfying U(z) < ¢ for every z € [—m, 7).

per

Remark 2. For the smooth periodic waves U € Hggr to the boundary-value prob-

lem (2.1), the periodic boundary conditions are satisfied for all derivatives of U.

At ¢ = c¢,, the periodic wave with parabolic profile has been known since the
original work of Ostrovsky [33]. It is easy to check that the boundary-value problem
(2.1) is satisfied by U(z) = (22 — 3¢)/6, whereas the zero mean condition is satisfied
if ¢ = ¢, == m2/9. This yields the exact expression for the peaked periodic wave with
zero mean

3 2 2
(2.4) Uuz) =2 " L elomn]
18
periodically continued beyond [—, ]. Note that U, (£m) = 72/9 = ¢, and £U.(d7) =
% The peaked periodic wave (2.4) can be represented by the Fourier cosine series

U.(z) = Z 2(3;11;“ cos(nz),

n=1
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F1G. 1. The peaked wave defined in (2.4) continued periodically beyond [—, x].

which is well-defined in Hser for s < 3/2. The peaked periodic wave constructed from

the parabolic profile (2.4) is illustrated in Figure 1.

Remark 3. The enclosed angle at the peak of the wave is steeper than the maximal
120° angle of the Stokes wave of greatest height (see [41, 42]). Indeed, for peaked
periodic waves of the reduced Ostrovsky equation the enclosed angle is ¢ = 7© —
2 arctan(m/3), whereas for the Stokes wave it is ¢ = m — 27/3.

Remark 4. The peaked periodic wave (2.4) belongs to solutions of the boundary-
value problem (2.1) with profile U, € Hrl)er satisfying U, (z) < ¢ for every z € (—m,m)
and U,.(£7) = c¢. The first derivative of U, € ngr has a finite jump singularity across
the end points z = +7. More precisely, the profile U, is Lipschitz continuous at 4,

that is, there exist constants 0 < ¢; < ¢o such that
clz =7 <|U(2) —cu| S alz — 7| for |z — 7| < 1,

which can be easily checked in view of the explicit expression (2.4).

The next result states that the only single-lobe periodic wave with profile U € Cpe,
satisfying the boundary-value problem (2.1) and having a singularity in the derivative
at z = + is the peaked periodic wave U, given in (2.4).

LEMMA 2. For every ¢ € R, the boundary-value problem (2.1) does not admit
single-lobe periodic waves in the sense of Definition 1 which are Cg,,. with o € [0,1).
The only periodic wave with a singularity in the derivative at z = +m is the peaked
wave with parabolic profile (2.4), which exists for ¢ = ¢, = ©2/9 and is Lipschitz at

the peak.
Proof. Let U € L? NCper be a single-lobe periodic wave solution of the boundary-

per
value problem (2.1). By Remark 1, U € L%er is even, 91U € H;er is odd, and 01U
is represented by the Fourier sine series which converges absolutely and uniformly, so
that (071U)(&7) = 0.

Let us first consider the case where U(z) # ¢ for every z € (—m,7) and U(£7) = c.
Let o € (0,1). We assume to the contrary that there exists a solution U of the
boundary-value problem (2.1) with U € Cp,,. If U € Cf,, with a € (0,1), then
97U € CJ,. Since U(£m) = cand (97 'U)(£m) = 0 we find that ¢—U(z) ~ (7 —2)*
and (9;1U)(z) ~ (m — 2) at 2 = +7. Since U satisfies the boundary value problem
(2.1) we have that

(2.5) U'(z) = _00)G) z € (—m,m),

which yields U’(z) ~ (7 — 2)}~% at 2z = +7. Equation (2.5) also implies that U’ €
C'(—m,m) so we find that U" € CJ*. Since 1 —a € (0,1) we conclude that U € C},

in contradiction to the assumption that U € C%,. with a € (0,1). The case o = 0,

per
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2+

F1G. 2. Phase plane portrait obtained from level curves of the first-order invariant (2.6) for
some ¢ > 0. The dashed black line indicates the singularity line U = c. The solid black curve to the
left of the singular line corresponds to the parabolic profile (2.4).

which refers to solutions U € Cpe, in view of Definition 1, can be proved in exactly
the same way.

We now show that the only peaked periodic solution with peak at U(+7) = ¢ is
the solution with the parabolic profile (2.4). Since U(z) # ¢ for every z € (—m, ) and
U € C'(—m,7), the first-order invariant

1 2 / 2 C 2 1
B= e~ UGP UGN + UG - 3UG)°
(2.6 = [07' D)) + UG - UG

holds for z € (—m, 7). Since (9 1U)(z) is continuous in z = +7 with (9;'U)(£n) = 0,
E is continuous and constant up to the boundary at z = &7 and we have E|,— 1, =
c3/6 =: E.. For ¢ > 0, the level with E = E_ (see the bold curve in Figure 2) gives
rise to a peaked periodic wave solution with parabolic profile U(z) < ¢. We claim
that this peaked wave is exactly the solution (2.4) with speed ¢ = ¢*. Indeed, from
the level set with £ = E,. we have that

3
He=UPU(2)? =% - U+ U% = L (c = U)*(c+20)
and hence
U'(z) = %\/HTU> 0 for z€ (0,m)

subject to the boundary condition U’(0) = 0. By separation of variables we can

solve this equation uniquely to find that U(z) = (2 — 3c). In view of the condition

U(7) = ¢, this implies that ¢ = %2 = ¢*, which proves the claim.

Let us now analyze the situation where there exists z; € (0, 7) such that U(+z;) =
¢ and (2.5) holds separately for z € (0,21) and for z € (z1,7). Let us assume that
U(z) < cfor z€(0,2z1). If U(z) > c for z € (0, z1), the proof is analogous. There are
two possibilities, either (9, 1U)(421) = 0 or (0;1U)(£z1) # 0.

If (071U)(£21) = 0, then by the same argument as above the first-order invariant
E is continuous and constant on [—z1, 21| with F|,—1,, = E.,.
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For z € (z1, 7] the solution corresponding to the level set F = E,, can either be
continued uniquely from the region with U(z) < ¢ into the region with U(z) > ¢, or
z = 21 represents a turning point (a local maximum for U) and the solution can be
continued uniquely into the region with U(z) < ¢ for z > 2;.1 However, if z; is not
a turning point, then U(z) > 0 for ¢ > 0 and U(z) < 0 for ¢ < 0 in the interval
z € (21,. Therefore, the first variant implies that (9;'U)(z) = [; U(z')dz" # 0 for
every z € (21,7, which contradicts (0;1U)(m) = 0. If 21 is a turning point, then U
does not belong to the class of single-lobe periodic waves (see Remark 5).

If (07'U)(£z1) # 0, then the contradiction arises from the fact that, since
(071U)(z) is continuous at z; and (2.5) holds separately for z € (0,z;) and for
z € (z1,7), the change of the sign of U’(z) across z; is determined by the change
of the sign of ¢ — U(z) across z;. Indeed, if U(z) < ¢ both for z < z; and z 2 2z,
then it follows from (2.5) that the sign of U’(z) remains the same for z € (0,2;)
and z € (z1, 7). But this is impossible since U’(z) must change sign for z < z; and
z 2 z1 if U(z) < ¢ on both sides of z1. If on the other hand U(z) < ¢ for z < z; and
U(z) > c for z 2 z1, then it follows again from (2.5) that the sign of U’(z) changes,
in contradiction with the monotone increase of U(z) for all z € (0, 7). Hence, both
possibilities with (971U)(%£21) # 0 yield a contradiction.

Combining all these arguments we find that the only single-lobe peaked periodic
wave has a parabolic profile (2.4), which is Lipschitz at the peak U(£7) = c. 0

Remark 5. There is a simple way to obtain other peaked periodic waves in the
boundary-value problem (2.1). One can flip the periodic wave with a parabolic profile
at a point zo € (0,7) and pack two such waves over one period. This possibility is
allowed in the proof of Lemma 2, but not in the class of single-lobe periodic waves.
Similarly, one can pack three or more periods of the peaked wave with parabolic
profiles. Definition 1 eliminates this type of nonuniqueness of the peaked periodic
wave in the boundary-value problem (2.1).

Remark 6. With the following formal transformation,

¢
(2.7) U(z) =u((), z= / (e —u(¢))dC',

smooth periodic waves with profile U satisfying the quasilinear second-order equation?

d au
@[C*U(Z)]EJFU—O
are related to smooth periodic waves with profile u satisfying the semilinear second-

order equation

(2.8)

d2
(2.9) d—;; +(c—uu=0.
Although all periodic solutions of (2.9) are smooth, the coordinate transformation
(2.7) fails to be invertible if u(¢) = ¢ for some ¢. Such points generate singularities

in the periodic solutions of the quasi-linear equation (2.8) since

U = ey

IThe notation z > z; means that 0 < z — 21 < ¢ for some small € > 0, and equivalently for the
reverse inequality.

2The quasi-linear equation (2.8) is a derivative of the first equation in the boundary-value problem
(2.1) in z, which is justified for smooth periodic waves in Lemma 1.
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In [21], small-amplitude peaked periodic waves of (2.8) with ¢ < 0 were constructed
from small-amplitude smooth periodic waves of (2.9) with a coordinate transformation
similar to (2.7). The corresponding profile U for such peaked periodic waves has a
square root singularity of the form

(2.10) U(z)=c+O(V7m?2—22) as z— =£m.

Our analysis in the proof of Lemma 2 shows® that such solutions cannot exist, since
the expansion (2.10) implies that U € C’Fl,(/f . We conclude that the small-amplitude
peaked periodic waves constructed in [21] do not satisfy the boundary-value problem
(2.1). A similar conclusion follows from the recent work in [4].

Remark 7. In [40] several different types of traveling wave solutions to the reduced
Ostrovsky equation were constructed by means of phase plane analysis. Three types
of solitary waves (see Figure 9 in [40]) were found for ¢ < 0. One of them is a
loop soliton, given by a multivalued function, which is studied in many publications
[15, 43, 44]. The other two solutions have points of infinite slope (cusps), either at the
maximum or at the inflection points. The cusped solitary waves were also constructed
in [38] by using the transformation (2.7). By using similar arguments as in the proof
of Lemma 2, the cusped waves are proved not to be weak solutions to the reduced
Ostrovsky equation.

3. Linear instability of the peaked periodic wave. We add a co-periodic
perturbation v to the traveling wave U, that is, a perturbation with the same period
2. Truncating the quadratic terms and moving with the reference frame of the
traveling wave yields the linearized evolution problem in the form

(3.1) { v+ 0; [(U(2) — c)v] = 91w, >0,

V|t=0 = vo.

The linearized evolution equation can be formulated in the form v; = 0,Lv defined
by the self-adjoint operator
(3.2) L=Py(0;>+c—U(2)) Py: L2, — L?

per per’

where Py : L3, — Lﬁer is the projection operator that removes the mean value
of 2m-periodic functions. The form vy = 0,Lv is related to the formulation of the
reduced Ostrovsky equation in the traveling wave coordinate z = x — ct as a Hamilto-
nian system defined by the symplectic operator 0, and the conserved energy function

H.(u) = H(u) + cQ(u), where

™ 1 s
(3.3) H(u) = / [—(821u)2 - 3u3} dz Qu) = / W2
are the conserved energy and momentum functionals for the reduced Ostrovsky equa-
tion (1.1). The periodic wave u = U is a critical point of H.(u) and the self-adjoint
operator L is the Hessian operator of the energy function H.(u) at the periodic wave
u=U.

3Solutions of [21] have nonzero mean value, and hence Lemma 2 does not apply directly. However,
the arguments in the proof lead to the same conclusion also for solutions with nonzero mean. Indeed,
if U has a nonzero mean, 82_1U(z) may not be zero at z = £x. However, if we translate the solution
by half a period so that the singularity is placed at z = 0, then 8;1U(0) = 0 by oddness of ortu
and we can use the same contradiction as the one obtained from (2.5).
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Thanks to the translational invariance of the boundary-value problem (2.1),
Lo.U = 0, where 0,U € Lger, holds for both the smooth periodic waves of Lemma
1 and the peaked periodic wave (2.4) in Lemma 2. Associated to the translational
eigenvector is the symplectic orthogonality constraint (U, v) = 0. This constraint (see
[3, 24, 34]) is used to study both the evolution of the Cauchy problem (3.1) and the
spectrum of the linearized operator
(3.4) d.L: Xt c L%, — L2

per per per>
where X!, = {v e Lf)er : (c—=U)v e H),} is the maximal domain of 9. L.

Remark 8. For smooth periodic waves we have ¢ — U (z) > 0 for every z € [~, 7]
so that X;er = H;er. For the peaked periodic wave U, with speed c,, the space le)er
is continuously embedded into Xécr since U, is bounded, but le,C
to X}.. Indeed, if a perturbation v to U, is piecewise C},
discontinuity at z = %, then v ¢ H),, but v e X},
of the fact that U.(£7) = c,.

. is not equivalent
. with a finite jump-

since (¢« — U.)v € H,, in view

In what follows, (-,-) and |[v|[zz, denote the inner product and the L? norm with

integration over [—m, 7|, respectively. In the case of the peaked periodic wave U, with
the speed c, we equip XII,er with the norm

(3.5) vl x;

per

+119= [(c = Us)v ]l

per’

= ol ez,
We distinguish two concepts of stability of 27-periodic waves with respect to lineariza-
tion.

DEFINITION 2. The traveling wave U is said to be spectrally stable if 0(0,L) C iR

n L?,er- Otherwise, it is said to be spectrally unstable.

DEFINITION 3. The traveling wave U is said to be linearly stable if for every
vy € Xéer satisfying (U,vp) = 0, there exists C > 0 and a unique global solution
v e C(R, X1, to the Cauchy problem (3.1) such that

per

(3.6) lo)lx: < Cllvollxr , t>0.

per per

Otherwise, it is said to be linearly unstable.

In [18], we have proved that the smooth periodic waves of Lemma 1 are spectrally
stable in the sense of Definition 2. Here we intend to show that the peaked periodic
wave U, of Lemma 2 given in (2.4) is linearly unstable in the sense of Definition 3.
The linear instability is due to the sharp exponential growth of the unique global
solution to the Cauchy problem (3.1) with U = U,:

(37) Clwollzg,, ™ < No®llzz,, < Ioollzg, ™, ¢>0,

for some C € (0,1). We will obtain these bounds in two steps. In the first step, carried
out in section 3.1, we apply the method of characteristics to the truncated linearized
equation (3.1) without the dispersive term 9, 'v and obtain the sharp bounds (3.7)

for all initial conditions vy € Xécr satisfying the constraint

(3.9) / " svo(2)2dz = 0.

—T
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In the second step, carried out in section 3.2, we will show that the bounds (3.7) remain
true in the full linearized equation (3.1) for a subset of initial conditions vy € X;er
satisfying the constraint (3.8) and the additional constraint

(3.9) /Tr 2?vo(2)dz = 0,

—T

which arises due to the orthogonality condition (U,v) = 0 in Definition 3 and the
zero-mean condition on vy. Regarding spectral stability or instability of the peaked
periodic wave (2.4), we will show in section 3.3 that o(L) in Lger is given by a
continuous spectrum on [0, 72/6], which includes the embedded eigenvalue \g = 0
with the eigenvector 0,U, and a simple negative eigenvalue A\; < 0. As a result, no
spectral gap appears between Ay = 0 and the continuous spectrum, and hence it is
impossible to solve the spectral stability problem by applying the standard methods
from [3, 24, 34].

3.1. Linear instability of truncated evolution. For the peaked periodic
wave (2.4), we obtain the simple expression

1
(3.10) Ui(z) —cu = 6(22 —7%), z¢€[-mmn].
By removing the term 9 'v from the linearized evolution problem (3.1) and using the
explicit expression (3.10), we can write the truncated evolution problem in the form

(3.11)

v + %az [(22 — 71'2)1)] =0, t>0,
U|t:0 = %o,

where the initial data vy is taken in Xéer' The evolution problem can be solved by
the method of characteristics along the family of characteristic curves z = Z(s,t),
where s € [—m, 7] is a parameter for the initial data and ¢ > 0 is the evolution time.
Defining

4 s 1 s.1)2 — 72
(3.12) { %t(i(ost): - [Z(s,1) ], t>0,

and setting V' (s,t) := v(Z(s,t),t) yields the evolution problem in the form

(3.13) { LV (s, t)=—3Z(s,t)V(s,t), t>0,

V(s,0) = vg(s).

The family of characteristic curves is obtained by integrating the differential equa-
tion (3.12) with the parameter s € [—m,7]. Because Z = =+ are critical points of
the differential equation (3.12), the family of characteristic curves remain inside the
invariant region [—m, 7| for every ¢ > 0. The family of characteristic curves can be
obtained in the explicit form

scosh(nt/6) — wsinh(nt/6)
7 cosh(mt/6) — ssinh(7t/6)’

(3.14) Z(s,t) = s €[-m,x], teR.

For later use of the chain rule we compute

0 m?
(3.15) %Z(s’t) - [7 cosh(nt/6) — ssinh(7t/6)]2

s € [—mm], teR.
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The explicit solution for V' in characteristic variables is obtained by integrating
the differential equation (3.13) with respect to the parameter s € [—7,7]:

V(s,t) = vg(s)e™ 5 Jo 2",

In view of (3.15), the explicit solution is given by

1
(3.16) V(s,t) = — [m cosh(7t/6) — ssinh(7t/6)]%vg(s), s € [~ ], tER.
T

Remark 9. Since Z(4m,t) = £ for every t € R, we have V (&7, t) = e 7™/ 30 (£m, t),
and hence V(—m,t) = V(m,t) for t # 0 if and only if vo(+7) = 0, in which case
V(+m,t) = 0 for every t € R. Therefore, V(-,t) ¢ H],, for t # 0 if vg € H},, with
'Uo(:l:ﬂ') 7é 0.

By using the explicit solutions (3.14) and (3.16), we are able to state and prove
the following linear instability result for the truncated evolution problem (3.11).

LEMMA 3. For every vy € Xpl,er, there exists a unique global solution v €
C(R, X!.) to the Cauchy problem (3.11) satisfying the upper bound

per

(3.17) lo@®lzz < llvollrz €™, t>o0.

per per

If ffﬂ svo(s)2ds = 0, then the global solution satisfies the lower bound

per per

1
(3.18) Sllvollzz, ™ < fu(®)llz,,, > 0.

Proof. The existence of a global solution in the explicit form (3.14) and (3.16) is
obtained from the method of characteristics. By using the chain rule and (3.15), we
verify that the mean-zero constraint is preserved by the time evolution:

/ U(z,t)dz:/ V(s,t)g—fds:/ vo(s)ds = 0.

The explicit expression (3.16) implies that V(-,t) € X}, if vo € X}, and t € R. On

the other hand, the explicit expression (3.14) implies that for every 7 > 0, there exists
C; > 0 such that

ﬁZ(s,t) >C;, sé€|-mmn|, te[-T,7].

0s
Hence, the chain rule implies that v(-,t) € X;er if v9 € X;er and t € R. The
uniqueness of such global solutions follows by standard theory (see Theorem 3.1 in
[2])-

It remains to prove the sharp exponential growth in the bounds (3.17) and (3.18).
By the chain rule, we obtain

/’U(Z,t)2d22/ V(s,t)Q%—fds

—T —T
™

= % [ cosh(7t/6) — ssinh(7t/6)]2vo(s)?ds.

—T

From here, we have the upper bound

IO, <™ oll3a,
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and the lower bound under the additional condition [™_svo(s)?ds = 0:

1
25 Pl

Taking the square root of these bounds yields (3.17) and (3.18). 0

1
oI35, = cosh(mt/6)%vg]3;., + — sinb(rt/6)|}suoll3s >

Remark 10. By the chain rule, we also have

/W [0.(n* — 22)1)(Z,t)]2 dz

(7 . 2
== _ﬁ[w cosh(mt/6) — ssinh(mt/6)]? [0s(7° — s%)vo(s)]” ds,
from which the sharp exponential growth with the same growth rate as in the bounds
(3.17) and (3.18) can be established for the second term in the X norm given by
(3.5).
Remark 11. The global solution in Lemma 3 remains bounded in L. This follows
from the chain rule:

/ \v(z,t)\dz:/ |V(s,t)|%fds=/ lvo(5)|ds.

Since

(3.19) l[voll

per

< (2m) "2 ool 1z,
vy € L%er implies vy € L;er. Extending this bound to the time-dependent solution,

(3.20) lo@®)lzy,, < @0Y2o)llz,,, t>0,

per per
shows that the L' norm of the global solution v(¢) may remain bounded even if the
L? norm of this solution grows exponentially.

Remark 12. Truncating a quadratic form associated with the self-adjoint operator
L in (3.2) and using the chain rule yields the energy conservation for the truncated
evolution (3.11):

/Tr (72 — 2% (2, t)%dz = /Tr (7% — Z(s,1)?] V(s,t)2g—f 5= /Tr (72 — 5%)vo(s)?ds.

—T —T —Tr
The energy conservation shows that the truncated evolution leads to the exponential
growth of [[v(¢)]|2. and [|zv(t)||2. but the difference between the two squared norms
per per
remains bounded.

Remark 13. For the smooth periodic waves of Lemma 1 satisfying U(z) < ¢ for
every z € [—m, 7], the truncated energy [" (c — U)v?dz is coercive in the L? norm,
and hence the energy conservation

/j [c = U(2)]v(z,t)%dz = /:T [c — U(2)] vo(s)?ds

implies a global time-independent bound on ||v(t)||2Lgcr7 where v(¢) is a solution of the

truncation of the linear evolution equation (3.1) without the 97 'v term.
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Remark 14. For the smooth periodic waves of Lemma 1, the characteristic curves
reach the boundaries z = +7 in finite time because z = +m are not critical points
of the differential equations for the characteristic curves. On the other hand, for the
peaked periodic wave (2.4), the characteristic curves reach the boundaries z = +7 in
infinite time. The latter property induces exponential growth of the global solutions
to the Cauchy problem (3.11) as is shown in Lemma 3.

3.2. Linear instability of full evolution. Here we consider the full linearized
evolution problem (3.1) with (3.10) and rewrite the evolution problem in the form

{ v+ 30, [(22 — 7] =07 v, t>0,

3.21
( ) U|t:O = %o,

where the initial data vo is taken in X},

LEMMA 4. For everyvy € X, there exists a unique global solutionv € C(R, X]..)
of the Cauchy problem (3.21).

Proof. By Lemma 3, the Cauchy problem (3.11) with vy € X;er has a unique

global solution v € C(R, Xécr). In the framework of semigroup theory, the evolution

equation (3.11) can be written in the form v, = Agv, where

A = é&Z(WQ — 2.
The existence of a unique global solution v € C’(R,X;er) implies that the operator
Ap with domain D(Ap) = Xéer is the infinitesimal generator of a strongly continuous
semigroup (So(t))i=0 on L2,.. Since 971 : L2, — L2, is a bounded operator, the
bounded perturbation theorem (see [13], Theorem 1.3, on p. 158) implies that the
operator
A= Ag+ 0.1

with the same domain D(A) = D(Ag) = X}
semigroup (S(t))¢>0 on Lger. Therefore, the evolution equation in the Cauchy problem
(3.21) can be viewed as a bounded perturbation of the evolution equation in the
Cauchy problem (3.11). The assertion of the Lemma then follows by Proposition 6.2

on p. 145 in [13]. d
In what follows, we obtain bounds on the global solution v € C(R, X!.) to the

per

Cauchy problem (3.21). First, we note the following upper bound on the growth of
the global solution.

LEMMA 5. A global solution v € C(R,X].,) to the Cauchy problem (3.21) in
Lemma 4 satisfies the upper bound

(3.22) lo@®lzz < llvollrz e™¢, t>o0.

per per

o also generates a strongly continuous

Proof. Note that the following integration yields

[ oozt = 5oz ?=m ~ o

—T

since 8;'v € H!,, and hence 8;'v € Cper by Sobolev’s embedding. Integrating by

per
parts yields the following balance equation:

a1 o _ 17 2_ 2 N N A _}/ﬂz
dt2HU<t)”L12>er_6/ 0, [(7* — 2*)v] dz = 6/ (m°—2z*)v0,vdz = 5 zvdz.

—T —Tr —Tr
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Hence d
a 2 ™ 2
SOl < S,
and Gronwall’s inequality yields the desired bound (3.22). d

In order to obtain the lower bound on the L? norm of the global solution to the
Cauchy problem (3.21), we use the generalized method of characteristics and treat
07 1v(z,t) as a source term in (3.11). This term satisfies the following useful bound
(also proved in [32]).

LEMMA 6. If g:= 0, 1v € H! . then

per’

(3.23) lgllzge, < llvllzy.,-

per per

Proof. By Sobolev embedding of Hrl)er into Cper, ¢ is a continuous 27-periodic
function with zero mean. Therefore, there exists ( € [—m, 7] such that g(¢) = 0. For
every z € [—m, m|, we can write

from which bound (3.23) follows. Note that L? is continuously embedded into L!
because of the bound (3.19). ad

By using the family of characteristic curves z = Z(s,t) with s € [—7, 7| and t > 0,
where Z is defined by the same initial-value problem (3.12), and setting V(s,t) :=
v(Z(s,t),t) and G(s,t) := g(Z(s,t),t), we obtain the evolution problem in the form

LY (s,t) = —2Z(s,t)V(s,t) + G(s,t), t>0,
(3.24) { fl/(s,O) = vo(s?j.

The family of characteristic curves Z is still given by the same explicit form
(3.14). Integrating the differential equation (3.24) with an integrating factor yields
the explicit solution for V in the form

t 4 " " t ’ ’
(3.25) V(s,t) = [vo(s) +/ Gs,t')ed Jo 2t gyt | =% [§ Z(stat”
0

By using the explicit solution (3.25), we are able to prove the linear instability result
for the Cauchy problem (3.21).

LEMMA 7. There exists vo € X}, and C' > 0 such that the unique global solution

ve C(R,X},,) to the Cauchy problem (3.21) in Lemma 4 satisfies the lower bound

(3.26) o)z, > Cllvollz, €™, t>0.

per

Proof. By the chain rule, the explicit expression (3.25) with the help of (3.15)
yields the following equation:

/v(z,t)de:/ V(s,t)zz—fds

= % _ﬂ[w cosh(rt/6) — ssinh(nt/6)]*

2

2 /
T G(s, ) dt'| ds.

X [UO(S) +/0 [ cosh(mt’ /6) — ssinh(wt’/6)]?
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Let us assume the same constraint " svo(s)?ds = 0 as in Lemma 3. Neglecting
positive terms in the lower bound, we obtain

1
(327) Ilv(t)”%?)pr > Zeﬂt/?)”z]()”%ger

B Tt onls st [7 cosh(7t/6) — ssinh(7t/6)]? s
2[ﬂ/0 [vo(s)1G( ’t)‘[ﬂ'COSh(ﬂ't//G) —ssinh(ﬁt’/G)]thd '

Let us define for any ¢ > 0,

7 cosh(wt/6) — ssinh(7t/6)
7 cosh(mt’ /6) — ssinh(mt’/6)’

K(t,t') s):= t'€0,t], se[—mm]|.

We prove that for every 0 < ¢ <t,

(3.28) sup  K(t,t,s) = e™t=1)/6,

s€[—m,7)
Indeed, K(t,t,s) = e™t=)/6M[(¢ ¢, s), where

(7 — 8) + (7 + s)e™ /3

M(t,t',s) =
(tt) (m —8) + (7 + s)e~7t'/3’

and M is monotonically decreasing since d;M(¢,t',s) < 0 for every ¢’ € [0,¢] and
s € [-m,w]. Therefore, M has a maximum at s = —m, where M (¢,t/, —7) = 1.
By using (3.27) and (3.28), we obtain

1 t L
lv@Izs, = 7€ lvolEs,, —2lvollzy,, / lg(t) |z, €™~/ 3at’
0
1 t ,
2 Zem/gHUOH%gcr _2HU0”L%’”/0 Hv(t/)”L%’ereﬂ—(t_t )/3 g4’

v

1
26 P lollZs, — 2Vl

per

t
UO”LQ e'frt/S/ 677rt//6dt,,
per 0

where (3.20), (3.22), and (3.23) have been used in the last two inequalities. Hence,

1 124/2
le(@)25, e > Juollzs,, (4”%”% - V,{nvou%er)

and since [|[vo[|rz  can be much larger than [[vo||zs_ by the bound (3.19), there exist
vo € X}, and C? € (0,1/4) such that

_ /(1 - 40?)

3.29 U, 1 K 2
(3.29) lvol[zz,, < 1873 lvollzz,,
and hence

(3.30) lo(®)lZz, ™™ = C®llwolZa, -

This yields the desired bound (3.26). d
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Remark 15. Let us show that there exist functions vy € X;er satisfying the con-
straints (3.8), (3.9), and (3.29). Indeed, if vy is odd, then v3 is even, and hence the two
constraints (3.8) and (3.9) are satisfied simultaneously. From the class of odd initial

data we need to pick functions in X!  that satisfy the inequality (3.29) for a fixed C? €

per -
(0,1/4). For example, we can consider the following odd function in H},, C X}
x(n? — 2?)
(331) /UO(.’L') = W, x € [_7T77T]7

where a > 0 is a parameter. We obtain by direct computation

2 1 2
lvollzr = (a2 + (14) log(1 + %) — —

por a2
and ) ( 202)
1 6m ) m(15 + 137°a
2 _ 4
||v0||L?:er = a73 |:<7T + ? + CL4> arctan(wa) — T
Since [[vol[r1,, = O(log(a)a=2) decays to zero as a — oo faster than lvollzz,, =

O(a=3/?), inequality (3.29) can be satisfied for sufficiently large a.
Remark 16. If vy(£m) = 0 like in the example (3.31), then vy € H!., and the

er
truncated linearized evolution (3.11) preserves the constraint v(+w,t) ~'0 for every
t € R (see Remark 9). However, the integral term 9 1v in the full linearized evolution
(3.21) does not generally preserve the same constraint because it is uniquely defined
from the condition that 9, 1v has zero mean. As a result, the full linearized equation

does not generally admit a solution v € C(R, H! ) even if vy € H!

per per*
Remark 17. In the presence of the source term G, we are not able to show that
[v(t)]|zs,, remains bounded as t — oo (see Remark 11). By using the integral

=2m, t' €0,

/,T [ cosh(mt! /6) — s sinh(rt’ /6)]? ds

we obtain the bound
t
lo(®) ey, < loolluy,, + 2 / (") 25, '

in view of (3.15) and (3.25). Thanks to the bound (3.23), the inequality is closed as
follows:

< |lvollx

per

[o(®)]l s

per

t
4 27r/ ot 1y, dt'
0
By Gronwall’s inequality, this bound gives the fast exponential growth

lo@)llzz,, < llvollzs, e

27t
per per ?

which cannot be sharp because [|v(t)|[z1_ is bounded by a slowly growing exponential
function that follows from the bounds (3.20) and (3.22).

Remark 18. There exists a conserved energy for the Cauchy problem (3.21) (see
Remark 12) which is given by

(3.32) (Lo(t),v(t)) = (Lvg, vo),

where the self-adjoint operator L is defined by (3.2). However, the conserved quantity
(3.32) does not prevent [[v(t)[|rz  from growing exponentially fast as ¢ — oo because
the bounded operator L is not coercive under the constraint (3.9) (see Lemma 8).
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3.3. Spectrum of the linear self-adjoint operator L. Here we consider the
spectrum o (L) of the linear self-adjoint operator L defined by (3.2). We will prove that
o(L) consists of the continuous spectrum on [0, 72 /6], which includes the embedded
eigenvalue \g = 0 with the eigenvector 0,U and a simple negative eigenvalue A\; < 0.
No spectral gap appears between Ao = 0 and the continuous spectrum. The following
lemma gives the corresponding result.

LEMMA 8. The spectrum of the self-adjoint operator L given by (3.2) is

(3.33) o(L) = {\}U [0, 7‘;} :

where A1 < 0 is the unique zero of the transcendental equation

(3.34) (72 + 3 log \/7”6A+” 372 —6A =0, A<0.

Proof. By the spectral theorem (see, e.g., Definition 8.39 and Theorems 8.70 and
8.71 in [35]), the spectrum of the self-adjoint operator L in Lper denoted by o (L) may
consist of only two disjoint sets on the real line: the point spectrum of eigenvalues
with eigenvectors in Lper denoted by o, (L) and the continuous spectrum denoted by
o.(L), where the resolvent operator exists but is unbounded.

The self-adjoint operator L in (3.2) is given by the sum of a bounded operator
Ly and a compact operator K given by

1
(3.35) Lo:= R (n? =) Py: L2, — L2,
and

(3.36) K =Py ?Py: L2, — L2,

Moreover, the compact operator is in the trace class since >~ , n~2 < co. By Kato’s
theorem [27] (see Theorem 4.4 on p. 540 in [28)]), o (L) = 0.(Lp). We show that
[0,72/6] C 0.(Lo) by considering the odd functions in L?_,, which can be represented
by the Fourier sine series. Let us denote the space of odd functions in Lper by L?
Then,

per’

per,odd"

Lof = 1(7T =2 f Vf € Ll oaa-

Then, o.(Lg) in Lger odq coincides with the range of the multiplicative function h(z) =

&(m? — 2?) for z € [—m, ], which is [0,7%/6]. Hence, [0, 72/6] C 0c(Lo) in Lper

Let us show that [0,72/6] = 0.(Lo) by working with the resolvent equation (Lg —
M) f = g for given g € Lper and A ¢ [0,72/6]. The resolvent equation can be written
in the component form for z € [—7, 7:

1 1 T
L@ 60— () K = 9(2), K=y [ (6= SNz,
where [ € Lpe]r is supposed to satisfy the zero-mean constraint ["_f(z)dz = 0.

Computing the solution explicitly,

6

1= m—m—=

[9(2) + k()]
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and using the zero mean constraint, we can define k(f) in terms of g:
9(z)
_ S mlneds

s
™ 1 .
ffﬂ' T2 —6A—22 dz

k(f)

For every A ¢ [0,72/6], there exist positive constants Cy, C} > 0 such that

6 T 6
— < ————dz| > C}.
Sup |72 — 6 — 22| — o ‘/ﬁﬂ2—6x\—z2 =M

zE€[—m,m)

As a result, we obtain the bound

1122, < Cx [liglzz,, + Ik(F)IV2r| < Cx [1+27(C3) 7 Ch] lgliza,
Therefore, the resolvent operator (Lo — AI)~! : Lgcr — I'/fmr is bounded for every
A ¢ [0,72/6] so that o.(Lo) = [0,72/6].

In order to study o,(L) € R\[0,7%/6], we consider the spectral problem for oper-
ator L with the spectral parameter \ ¢ [0,7%/6]:

1

(3.37) EPO (m? = 22)w+ PO %w = I, wEe Lger.

Since 02w € ngr, bootstrapping arguments show that w € H12OC on any compact
subset in (—m, 7). Iterations of bootstrapping arguments yield w € HfS. Therefore,
the spectral problem (3.37) can be differentiated twice on a compact subset in (—m, ),

after which it is rewritten as the second-order differential equation

(3.38) @¥—z2—&w%¥1—u%§+4wu)zo,zueﬂﬁ,
with the two linearly independent solutions for A € R\[0,72/6],
wy(z) =z
and
wo(z) = { -1+ 2(W2—ZZ}—6/\) T3 7222—6/\ log ﬁf? A< 0’2
-1+ 2(ﬂ2_222_6/\) -3 6;‘7#2 arctan ﬁ, A>T

The first solution corresponds to the eigenvector 9,U of the spectral problem (3.37) for
the eigenvalue \g = 0, which is embedded into o.(L) = [0,72/6]. Since eigenvectors
of the self-adjoint operator for distinct eigenvalues are orthogonal, we are looking for
solutions w of the spectral problem (3.37) such that (w,w;) = 0. Therefore, we take*
w = wy and extend it from H2_ to L2,. This extension is achieved if and only if w
has zero mean, that is,

3 w243\ VrZ—6A+m
3.39 0= 1 " dz = T4 4m\/T2—6) 10g T2 —6A—1’ A< O’
(B80) 0=gr )=\ i e i as
- 4 27/ 6A—m2 arctan Ver—n2’ 6"

The piecewise graph of the right-hand side of the zero-mean constraint (3.39) on
(—00,0) and (72/6, c0) is shown in Figure 3. The first line of the zero-mean constraint
(3.39) is equivalent to the transcendental equation (3.34) and it has only one simple
zero at Ay &~ —0.2262. The second line of (3.39) does not have any zeros. Hence,
A1 < 0 is the only eigenvalue in o, (L). d

4Note that (w2, w1) = 0 because w; is odd and wsy is even.
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Fic. 3. The graph of the right-hand side of the zero-mean constraint (3.39) on (—o0,0) and
(m2/6,00) as a function of the spectral parameter \. Only one simple zero A\1 < 0 exists.

Remark 19. For the smooth periodic waves of Lemma 1, we proved in [18] that
o(L) in Lf)er includes a simple negative eigenvalue and a simple zero eigenvalue with
the eigenvector 0,U and the rest of the spectrum is positive and bounded away from
zero. Hence, the spectral gap is present in the case of smooth periodic waves. This
enabled us in [18] to use the Hamilton-Krein index theory to deduce that o(9,L) C iR
and hence to deduce the spectral stability of the smooth periodic waves according
to Definition 2. By the standard analysis involving the conserved quantity (3.32)
(see [23]), this spectral stability result transfers to the linear stability of the smooth
periodic waves according to Definition 3. In the spectral problem for the peaked
periodic wave, however, this spectral gap is not present. Therefore, we are not able
to deduce spectral instability of the peaked periodic wave from the spectrum of L.

4. Discussion. We have studied peaked periodic traveling wave solutions of the
reduced Ostrovsky equation (1.1). We found that the peaked periodic wave with
parabolic shape U, is the unique peaked periodic traveling wave with a single mini-
mum per period and that the boundary-value problem (2.1) does not admit Hélder
continuous solutions (see Lemma 2). As a consequence, the existence of cusped waves
obtained in [40] as well as the existence of small-amplitude peaked waves found in [21]
was disproved.

Furthermore, we proved that the peaked periodic wave U, is linearly unstable
with respect to co-periodic perturbations in the space Xécr, which is the maximal
domain of the linearized operator d,L (see Lemma 7). This result was obtained using
sharp exponential bounds on the L? norm of perturbations v of U, in X;er satisfying
the Cauchy problem (3.1) with the peaked periodic wave U, and for the wave speed
Cx-

Passing from linear to nonlinear instability is often a delicate issue. Several au-
thors have shown that linear instability directly implies nonlinear instability if a part
of the spectrum of the linearized operator is located in the right half of the complex
plane: see, for instance, [17, 37] and Theorem 5.1.5 in [25]. However, these approaches
do not work for the reduced Ostrovsky equation since the linearized evolution is de-

fined in the space X;er whereas the nonlinear evolution is defined in Hf’;er with s > 3/2.
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It is not clear if the local well-posedness results can be extended to the space Xéer. It

is also unclear how the peaks of the peaked periodic wave move under the flow of the
reduced Ostrovsky equation (1.1). For these reasons, the nonlinear instability of the
peaked periodic wave in the reduced Ostrovsky equation remains an open problem
for now.
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