BIFURCATION OF NONLINEAR BOUND STATES IN THE PERIODIC
GROSS-PITAEVSKII EQUATION WITH PT7-SYMMETRY

TOMAS DOHNAL AND DMITRY PELINOVSKY

ABSTRACT. The stationary Gross—Pitaevskii equation in one dimension is considered
with a complex periodic potential satisfying the conditions of the P7T (parity-time rever-
sal) symmetry. Under rather general assumptions on the potentials we prove bifurcations
of PT-symmetric nonlinear bound states from the end points of a real interval in the spec-
trum of the non-selfadjoint linear Schrédinger operator with a complex P7T-symmetric
periodic potential. The nonlinear bound states are approximated by the effective am-
plitude equation, which bears the form of the cubic nonlinear Schrédinger equation. In
addition we provide sufficient conditions for the appearance of complex spectral bands
when the complex PT-symmetric potential has an asymptotically small imaginary part.

1. INTRODUCTION

We consider the stationary Gross-Pitaevskii (GP) equation

d2
_d_1;+V(:c)u—|—a(x)\u]2u:wu, reR (1.1)

x
with complex 27-periodic potentials V' and ¢ and with a real parameter w. The periodic

potentials satisfy the conditions of the P7T (parity-time reversal) symmetry given by

V(—z)=V(x), o(—x)=o0c(z), forallzeR. (1.2)

Assumption (I). Assume V € L (0,27) and o € H3 (0,27) with s > 1/2 satisfy the
PT-symmetry condition (1.2).

Consider the linear Schrédinger operator

d2
da?
which is not self-adjoint if V' is complex. Nevertheless, we assume the existence of a real
spectral interval in the spectrum of £ and prove the existence of H*(R)-solutions (with
s > 1/2) to the stationary GP equation (1.1) bifurcating from an edge w, € R of the
spectral interval. We call these solutions nonlinear bound states. They correspond to
standing waves ¢ (z,t) = e “'u(x) of the t—dependent Gross-Pitaevskii (GP) equation

10 = —0;¢ + V(2)¢ + o (@)Y (1.4)

L= YV HAR) — L*(R), (1.3)
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The bifurcating solutions u are approximated via a slowly varying envelope ansatz. In a
generic case (non-vanishing second derivative of the spectral function at the edge and non-
vanishing coefficient in front of the cubic nonlinear term) the effective envelope equation
is a nonlinear Schrodinger equation with constant coefficients.

We work in the Sobolev space H*(R) with s > 1/2 in order to enjoy the algebra property
and the embedding of H*(R) to the space of bounded and continuous functions decaying
to zero at infinity. Besides the Banach fixed point theorem the main analytical tool in
the justification of the effective amplitude equation is the Bloch transformation B given
formally by

i(x, k) = (Bu)(z, k) =Y u(z + 2mn)e *r2mink, (1.5)

The Bloch transformation was introduced by Gelfand [12] and was used in the analysis of
the Schrédinger operator £ with a real periodic potential V' [27]. With B := (—1/2,1/2]
being the so-called Brillouin zone, the Bloch transform

B: H*R) — X, := L*(B, H*(0,27))

is an isomorphism for s > 0, see [27], with the inverse given by

u(z) = (B 'a)(z) = / e i(x, k)dk. (1.6)

B
1/2
.- ( JAL %m,%)dk) .

Under the Bloch transform the linear Schrédinger operator (1.3) is represented by the
family of linear operators parameterized by k € B and given by

As the norm in X; we choose

i

L(k) = — (% + ik)2 +V: H*0,27) — L*(0,27). (1.7)

Consider the family of Bloch eigenvalue problems

{ L(k)p(- k) = w(k)p(-, k), (1.8)

p(z + 27, k) = p(z, k) for all x € R,

under the normalization condition ||p(-,k)||r2(02-) = 1. In what follows we denote the
eigenpairs of the Bloch eigenvalue problem (1.8) by (wi,(k), pm(z, k)), m € N, where the
ordering can be done, e.g., according to the real part of the eigenvalues w,, (k) (including
their multiplicity).

We assume the existence of a real spectral interval given by an eigenvalue family
{wm (k) }rep of the periodic eigenvalue problem (1.8) for some m € N. We also assume
that this interval is disjoint from the rest of the spectrum of £ given by (1.3) and that
the end points of the spectral interval have non-vanishing second derivative of w,,. In
summary we pose the following.

Assumption (II). For some m € N the eigenvalue family w,, is real with the spectral
interval

wm(B) = [a,b] CR (1.9)
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and with [a,b] separated from the rest of the spectrum Ugepo(L(k)). Moreover, the
eigenvalue wy, (k) is simple for each k € B. For an end point w, € {a, b} we assume that

wp, (ko) # 0, (1.10)
where kg € B is the preimage of w, under the mapping w,,.

In Fig. 1 we plot the first (with respect to the real part) several eigenvalues of the
spectral problem (1.8) with

V(z) = 2cos(x) + cos(2x) + yisin(2z)

for v = 1 (a) and v = 3/2 (b,c). They have been computed via a finite difference
discretization. For v = 1 all the lower spectral intervals appear real while for v = 3/2 a
symmetry breaking has occurred where the two lowest eigenvalue functions have collided
and bifurcated into a complex conjugate pair. The third spectral function remains real
for v = 3/2 and its image is the marked interval [a,b]. At w = a we have ky = 0 and
at w = b it is kg = 1/2. The fourth and fifth spectral functions also produce unstable
eigenvalues in a small neighborhood of k£ = 0.
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FIGURE 1. The smallest (with respect to the real part) several eigenvalues w;, (k)
of the spectral problem (1.8) with V(x) = 2cos(z) + cos(2x) + iy sin(2z), where
~v=11in (a) and v = 3/2 in (b) and (c). Purely real eigenvalues are plotted with
the full blue line, complex eigenvalues are in dotted red. A real spectral interval
[a,b] = wp,(B) is marked in both (a) and (b).

For real potentials V' € L5? ((0,27), R), the eigenvalue family {w,,(k)}rep cannot have
an extremum for k£ ¢ {0,1/2} due to the symmetry w,,(—k) = wy,(k), the 1—periodicity of
w,, and the fact that the differential equation Lu = Au posed for the Schrodinger operator
(1.3) on the infinite line is of the second order [27]. Because the spectral interval [a, b] is
isolated from the rest of the spectrum of £, the eigenvalue family {wy,(k)}rep then must
have an extremum at either kg = 0 or ky = 1/2 and due to the smoothness of simple
eigenvalues with respect to parameters one has w/, (ko) = 0.

The extension of these properties to general non-self-adjoint operator £ with complex
potentials V' € L (0,27) is not obvious. Nevertheless, for PT-symmetric potentials we
show in Section 2 that the reflection symmetry

Wi (—k) =wn(k) forall ke B, (1.11)
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still holds for the eigenvalue family {w,(k)}rep in Assumption (II). The 1—periodicity
and smoothness of w,, in k hold clearly as well. Finally, the possibility of an extremum
of the eigenvalue family {w,,(k)}rep at ko € (0,1/2) is excluded by the same argument as
in the case of real potentials. Indeed, if an extremum of w,, exists at kg, it also occurs at
—ko by symmetry (1.11). Therefore, on one side of the extremal value of w,,, we have four
bounded linearly independent solutions of the eigenvalue problem Lu = Au on the infinite
line, which contradicts the fact that the eigenvalue problem is given by a second-order
differential equation. Hence, if the spectral band [a,b] is isolated, then the eigenvalue
family {wy,(k)}rep has an extremum at either ky = 0 or kg = 1/2 and

1
w,ln(kg> =0 for k’o =0 or k’o = 5 (112)

For any eigenpair (w(k),p(-,k)) of the spectral problem (1.8), the pair (w(k),q(+,k))
with ¢(x, k) := p(—x, k) for all z € R is also an eigenpair of the same eigenvalue problem.
This can be seen by complex conjugating L(k)p(-, k) = w(k)p(-, k),

[— (d% _ ikz)2 e

using the PT-symmetry (1.2), and transforming = — —z,

d 2
[— (% + ik‘) + V(x)
hence L(k)q(-, k) = w(k)q(-, k). If w(k) € R is simple for some k € B, then p(-, k) and

q(+, k) are linearly dependent and, thanks to the normalization condition, the eigenfunction
p(+, k) can be chosen to satisfy the PT-symmetry condition,

p(ZL‘, k) = w(k) p(ZL‘, k:)7

p(—w, k) = w(k) p(—ZE, k‘),

p(—z, k) =p(x, k), forall zeR. (1.13)
In what follows, we say that the solution w to the stationary GP equation (1.1) is
PT-symmetric if it satisfies the same PT-symmetry condition,

u(—x) =u(z), forall xeR. (1.14)

We study the bifurcation of P7T-symmetric solutions to the stationary GP equation
(1.1) from an endpoint w, of the real interval [a,b] into a spectral gap. Hence, we pick
wi € {a,b} as in Assumption (II) and set

w = w, +°Q, (1.15)

where ¢ is a formal small parameter and ) = —1if w, =a or Q@ =41 if w, = b.

We prove in Section 3 that similarly to the case of real potentials V' and o [7, 9] (see
also a review in Chapter 2 in [25]), the family of nonlinear bound states in H*(R) with
s > 1/2 bifurcating from w, can be approximated via the slowly varying envelope ansatz

w(x) ~ Usorm () = €A(ex)e™p,, (2, ko) as e — 0, (1.16)

where A € H*4(R) with s4 > 1 satisfies the effective amplitude equation given by the
stationary nonlinear Schrodinger (NLS) equation,
1 d*A

" 2
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with i
I':= / o(x)pm(z, ko)|pm(z, ko)]2pm(—$, —ko)dx. (1.18)

The coefficient I' is real due to the PT-symmetry of o and p,, (-, ko) in (1.2) and (1.13).

If the effective equation (1.17) has a bound state, we may expect the same for the GP
equation (1.1). It follows from the elementary phase-plane analysis that bound states of
the stationary NLS equation (1.17) exist if and only if

' #0 and sign(l") = —sign(w” (ko)) = sign(Q2). (1.19)

Real even bound states A are unique and have an explicit sech-function form, see Lemma
6.15 in [11]. They belong to H*4(R) for every s4 > 0. For the justification of the effective
equation we need the invertibility of the linearization operator of the NLS equation at
the bound state A. For this the translational and gauge invariances of the differential
equation (1.17) need to be eliminated, which is achieved if A satisfies the PT-symmetry
condition
A(—z) = A(x), forall zeR. (1.20)
The following theorem justifies the effective amplitude equation (1.17) used for the
approximation (1.16) and constitutes the main result of this article.

Theorem 1. Let 1/2 < s <2 and 0 <r < 1/2 and assume (1) and (II). Let A € H°4(R)
be a PT -symmetric solution to the stationary NLS equation (1.17) with s4 > 1 satisfying
(1.20). Then there are constants ¢ > 0 and g9 > 0 such that for each € € (0,e9) there
exists a PT-symmetric solution v € H*(R) of the stationary GP equation (1.1) with
w = w, + 2Q satisfying (1.14) and

r+1/2

[t = Wporm|
where Usory, s defined in (1.16).

Remark 2. Condition (1.19) for the existence of NLS bound states implies that the
bifurcation is always into a spectral gap. At the lower spectral edge w, = a, where
w” (ko) > 0, one has ©Q < 0 and the bifurcation in w is down from a; analogously at the
upper edge b, where w”(kg) < 0, one has €2 > 0 and the bifurcation in w is up from b.

HsR) < CE

Remark 3. Theorem 1 guarantees that the error u — g, is indeed smaller than the
approximation gy, itself because ||torm| HS(R) ~ ce'/? as € — 0 for an e-independent c.

Remark 4. The statement of Theorem 1 can be generalized in a number of ways. First,
one can prove existence of smoother solutions with s > 2 provided that p(-, ko) belongs
to H;.(0,27). This would require a smoother potential V' than the one in (I). Second,
the spectral interval [a, b] does not have to be real entirely, as in (IT). For the justification
result, it is sufficient that a little segment of [a, b] near the end point w, be real. Similarly,
the simplicity assumption of the eigenvalue w,,(k) has to be satisfied only near the end

point that corresponds to k = k.

Remark 5. Assumption (II) is not satisfied for an arbitrary complex V. Propositions 9,
11 and 13 in Section 4 give sufficient conditions for the occurrence of complex spectral
bands if V(z) = U(x) +iyW () with U even and W odd and with v > 0 arbitrarily small.
The sufficient conditions detect bifurcations of double eigenvalues at v = 0 into complex
pairs of simple eigenvalues for v > 0.
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Remark 6. Recent interest in P7T-symmetric periodic potentials is explained by the
experimental realization of such optical lattices in physical experiments [13, 20]. Several
computational works were devoted to the existence and spectral stability of standing waves
in the GP equation with complex periodic potentials [14, 22, 23] (see also the review in
[19]). Persistence of real spectrum in honeycomb PT-symmetric potentials was studied in
[5]. Small PT-symmetric perturbations of honeycomb periodic potentials were considered
in [6] and their effect on the nonlinear dynamics of the GP equation was studied. A
heuristic asymptotic method was used in [24] to approximate the standing waves of the
GP equation by sech-solitons of the stationary NLS equation. Our work is the first one, to
the best of our knowledge, which gives a rigorous proof of the existence of nonlinear bound
states and their approximation by an effective equation for the bifurcation from an edge
of a real interval in the spectrum of a P7T-symmetric non-selfadjoint linear Schrodinger
operator.

Remark 7. The bifurcation from simple eigenvalues is a more classical problem. The
bifurcation of nonlinear bound states from possibly complex eigenvalues of non-selfadjoint
Fredholm operators is covered in the pioneering works [4, 15]. The bifurcation of nonlinear
bound states from simple real eigenvalues under an antilinear symmetry (which includes
the PT-symmetry) has been shown for a large class of nonlinear problems in [8]. Earlier,
in [17] this bifurcation was proved for the special case of a discrete NLS equation on
a finite lattice. The main difference between the bifurcation from a simple eigenvalue
and from the edge of a spectral interval is that in the former case the existence of the
bifurcation is automatic due to the separation of a simple eigenvalue from the rest of
the spectrum while in the latter case the edge is connected to the spectral band. In
the case of simple eigenvalues a bifurcation occurs even without symmetry assumptions
and PT-symmetry is used only to show that the nonlinear bound state corresponds to
real eigenvalue parameter. In the case of a spectral interval the symmetry is crucial for
proving the bifurcation itself.

The rest of the article is organized as follows. Section 2 covers the technical results
associated with the adjoint eigenvalue problem and with the Bloch transform. Section 3
gives a proof of Theorem 1. Section 4 reports results based on perturbation theory which
give sufficient conditions on when Assumption (II) is not satisfied.

2. THE ADJOINT EIGENVALUE PROBLEM AND THE BLOCH TRANSFORM REVISITED

Since the spectral problem (1.8) is not self-adjoint in the presence of complex periodic
potentials, we also introduce the adjoint eigenvalue problem. By the Fredholm theory (see
Remark 6.23 in Chapter I11.6.6 [16]), eigenvalues of the adjoint operator L*(k) are related
to the eigenvalues of the operator L(k) by complex conjugation. The adjoint eigenvalue
problem is written by

L*(k)p*(-, k) = w(k)p*(-, k),
{ p*&)‘f;ﬂa k)> = pg(a)fk() ) for all x € R, (2.1)

where

L*(k) = — (% + ik>2 +V:  H*0,27) — L*(0,27) (2.2)

is the adjoint operator and p*(+, k) is the adjoint eigenfunction.
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If w(k) is a simple eigenvalue of the spectral problem (1.8), then w(k) is a simple
eigenvalue of the adjoint spectral problem (2.1) and the adjoint eigenfunction can be
uniquely normalized by (p*(-, k), p(-, k)) = 1. Indeed, if w(k) is a simple eigenvalue, then
(p*(-, k), p(-, k)) = 0 leads to a contradiction. In detail, if (p*(-, k), p(-,k)) = 0, then we
have

p(+ k) € Ker(L(k) —w(k)) N Ran(L(k) — w(k)).
Therefore, there exists ¢ € H?(0,2m) \ {0} such that (L(k) — w(k))p = p(-, k). At the
same time, w(k) being simple implies
Ker(L(k) — w(k))? = Ker(L(k) — w(k))
so that ¢ = ¢p(+, k) with ¢ € R, which contradicts equation (L(k) — w(k))e = p(-, k).

Thus, (p*(-, k),p(+, k)) # 0, and the normalization (p*(-, k), p(-,k)) = 1 can be used.
In the case of simple eigenvalues, the eigenpair (w(k), p(-, k)) of the spectral problem

(1.8) and the eigenpair (w(k), p*(-, k)) of the adjoint problem (2.1) are related via
w(k) =w(=k), p*(z, k) =p(-z,—k). (2.3)

This follows from the PT-symmetry of V' in (1.2) such that after the transformation
xr — —x and k — —k, the adjoint problem L*(k)p*(-, k) = w(k)p*(-, k) becomes

[ (di 1/{:)2+V(x)

which coincides with the spectral problem (1.8). As a result of the symmetry reflection
(2.3) we obtain

p(=x,—k) = w(=k)p*(—=, k),

w(—k) =w(k) forall ke B, (2.4)
for every simple real eigenvalue family {w(k)}rep. In addition, the eigenvalue family can
be continued as a 1-periodic function of £ on R. This symmetry and the k—smoothness
of simple eigenvalues w(k) justify (1.11) and (1.12) claimed in Section 1.

Before we proceed with the proof of Theorem 1, let us also elaborate properties of the
Bloch transform defined by (1.5) and (1.6). Let @ be the standard Fourier transform of u
given by

~ 1 —ifx —1 ~ ~ i€x
€)= (Fu) (6 = 5= [ ulw)e e, (o) = (F70) () = [ a(@)eds
R R
Then, the Bloch transform (1.5) can also be related to the Fourier transform as follows:

(e, k) = ealk + j), (2.5)
JEL
see [2] or Section 2.1.2 in [25].
By construction of 4 in the definition of the Bloch transform in (1.5), we have the
continuation property for all z € R and k € R:
a(x + 27, k) = @(x, k) and a(z,k+1) = e “a(x, k). (2.6)

For two functions u,v € H*(R) with s > 1/2, the product wo is also in H*(R), thanks to
the Banach algebra of H*(R) with respect to the pointwise multiplication [1, Thm.4.39].
In the Bloch space the multiplication operator is conjugate to the convolution operator:

(Buv)) (@, k) = (%5 )(z, k) = /Bﬁ(:c,k;—l)ﬁ(a:, Hdl = /M i, k — )iz, 1)dl
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for any kg € R, where the last equality holds due to the 1—quasi-periodicity of the Bloch
transform in the variable k. The convolution property follows from relation (2.5). Note
that due to the algebra property of H*(R) for s > 1/2 and the above identity we have
also the algebra property

|t *p || x, < c|lt||lx.||0]|x, forany a,0 € Xy ifs>1/2, (2.7)

where the constant ¢ > 0 depends on s.
Finally, for any 2m-periodic and bounded function o we have the property

(B(ow))(z, k) = o(x)(Bu)(z,k) forall z€R and k€ R. (2.8)

The commutativity property follows directly from the representation (1.5).

3. NONLINEAR ESTIMATES; PROOF OF THEOREM 1

Problem (1.1) transforms via the Bloch transform B to the form
(L(k) — w)t(z, k) + o(x)(@*p @ * 1) (z, k) = 0, (3.1)

where property (2.8) has been used.

We decompose u into the part corresponding to the spectral band w,, and the rest.
Note that we cannot use a full spectral decomposition of (-, k) as this is not available for
non-selfadjoint problems. For our decomposition we define the projections

Py : H*(0,271) — span{py (-, k)}
and
Qk =1- Pk : Hs(ov 27T) — Span{pm('7 ]{)}L
with m € N fixed by assumption (II), such that (Pa)(-, k) := (a(-, k), pk, (-, k) pm (-, k),
where (-, -) is the standard L*(0,27)—inner product. Decomposing now the solution into
7jl’(:l"7 k) = ﬂl(l', k) + a?(‘T? k)a
where
(k) = P, k) = U (k)pm(-, k) with U (k) € C,
aQ('v k) = Qka(J{:)’
and using w = w, + &2 as is given by (1.15), equation (3.1) is written as a system of two
equations given by
(win(k) — wi = EXQUL(K) + (F(@)(-, k), p, (-, k) = 0 (3.2)
and
Qr(L(k) — w, — 2Q)Qrtin(, k) + QpF (1) + Qx(F(4) — F(i)) = 0, (3.3)
where F(0)(x, k) := o(x)(0 *5 0 *5 0)(x, k). We note that U, is 1-periodic because @(z, -)
and p(z,-) are 1-quasiperiodic.

Since QrF (1) in (3.3) produces a large output, we need to perform a near-identity
transformation before we can proceed with the nonlinear estimates. See the pioneering
work [18] that explains this procedure. We hence decompose @y into

ag(l’, ]{Z) = ’L~L271(ZL’, ]{7) + fLR<J], k?),
where 13 and upg solve equations

Qr(L(k) — w. — 2Q) Qg1 (7, k) + QrF (1) =0 (3.4)
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and
Qr(L(k) — w. — 2 Quiir(z, k) + Qp(F (%) — F (1)) = 0. (3.5)
The resulting system of equations is given by (3.2), (3.4) and (3.5).

The component 4 is supposed to approximately recover the ABloch transform of the
formal ansatz (1.16). Note that because F (A(e-)e*) (k) = e ' A(e™ ! (k — ko)), we have

k—Fko+j
9

B(gorm) (2, k) = Y A

JEZ.

) P (T, kig) €97, (3.6)

where we have used properties (2.5) and (2.8). Since A(e~!(k — kg)) is concentrated near
k = kg, we decompose U; on B+ kg into a part compactly supported near ky and the rest.
We write

Ui(k) = D (5ke) .= B (Eke) 4 O (k) | k€ B+ ko, (3.7)

and continue U; outside B + k( periodically with period one. For all € small enough the
components B and C' are defined by their support

supp (B (kao)> C (ko—¢€" ko+e"),
supp (C’ (_Tko)) C(ko+B)\ (ko — ", ko +¢"),

where r € (0,1) is a parameter to be specified to suit the nonlinear estimates. Equiva-
lently, defining

Igr—l — (_(‘Er717€7’71)7

we have supp(l%) C I and supp(é) C e 'B\ I.—1. We note that neither B, C, nor
D refer to the Fourier transform, since they are defined in the Bloch space. On the
other hand, A denotes the Fourier transform of the amplitude variable A that satisfies the
effective amplitude equation (1.17). In the Fourier variable x the amplitude A satisfies
the effective amplitude equation in the form

Gw;;(ko)m? - Q) A(k) +T (A ¥ Ax Z) (k) = 0. (3.8)

We aim at constructing a solution u with B close to A on I.—1 and with the other
components C, 7y, and @g being small corrections. Hence, due to (3.6) ansatz (3.7)
corresponds formally to the slowly varying envelope ansatz (1.16).

Obviously, system (3.2), (3.4) and (3.5) is coupled in the components é,é,ﬂm and
ugr. Nevertheless, it can be approached by treating each problem independently with
consistent assumptions on the form and size of the remaining components. In brief, our
steps to construct such a solution u € X of (3.1), i.e. of the original equation in the
Bloch space, are as follows:

(1) For any given @; small, solve (3.4) uniquely to produce a small @y; due to the
invertibility of Qx(L(k) — w, — £2Q)Q% in QrX; for & small enough.

(2) For any given @; small, apply the Banach fixed point theorem to (3.5) in a neig-
borhood of zero to find a small solution ug.

(3) For any given B decaying sufficiently fast, apply the Banach fixed point theorem
to (3.2) on the support of C to find a small C'.
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(4) Prove the existence of such solutions B to equation (3.2) (with the component C
given by step 3) on the support of B that are close to a solution A of equation (3.8).
It is in this step where a restriction to the PT-symmetric solutions is necessary. It
allows for the invertibility of the Jacobian operator at A associated with equation
(3.8).
The rest of this section explains the details of each step in the justification analysis. We
denote a generic, positive, e-independent constant by c. It may change from one line to
another line. We also restrict our work to the space X; with 1/2 < s < 2.

3.1. Preliminary estimates. We assume that for all € > 0 sufficiently small
1Bz, ) + 1C]| 2, ) < e, (3.9)
where sg, sc > 0 are to be determined later and the space Lg(]R) for s >0 is
Ly(R) = {f € L*(R) : | fllzz) == (L + |- [)* fll o) < o0}

We estimate first ||ty ]| x,. Since p,,(-, k) € H*(0,27) in the domain of L(k) given by (1.7),
there is a positive constant ¢ such that for all ¢ > 0 sufficiently small and any 1/2 < s < 2,

we have
()
€

Next, let us consider the Xy;—norm of F(u;) given by

F(uy) = o(x) /]B /B Ur(k — DUL(L — U (=) pm (2, k — Dpm (2,1 — t)pp (2, —t)dtdl,

which appears in equations (3.4) and (3.5). By assumption (I) we get
1F(@)l[x, < o]

< ce'?||D| 2(c-1m). (3.10)
12(B)

[t ]

x, < sup [|pm (-, k) || 520,20
keB

H2(0,2m) SUD 12m (- )32 0.0, 101 #8 Un *8 U (=) 22w
(S

< c||Uy g Uy *5 Ul(_')HLQ(B)'

Next, we estimate

|Ur %5 Uy *g Ul(—')Hm(B) = 55/2||B % B x EHLz(—BaT*l,SaT*l) + 1Bl 22 @40

where
£ 13 g €
+h.o.t. (3.11)
with

_ [ C(ER), k-keB
Wl(k)_{ U (k), k—ko € R\B
and with “h.o.t.” containing the remaining convolution terms, i.e. those quadratic and
cubic in Wj. A direct calculation yields

(1,003 () o () ) 1 -
Z / / C’(k_l_eko_n>f3<l_t€_k0>é<ttko>dtdl,

nE{—l,O,l} |1]<2e™ (—k()—&‘T,—k()-i-&‘T)ﬂB
|k—l—ko—n|<1/2
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i (52) 5 ()
9 3

where we have used Young’s inequality for convolutions. Next, we use the estimate

such that

< 065/2||C||L2(R)||B||2LI(R)7
L2(B+ko)

1Bl 1) = /R(l + |k 72 (1 + k)P Bldr < e Blliz, m), (3.12)

which holds for any sp > 1/2 because [ (1 + |s[)™**2dk < oo for sp > 1/2. Besides, due
to the support of C' we have

Hé”pom < | |sup (14 |&|])~>¢||C 12, (®) < cese1=)|| ¢ 2 ®) (3.13)
K|>e"~
for any s¢ > 0. With (3.12) and (3.13) we obtain
A =~ (- +k N .
le ‘g B ( 0) . B < 0) < C€5/2+SC(17T)HC Lic(R)HB‘ %z (R)
€ € L2(B+ko) P

for any sp > 1/2 and s¢ > 0. Using similar computations for the higher-order terms in
(3.11) with the use of the estimate (3.12) for C', we obtain

N 2
|Ell 2@ i) < ce¥2He07| € pa®) o (314)

1z, ® +[C]

13, (®) (HB
for any sp > 1/2 and s¢ > 1/2. By using the estimate

185 B 5 Bllissers ey < |1 Bllis 1 B2 ey < el Bl
which follows from Young’s inequality and estimate (3.12), we arrive at

N 3
||F(7-L1)||XS < 055/2 (HB LgC(R)> (315)

1z, @ T ¢

for any sp > 1/2 and s¢ > 1/2.

3.2. Component ;. We solve now equation (3.4) for @y, under assumption (3.9).
Recall that the operator

My, := Qr(L(k) — w, — £2Q)Qx, (3.16)

is invertible in QX with a bounded inverse. Thanks to estimate (3.15) there exists a
unique solution @y ; of (3.4) which satisfies

g1 || 2, < P2, (3.17)

where P depends polynomially on || B|| 12 (®) and tedl 12,(®)-
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3.3. Component ug. Next, we solve equation (3.5) for g via a Banach fixed point
argument with 4, satisfying (3.9) and @y, given as above. We write

g = M;'Qy (F(i) — F(@ + fiaq + Gg)) =: G(iig) (3.18)

We show the contraction property of GG in
BY, = {fe X |flx < Ke")
for some K > 0 and 1 > 0 to be determined. First, using (2.7), we estimate
|G (ar)|x, <c [, ([azllx, + 1arla) + a2 l3, (1ol + gl )
Hlarll, (lazllx, + lalx,) + [l el lar)x + lazall, + el ] -
Together with (3.10) and (3.17) we obtain for @iz € Br,
|G (iig)||x, < P (7% + e 4 2112 4 3) (3.19)

where P depends polynomially on ||B||L§ (r) and ||C||L2 ). Clearly, if 5/2 <7 < 7/2,
then G : By2, — By, and
|G (ir)||x, < Ke™/2, (3.20)
with K dependent on HB”LEB () and ||C’\|L§C ®). We set = 7/2 for a balance.
For the contraction estimate, we consider @ := u; + U2 + tg and 0 := @; + Uz + Up.
A straightforward calculation leads to
IG(ir) =GRl < P (laalx, + la2allz, + larllz, + [9z]%,) @k — vrllx.
S €P”7:LR — ’I~JR|

Xs7

such that the contraction holds for € > 0 small enough.
By the Banach fixed-point theorem, there exists a unique solution to equation (3.18)
for ur, which satisfies the estimate

lig]lx, < Ke™?, (3.21)

where K depends polynomially on HB | 12, (R) and Hé’ | 12, (®)
3.4. Component C. Equation (3.2) on the compact support of C can be rewritten as

C (k E ko) = (Wi + " —wn (k)™ (1= X(eren) (K — ko)) (F(@)( k), pp (-, k) (3.22)

3

with k — kg € B\ (—¢",¢"). Recall the decomposition @, (z, k) = @ g(x, k) + 1.c(z, k),
where for k — kg € B we have

. - (k—k - ~(k—Fk
uLB(:v,k:):B( . O)pm(x,k:), ulyc(x,k‘):C< O)pm(a:,k‘).

€

Equation (3.22) can be rewritten in the form
oz, k) = H(tnco)(z, k), k—FkoeB\ (—€"¢e"), (3.23)
where
H (i) (. k) = v(k) (1= X(—er.ery (k = ko)) [n7" (k) (h(k)F(t1,5) (-, k), P (-, K))
+((F(a) = F(u1,8))(, k), o (5 B))] pm (0, K),
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with v(k) := (w. + €20 — w,,, (k)7 and h(k) := (1 + etk — ko|)*® for some sp > 1/2 to
be determined. We note that

sup V(k> - Cg_ZT and sup h_l(l{;> — Cg(l_T)SB'
k—ko€B\(~€"€") k—ko€B\(—€" €")

The first term in H (@ ¢) denoted as T is estimated as follows

T, < e8| [RF (d,5) |,

B () () ()
9 3 9

5/2+(1-r)sp=2r || B 4 B *§

< 08(1—1")33—27“

LQ(]CU—?)&T,]C()-}—SET)

< ce

LEB (—=3er—13egm—1)

< 085/2+(1—r)53—27" ”B|

3
LEB (—3er—1,3em=1)>

if sg > 1/2. The last inequality follows from B B* B = |B|2B, the fact that the Fourier
transform F is an isomorphism F : H*(R) — L?(R) for any s > 0 and from the algebra
property of H® for s > 1/2.

The second term in H (i ), denoted as T5, is estimated with the help of the algebra
property (2.7) of X, for s > 1/2,

%, (11,8 x, + [|92]|x,)

IT2llx, < ™ [larclly, + e
Hlanclla (laslE, + 1a2l3,) + a1, 1)z, + an, sl g, + lal%,] -
We have the equivalence

16| Bl pae-1z) < il < 26| Bll a1y (3:24)

and
0181/2HCA'HL2(€71]B) < |larellx, < 0281/2||CA'HL2(€71B) (3.25)
for some ¢1,¢co > 0. Using (3.17) and (3.21), we further have

|[tia |, < K2,

where K depends polynomially on || B|| 12, and [tedl 12,,- As aresult, we obtain

75| x, +e7?) +hot.,

x < pe T (laell, + 2 aclly, +elline

where p depends on ||B||L§B only, p = O(1) as € — 0, and where h.o.t. includes terms of

higher order in € or higher powers of ||i; || x..
Combining the estimates for T} and T, we obtain

“H(QLC)HXS < P (55/2+(1—r)33—2r +87/2—2r +51_2T||7-L1,C||XS +51/2_2TH@1,C

+e ¥ |t c|%,) + hoo.t.

2
Xs

Similarly one gets
|H(@c) = Horo)llx, < p (72 + 272 (lavellx, + 1010llx.)
+e 2 (avellz, + ocll,)) e — e
Thus, the contraction holds for @; . in the ball

x, < p(85/2—1—(1—7")55—27'_|_87/2—27‘) (326)

|Xs'

[t |
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if € (0,1/2) and if ¢ > 0 is small enough. By the Banach fixed-point theorem, there
exists a unique @, satisfying equation (3.23) and the bound (3.26).
We also get an estimate for ||C'||;2(.-1m) by using (3.25),

HOHLQ(E—lB) S p (624’(1*7”)53721” _|_€3727") , (327)
and an estimate of Hé”Lgc(s—lB) by using

HéHLgc(a—llﬂ%) < sup (1 -+ ‘H|)Scy‘é"LQ(a—IB) <p (52+(1—r)83—2r—sc + 63—27“—50) : (3.28)

lkl<gz

where p in both estimates (3.27) and (3.28) depends polynomially on || B|| 12, -

3.5. Component B. Finally, we turn to the leading order component B(k_ko )pm (2, k)

of the solution %(x, k) and prove the existence of B close to A, a solution of the effective
amplitude equation (3.8).
Equation (3.2) on the compact support of B can be rewritten as

() =0 = 2B (222 ) b b~ K)(F@C D) =0 (329

with k — kg € (—€",€"). Once again, we use a fixed point argument to solve for B. In
order to close the procedure for constructing %, we need the constants in all estimates to
depend only on norms of B and not on norms of C. As all constants are polynomials in
| B 12, and ]\C’|]L§c, we can employ (3.28) to get rid of the dependence on HCHLQC We
need to ensure, however,

min{2 + (1 —r)sg — 2r — s¢,3 — 2r — s¢} > 0.
Hence, s¢ > 1/2 is further restricted by
s¢ <min{2+ (1 —r)sg — 2r,3 — 2r}.

Since r < 1/2 and sg > 1/2, we can choose s¢ = 1 > 1/2 to satisfy this restriction.
As we show below, the reduced bifurcation equation (3.29) is a perturbation of equation
(3.8). To this end, we expand the band function satisfying assumption (II) by

1
Wi (k) = w, + §w;(k0)(k — ko) + wy(k),
where the remainder term satisfies the cubic estimate
|, (B)| < ek — ko|? for all k € B+ k. (3.30)

By substituting this decomposition into equation (3.29), we can rewrite the problem for
B in the form

(Bt lho) (522)” = @) B (522) &2 X or oy (k = ko) (F () (- ), P - )
22X ereny (b = ko) [((F (@) = F(@)) (- k), P, k) = (0)B (522)] = 0. (3.31)

The second term in equation (3.31) recovers the nonlinearity coefficient in equation (3.8).
Indeed, when we isolate the B-component in U; and approximate all Bloch waves by those
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at k = ko, we get
o) = (80w s () B () ) oy
+T'E(k)+ H(k),
where T is given by (1.18), E(k) is given in (3.11), and

// Bk, ki — 1,1 —t.£) — D) Us (k — U (I — )03 (—t)dtdl

with
Note that I' = 5(]{?0, ]{?0, ]{30, —k’o).

Next, we show the smallness of E, H and the terms in the square brackets in (3.31).
With the help of (3.30) we obtain

—1

wy( < csﬁ/ |B(x)|?|x|%dx

) _1B —er—1

r—1

K|® c .
< C€6| |Sup ) M/ (1 + |l€|)4|B<l€) 2dli
K<™ —er—1

< C€4+2THB”%§(R)>

so that

Estimate (3.32) dictates the choice of sg, namely sp = 2 > 1/2. Hence, from now on we
work with

wy ( = 682JFTHBHLg(R)- (3.32)

sp=2and s¢ =1,
in addition to r < 1/2.

To estimate H, we substitute the ansatz Uy (k) = D (k ko) for k € B+ ko into H(k) and
use the transformations ¢’ := e (t + kg —m3),l" := e 1 (I+my—m3) and k := e (k— ko).

Then we get
H(ky+er)=¢> Y / / gdt'dl’,

m1,2,3E{0: 1} 1 (B4 my —mg) e~ 1 (B+ko—m3)
where
g = (Blko+erko+elk—=1)ky+e(l' —t),—ky+et')—T)
X Xe1 (B —matms) (K — 1) D (5 — U+ &7 (my 4+ may — my))
xXe13(l' =)D (I' = ') xera(t) D (1)

Due to the analyticity of k — p,,,(-, k) (recall that the eigenvalue family w,, is simple) the
coefficient [ is certainly Lipschitz continuous in each variable and we have

|B(ko + ek, ko +e(k —1"), ko + (' = t'), —ko + €t’) — B(ko, ko, ko, —ko)|
ce(|w] 4 [k = U]+ |I' = t'| + [t'])

<
< 2ee(|w = U]+ I =]+ |t)).
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This leads to the estimate
|H (ko +er)| < ce® <2|hf)| «|D| * |ﬁ| + |D| % |D| % ]hﬁ|> (k) with h(k) := &,

where * is the convolution over the whole real line. Applying Young’s inequality for
convolutions, we have

. . . . 3
|1H (ko + &)l L2(c-1m) < 053HDHL§(R)HDH%1(R) <ce? (HBHLf(R) + HC||L§(R)> ;

where we have used estimate (3.12) and the triangle inequality. Employing now estimate
(3.28) with r < 1/2, sp = 2, and s¢ = 1, we finally obtain

| H (ko + &) || 218y < 053, (3.33)

where p depends on ||B|| 12, only.
To estimate F, we use (3.14) and (3.28) again and obtain for r < 1/2, sp = 2, and
S = 1
1Bk + =) l2sy < pe

where p depends on || B|| 12, (%) only.
By using (3.20) and (3.28) again, we obtain for 0 F'(k) := ((F'(a) — F(@)) (-, k), pk, (-, k)),

H5F<k0 + 5’)”[12(5—118) S p€3
where p depends on || B|| 12, (%) only.

Comparing estimates for £, H and the terms in the square bracket in (3.31), we conclude
that the estimate (3.32) yields the leading order term. In summary, equation (3.31) reads

1 ~ ~ N 2 A A
<§wgl(k0)/£2 - Q) B(k) +T(B* B B)(rk) = R(B)(k), (3.34)
where r € Ir—1 = (—&""!,&"!) and the remainder term satisfies

IR(B)[| 218y < pe”, (3.35)

with p depending on || B|| 3(r) only.

Equation (3.34) is a perturbed stationary NLS equation written in the Bloch form on
the compact support. In the following, we prove the existence of solutions B to equation
(3.34) close to Xlsr,lf‘i, where A satisfies (3.8).

We define

~ 1 o o N o
Fxps(B) = (—w” (ko)K? — Q) B+T(B=xBxB)

and write (3.34) as

where supp(B) C I.~—1. Letting
B =A.+b, where A, := strflfl and supp(b) C L1,

we finally reformulate (3.34) as
b =W (b), (3.36)
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where
(k) = X1, (8)D g Fais(Ao) (8)xr, ., (K),

W) = a0 RO+ D)) = X1, () (Fas(Ae +B) = LD) ().
Here DAFNLS(A) is a symbolic notation for the Jacobian of Fyrs. Note that Fyig is not
complex differentiable but it is differentiable in real variables (after isolating the real and
imaginary parts).
The Taylor expansion yields

Fuis(Ae +b) — Job = Fais(AL) + (D Fais(A:) — J)b 4+ Q(b),

where () is quadratic in b. The term FNLS(Aa) does not vanish exactly due to the convo-
lution structure of the nonlinearity but we have

FNLS(AE) =T (/Ala*fla*jg—fl*fl*j> ,
where the right-hand-side includes terms of the form
. % A, *js, where . := A — A. = (1-— X15r71>‘/4
and terms quadratic and cubic in a.. Similarly to estimates of C , we have

@)l < (4 [ facl0)] sup (1))

|k|>em—
< e UL+ k)™ ax (s)],
where s4 > 0 is to be specified. By using Young’s inequality, we obtain
lae % Acx Acllrzey < eI+ |- )4 A 2 AN 7 )
< e ODIAYR, ),

where the last estimate holds if s4 > 1/2, see (3.12). Thus, we have

| Fiis(A:)| r2my < ce™

(3.37)
Similarly, we obtain

10— D aFans(Ac) = Jo)bllrege) < ee*4 O Al (3-38)

for any s4 > 1/2.
Combining (3.35), (3.37), and (3.38), we have

(W) || L2m) < ca <€T + el (g7 4 goallor )||b||L2(R + ||b”L2 ®) T ||b||L2(R)>

where c4 depends on ||A||L§A only. Clearly, if s4 > r/(1 —r) > 1 (so that s4 > 1 is used

from now on), then there exist positive constants ¢; and ¢y that only depend on HAH 2,
such that for all € > 0 small enough

W B2 — B> (3.39)

6167
and
HW(bl) (bg)”LQ (R) < CoE ”bl — bQHL2(8 1B) for all bl, bg S Bcle” (340)
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where
2.9
B

c1e”

i={be L}(c'B) : |bll s2-1m) < 16"} (3.41)
We wish to solve (3.36) in B?{ir via the Banach fixed point iteration by writing b=

JZUW (b), where
JoU L*e7'B) — Li(e7'B).
The operator js_ 'is, however, not bounded uniformly in ¢ (in a neighborhood of ¢ = 0)
because the Jacobian Jy := D ;Fnps(A) has a nontrivial kernel due to the shift and phase
invariances of the stationary NLS equation (1.17).
Indeed, as is well known (see Chapter 4 in [25]), the Jacobian Jy at a bound state A of
the stationary NLS equation (1.17) is a diagonal operator of two Schrodinger operators

1 d? 2 2 2
1;4_ = __EEUJZL(}CO)ZZEE?E — (2 %—:311|/4(;X:)| . }1- (E@) — 1; (HQ)
and
L= =) _asraxE: BAR) - AR
,.——§wm( o)m— + TJA(X)|" (R) (R)

which act on the real and imaginary parts of the perturbation to A. By the shift and
phase invariances, both operators have kernels, namely

Ker(L, ) = span (3—;{;) and Ker(L_) = span(A),

and the simple zero eigenvalue of L, and L_ is isolated from the rest of their spectra.
By using the Fourier transform and the dualism between H?(R) and L3(R) spaces, these
facts imply that if A # 0 is a bound state to equation (1.17) in H*4(R) with s4 > 1, then
the kernel of Jy : L2(R) — L?(R) is two-dimensional and the double zero eigenvalue is
bounded away from the rest of the spectrum of .Jo. In a suitably selected subspace defined
by a symmetry of the stationary NLS equation (1.17), such that the invariances do not
hold within this subspace, the Jacobian Jo is invertible. The two invariances are avoided
if we restrict to PT-symmetric A and b, i.e.

A(=z) = Az),  b(—2) = b(a),

or equivalently

~

A(k),b(r) € R for all k € R.

Hence, for any given P T -symmetric solution A to equation (1.17), we consider a solution
to the fixed-point equation (3.36) in B*?

ci1e”

for real b. By the PT-symmetry of the original
problem (1.1), all components of the decomposition of w inherit the PT-symmetry if b is
real, so that if b is real, then J- W (b) is real, and the fixed-point equation (3.36) is closed
in the space of PT-symmetric solutions. Then, thanks to (3.39), (3.40), and (3.41), there
exists a unique real solution be BfﬁT of the fixed-point equation (3.36).

In order to understand the above inheritance property in more detail, note that u is
PT-symmetric if and only of @(-, k) is PT —symmetric for all k € B. Hence, we can check
the inheritance in the Bloch variable u. Clearly, we need to only check that M and F
commute with the PT —symmetry, where M, is given by (3.16). We write

PT(@)(x, k) := a(—a, k).
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For My, first note that QyPT = PT Qy because the eigenfunctions p,, (-, k) and pZ (-, k)
are PT-symmetric, such that
QuPT(u)(x, k) = PT(a)(z, k) — (PT(@)(:, k), P (-, k) pm (2, k)
=PT(a)(x, k) = (PT(@)(, k), PT (py,) (- k) PT (pm) (@, k)
= PT(a)(x, k) — (al-, k), py, (. k))PT (pm) (2, )
= PT(Qxa)(z, k).
Due to the PT-symmetry of V we get also L(k)PT (@) = PT (L(k)a). As aresult MPT =
PT M. Similarly, due to the PT —symmetry of o we get F(PT (a)) = PT(F(a)).
Therefore, for each component of @ the Banach fixed point argument can be carried

out in the PT-symmetric subspace. All the resulting components of the decomposition
are PT-symmetric and hence the full solution u is PT-symmetric.

3.6. Difference between the formal ansatz and ;5. To prove the inequality in
Theorem 1, it remains to estimate the difference o, — @1, 5. The formal ansatz g, in
(1.16) translates in Bloch variables to the decomposition (3.6). We seek now an estimate
of ||tsorm — U1,5||x,, where for all k — ky € B we have

i, (2, K) = B (520) pyu(, k) = (x(oeren) (b = ko) A (522) + B (520) ) p(a, ).

The estimate is carried out as follows:

ko+e"

o — 7 < cellblZaeim + / A(9) o k) = P B0 e .2my
0o—¢e”
N 2
[ ety (6D | (5529)] Bl o) o
B+ko

2 .
dllpm (-, Ko)e |17

A (=) H2(020)

" . Z /B+ko

JE€Z\{0}

from which we obtain

R N / kP A(e) Pk

||7-Lform - ﬂl,B |

|k|<er—1
sy (Ll (L P AP
|| >er—1

|| >er—1

£ s @l [ AP
JEZ\{0} wee! (B+) rwee—1(B+5)

and hence

litorm — 1,81, < & (1Bl1F2e-1m) + 214122 ) + 22404l ) -

), this estimate yields

ci1e”

Together with ||b||L§(e—1153) < ¢1e” (recall that b € B2

x, S e (3.42)

||'aform
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where the constant ¢, depends polynomially on ||A|| 12, (®) With s4 > 1.

Estimate (3.42) together with (3.17), (3.21) and (3.26) and the triangle inequality
complete the proof of Theorem 1.

4. THE SPECTRAL ASSUMPTION REVISITED

The proof of Theorem 1 relies critically on Assumption (IT) that the spectral band [a, b]
is real and isolated from the rest of the spectrum of the Schrodinger operator £ in (1.3)
(although this can be generalized as explained in Remark 4 in Section 1). In real periodic
potentials, every spectral band is real but the two bands may touch at a point with no
spectral gap.

For our purposes we say that the point (ko, ) € B x R is a Dirac point in the one-
dimensional case if two eigenvalue families k — w,, (k) and k — w,,11(k) of the spectral
problem (1.8) are real on some neighborhood around k = ko, if wp,(ko) = wms1(ko) = 1
and if w,, and w,,+1 are not differentiable at k.

Due to the Lipschitz continuity of all w,, (as follows, e.g., by a direct modification of
the proof for the Helmholtz equation in [3]), a Dirac point is where w,, and w1 are
conical in shape. Moreover, at a Dirac point (kg, pt) two linearly independent eigenvectors
of the spectral problem (1.8) exist and a system of two stationary nonlinear Dirac-type
equations can be derived and justified with an analogous analysis as in the case of the
stationary NLS equations [26] (see also Chapter 2 in [25]).

In PT-symmetric periodic potentials with the honeycomb symmetry in two spatial
dimensions, a necessary and sufficient condition was derived in [5] at the Dirac point by
the perturbation theory that shows when the spectral bands remain real under a complex-
valued perturbation.

Here we iterate the same question for the P7-symmetric potential V' in Assumption
(I). We derive perturbative results related to splitting of Dirac points, when the real
periodic potential is perturbed by a purely imaginary perturbation potential. Therefore,
we represent

V(z) =U(x) +iyW(z), (4.1)

where v € R is the perturbation parameter and the real potentials U, W € L (0, 27)
satisfy the symmetry conditions

U(—z)=U(z), W(-z)=-W(z), forallzeR. (4.2)

In what follows, we derive sufficient conditions for when the two real spectral bands
overlapping at a Dirac point (ko, ) become complex under a small perturbation. This
leads to instability of the zero solution in the time-dependent NLS equation (1.4). At
the same time Assumption (II) is no longer true and the formal approximation of bound
states via the stationary NLS equation (1.17) cannot be justified.

Let us first note an elementary result.

Lemma 8. Fiz v =0 and let p = w(ko) be a Dirac point of L(kg) for either kg = 0 or
ko = 1/2. The two linearly independent eigenfunctions vy of L(ko) can be chosen such
that @, (x)e*o® is real and even and @_(x)e*o® is real and odd.
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Proof. At either kg = 0 or ko = 1/2 the functions ¢, (z)e*0® and _(z)e*0® are two
linearly independent solutions of the Hill’s equation

—u"(x) + U(x)u(z) = pu(x),
{ u(z Ei— )27r) :(:I:)u((:c; ufo(r z)ﬂl z € R, (4.3)

where the plus sign is chosen for ky = 0 and the minus sign is chosen for ky = 1/2. Since
U is even due to (4.2), there exists one even and one odd real-valued solution of the
boundary-value problem (4.3), see Theorems 1.1 and 1.2 in [21]. d

The following proposition presents the first perturbation result on the unstable splitting
of Dirac points under a P7T-symmetric perturbation of a real even potential.

Proposition 9. Let the periodic potential V' in Assumption (1) be given by (4.1) and
(4.2). Assume that p = w(ke) is a Dirac point of L(ky) at v = 0 for either kg = 0 or
ko = 1/2 and choose the corresponding linearly independent eigenfunctions p such that
@ ()™ is real and even and ¢_(x)eo® is real and odd. If

Wei, o) #0,

then, for every v # 0 sufficiently small, there exist two eigenvalues wy (ko) of the spectral
problem (1.8) with Im(wy (ko)) # 0 and wy (ko) — p as vy — 0.

Proof.  The assertion follows from the perturbation theory for the Bloch eigenvalue
problem

[Lu (ko) +iyW]p(:, ko) = w(ko)p(-, ko), (4.4)
p(x + 2w, ko) = p(x, ko) for all z € R, '
where Ly (ko) := —(% +iko)? + U and pu = w(kg) is double at v = 0, with two linearly

independent eigenfunctions .. We normalize ¢ such that ||¢+|/12(02x) = 1. The eigen-
functions are orthogonal (¢, ) = (p e @_e*0) = 0 because ¢ e and ¢_elko
have opposite (even and odd) symmetries.

Let us use the orthogonal projection operators Py and Qg = I — Py, such that for every
f € L*0,2m) we define

Pof = e+ fo+ + (o, [e-.
Then, clearly, (¢4, Qof) = (p—, Qof) = 0. Therefore, we write
p(- ko) = crpr Heop + 70, (P 9) = (s 9) =0, (4.5)
w(ko) = p+ 4, '

where ¢, ,c_ € C are coordinates of the decomposition over the eigenfunctions ., ¢_
and ¢, Q are the remainder terms (which depend on 7). By using projection operators
Py and Qq, we project the eigenvalue problem (4.4) into the two blocks

iMyrc + iy { g&:%g 1 = Qc (4.6)
and
[Lir(ko) — pl ¢ = Hw == Qo(Q —iW) [ero4 + e + 4], (4.7)

where ¢ := (cy,c )T and

| Vo, 00) (We_,p04)
My = { <Wsoi,s0f> <W90—790f> } ' (48)
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Because W is odd and |¢+(2)|> = @i (x)efo%p, (x)elkor are even, we get (Wi, @) = 0.
Hence,

MW — 0 <W<107a 90+>
(Wes o) 0
Since My, is hermitian, the two eigenvalues {2 of the truncated eigenvalue problem
iMwc = Qc (4.9)

are purely imaginary, ;5 = iAo := £i|[(We4,¢_)|. They are nonzero and distinct if
(Wey,p_) # 0. The eigenvectors c for the two distinct eigenvalues are linearly indepen-
dent.

Since the double eigenvalue p is isolated from the rest of the spectrum of Ly (ko) in
L?(0,27), a positive constant Cj exists such that

|Qo(Lu (ko) — M)_lQO||L2(0,27r)—>L2(0,27r) < Co.

Let us assume that c and €2 are bounded by a y-independent positive constant in the limit
v — 0. Since Hy € Ran(Ly (ko) — p), fixed-point iterations can be applied to system
(4.7) for any finite c, finite €2, and sufficiently small v > 0. There exists a unique solution
0 = (7,9,¢) € L*0,27) to system (4.7) satisfying the bound

lell20.2m < Cllell + 1€20),

for v > 0 sufficiently small and a v-independent constant C' > 0.
We substitute now ¢ = (7, €, ¢) into (4.6) and close the construction via an implicit
function argument. Let us define

G(7,9,¢c) == iMwyc+iy [ Eif’%ii } — Qc.

We have G(0, 2y, ¢c1) = G(0,82, cy) = 0, where Oy o = i\ 5 are the two eigenvalues of the
truncated eigenvalue problem (4.9) with the eigenvectors ¢;» € C?. The Jacobian with
respect to €2 and c is given by

Ji(€,€) := (D, G)

(o,i,\j,cj)(ﬁ, ¢) = i(My — \j)é — Qc;, j=1,2.

For every b € C?, there is a unique Q € C and & € Ci :== {c € C?: ¢ L ¢;} such
that Jj(Q,é) = b. Indeed, each b € C? can be uniquely decomposed into C; and CjL
via b = bc; + bjL for some b; and bjL 1 c;. Then, Qj = —bj and ¢ € C'jL is the unique
solution of the linear inhomogeneous equation i(My — A;)¢ = bjL.

Hence, the implicit function theorem produces two unique roots for ¢ # 0 and €2 in
system (4.6) which converge as v — 0 respectively to the eigenpairs (i1, c1) and (i\g, c2)
of the truncated problem (4.9). O

Remark 10. For a general choice of the orthogonal and normalized eigenfunctions ¢,
and ¢_, the matrix My in (4.8) is no longer anti-diagonal. However, eigenvalues of My,
are invariant with respect to rotation of the basis in C? and therefore the two eigenvalues
are still distinct. The proof of Proposition 9 can be applied for a general choice of
eigenfunctions ¢, and ¢_ and the sufficient condition for splitting of the Dirac points is
given by invertibility of the matrix My, .
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If U = 0, there are infinitely many Dirac points in the Bloch eigenvalue problem (4.4)
for v = 0. The following proposition gives a sufficient condition that one of these Dirac
points splits and gives rise to instability under the PT-symmetric potential W.

Proposition 11. Let U = 0. At v = 0 Dirac points exist at each i, = }LnQ, n € N. The

k-coordinate of the Dirac point at p, is kg = 0 for n even and ko = % for n odd. Let
W e L2 (0,27) be defined by the Fourier sine series

per
W(z) =) _b;sin(jz) (4.10)
jEN
with b; € R for every j € N. If b, # 0 for some n € N, then for every v # 0 sufficiently
small the Dirac point at p, = }LnQ breaks into two complex eigenvalues wy (ko) of the

spectral problem (1.8) with Im(wy (ko)) # 0 and wi (ko) — pn as v — 0.

Proof. For U =0 and v = 0, the eigenvalues of the Bloch eigenvalue problem (1.8) are
Dom-1(k) = (K —m)?,  @om(k) = (k+m)*>, meN, keB,

which give the location of the Dirac points at (kg,u) = (0,m?), i.e. the crossing point

of @Wapm—1(k) and @op,(k), and at (ko, u) = (3, M), i.e. the crossing point of @y, o(k)
and @a,—1(k). Note that in contrast to w, the eigenvalues @, are not ordered according
to the magnitude (of the real part) but rather according to the Fourier series index. We
enumerate the Dirac points by p, := 3n® for n € N.

If n = 2m — 1 with m € N, the two linearly independent normalized eigenfunctions
of the Bloch eigenvalue problem (1.8) with the symmetry properties as in Lemma 8 are

given by

(ei(m—l)z + e—imz> . o (2) = (ei(m—l)m — e—imm) . (4.11)

1 1
p4(x) = m 21/

If n = 2m with m € N, the two eigenfunctions are

1 L.
oi(z) = N cos(mz), @_(x)= 7= sin(maz). (4.12)

In both (4.11) and (4.12) we have

1
(Wei, o) = =by,

2
where b, is the Fourier coefficient in (4.10) for either n = 2m — 1 or n = 2m. If b, # 0
for some n € N, the two eigenvalues w (ko) are complex by Proposition 9. U

Figure 2 illustrates Proposition 11 with the example W (z) = sin(2z) for v = 0 (a) and
7 = 0.2 (b,c). The eigenvalue families in (b,c) were computed numerically using a finite
difference discretization.

Remark 12. If b; # 0 for all j € N in the Fourier series (4.10), then all Dirac points
split into two complex eigenvalues and none of the spectral bands is completely real for v
small.

The final result shows that if U is smoother than W and W is not too smooth, then the
high-energy bands split generally and become unstable for every nonzero . This means
that the PT-symmetry breaking threshold discussed in many publications (see, e.g., the
review in [19]) is identically zero even if the real potential U is generic and has no Dirac
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FIGURE 2. Eigenvalues wy(k), n =1,...,6 of the Bloch eigenvalue problem (1.8)
with V' =0 in (a) and V(z) = 0.2isin(2z) in (b) and (c) computed numerically.
The Dirac point at the intersection of Wy and w3 with V' = 0 splits into a complex
conjugate pair when V' (z) = 0.2isin(2z). Purely real eigenvalues are plotted with
the full blue line, complex eigenvalues are in dotted red.

points. To simplify the proof of the following proposition, we assume that U has zero
mean.

Proposition 13. Let U and W be defined by the Fourier series
U(z) = QZ ajcos(jx), W(z)=2 Z b;sin(jx), (4.13)

jEN jeN
where {a;}jen, {bj}jen € £1(N,R) satisfy
, 1 > bel?
im 1%l 20 fm = — 0, Tim L I, (4.14)
i=o |bj] j=o0 j2|b;] j=oo j2[by[?

Then for every v # 0 there is a sufficiently large N € N such that for every n > N two
complex eigenvalues w (ko) of the spectral problem (1.8) with ko € {0,1/2} ewist, which
satisfy

(i) Im(ws(m) (ko)) # 0,
(ii) |wi(m) (ko) —n?/4] — 0 as n — .

Proof. By the asymptotic theory in [10, Chapter 4] for v = 0, the band edge points
converge at infinity to the Dirac points of the homogenous problem (1.8) with V' = 0.
Therefore, in order to prove the assertion, we will treat U and W as perturbation terms
in the Bloch eigenvalue problem

Lo(ko) + U + ivW|p(-, ko) = w(ko)p(-, ko),
{ 7[9(3;(+ )277 ko) :TP(Z'],];CEJ) ) for z(all )sf(e R,) (4.15)

where Lo (ko) := —(-L +iko)?. The two eigenfunctions of Ly(ko) are given by either (4.11)
or (4.12) for the double eigenvalue w(kg) = in? with either n = 2m — 1 and ko = 1/2 or
n =2m and ky = 0.
We present here the even case n = 2m, m € N. The odd case is analogous. We
represent
w(ko) = m?* + Q,
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where (2 is shown to be small as m — oco. Let us write p(-, ko) in the Fourier series form
p(x, ko) = cheijgc.
JEL
Substituting these representations in the Bloch eigenvalue problem (4.15), we obtain the
discrete eigenvalue problem

(52 =m® — Q)c; + Z(ak + by )cj—r = 0, (4.16)
keZ
where a_p = a; and b_p = —b; for K € N and ag = by = 0. Singling out the resonant
terms at j = +m, we project the eigenvalue problem (4.16) into two blocks
S 0 } Cn + [ Zsennomn W B o6, (4
U — Yo, 0 jeZ\{O,—Qm}(aj +7bj)cm—;
and .

e g %(ak +ybk)cjk,  § € Z\{m, —m}, (4.18)
where C,, := (¢, c_m)T. The two eigenvalues of the matrix in the first term of the
left-hand side of (4.17) are given by

Q=+ a2, —y2b2,. (4.19)

Since lim |a,|/|bm| = 0 by the first assumption in (4.14), for any v # 0 there exists
m—ro0

a sufficiently large N such that a2, — 72b?, < 0 for any m > N. The corresponding

eigenvalues Qf) are distinct and complex. In what follows, we prove persistence of this
complex splitting of the double zero eigenvalue 2 in the block (4.17).

We assume that C,, and 2 are bounded by an m-independent positive constant in
the limit m — oo. We denote ¢, := {¢j}jez, with Z,, := Z\{m,—m} and work in
the sequence space (?(Z,,), which represents the space L?(0,27) for the original problem
(4.15).

Since the spacing between m? and (m + 1)? grows like m as m — oo, we set

1 .
Z (ax +Ybk)cj—k, J € L

i W
m*+ J keZ\{j—m,j+m}

and obtain
1Kz, < Cm~" (lalle + bl llemlec,,). (4.20)
by using Young’s inequality for convolutions
1 1 1
lz *yller < llzlle|Ylless 7,021, 14— = i (4.21)

with r =2, p =1, and ¢ = 2. The positive constant C' is m-independent but may depend
on ) and 7. In what follows, we use the same notation for the generic constant C' that
may change from one line to another line.

Thanks to the bound (4.20), the inverse operator can be constructed for system (4.18) in
(*(Z,,) for any finite C,, and € if m is sufficiently large. By the inverse function theorem,
there exists a unique solution ¢,, € ¢*(Z,,) to system (4.18), which can be represented in
the form

Cm = P () + c_mQum (82, 7), (4.22)
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where the unique vectors P,,, Q,, € (*(Z,,) depend on m, €, and v and satisfy the bounds
1P (N 22y + 1Qun( V) 2(z) < O™ (4.23)

for an m-independent positive constant C'.
By the symmetry of system (4.18), we note that

[Qn (2,9 = P, =5, J € Zm. (4.24)

Moreover, solving system (4.18) by iterations, we can write

P (Q,7)], = %jmm ¥ Vbjem [Pm(Q,v)} €L (4.25)

m2 + 0 — j2 j
where P,, satisfies the system
Pu(@y)] =m*+0=" 3 (@) Pal@ s T E T,
J kE€Zm\{j—m,j+m}
Thanks to Young’s inequality (4.21), the higher order terms satisfy the bound
Hf’\|gz(zm) < Cm P2z, < Cm™2, (4.26)

for another m-independent positive constant C.
Substituting (4.22) to (4.17), we obtain the matrix nonlinear eigenvalue problem in the
form

Em(Qa 7) A + Yo + Fm(Q7 ’Y) _
G — by Gon(2,7) Hp (2, 7) Cm = 1Cn, (4.27)
where

En(@7) == D (a;+70)[Pul(@ )]y,
jer\{0.2m}

Fu(7) = Y (a5 +75)[Qu(Q )]y,
jez\{0.2m}

Gm(Q,7) = Z (a; +70;) [P (2, 7)] -y
JET\{0—2m}

Hp(,7y) = > (a4 0)[Qn ()] e
JEn\{0—2m}

By the symmetry in (4.24), we obtain
Em(Qa 7) = Hm(Qv _7)7 Fm(Qa 7) = Gm<Qa _7)-

Eigenvalues ) are found as roots of the characteristic equation for (4.27), namely
2 2 _ 2 _ 2
[Q = E5 ()] = [am + FR ()] = [vbm + Fr ()] + [E5(2.7)] (4.28)

where E= and F= define the symmetric and anti-symmetric combinations of E,, and F,,
respectively, e.g.

En(,7) £ B, (Q, —
E;E(Q;’Y) — ( 7) : ( 7)‘
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Substituting the leading order (4.25), we find

2 272
aj —7°bj

Em(Q77) = Z 2 32 ‘{—hOt7
jengoemt +Q2 = (m— )
(a; +70;)(aj—2m — vbj—2m)
Fm(Qv'Y) - Z m2+Q— (m—j)2 +h.0.t.,
JEZ\{0,2m}

where the higher-order terms are convolutions of a+vb and P estimated in (4.26). Hence,
by Young’s inequality, h.o.t. is bounded in the £*° norm by C/m?.
Since the leading order of E,,(€2,) is even in 7y, we obtain the estimates:

[En(@)] < Cim™
[En (2] < Calym™,

for m-independent constants C', Cy, where the factor of 7 is included for convenience. On
the other hand, the leading order of F,,,(2,v) can be estimated as follows:

2
a;0;—2m | A, a;a;j—2m
> - 2 )
2 _ _ 1)\2 2 2 _ _ 1)2
icthoom ™ +Q—(m—7) m? + () oo M +Q—(m—j)

C (@ " (ZjeN |aj|2)1/2(2j2m+1 |aj|2)1/2>

<

m?2 m

with similar estimates for the other parts of the leading order of F,,(€2,~). Combining
with the higher-order terms and recalling the first assumption in (4.14), we obtain the
estimates

1/2
|Fr—ni_(Q7’7)| S CSm_1<Z |b]|2> +C'4m_2,

j>m+1

1/2
[ ()] < C5|7|m_1<z ijl2> + Coly|m™2,

j>m+1

for m-independent constants Cs, Cy, Cs, Cg.
The right-hand side of the nonlinear characteristic equation (4.28) is

2 + +)2 - —)2 —)2
. 2 2 am amFm (Fm) ﬂyFm (Fm) (Em)
Rm.:bm<—7 R e R NL

Using the three assumptions in (4.14), we conclude that R,, = b2 (—v* + J,,), where
|0m| — 0 as m — oo. Therefore, R, < 0 if m is sufficiently large.

We note next that the roots € of the characteristic equation (4.28) are bounded in m
as they are fixed points of

Q= E;(Q,7) £V En(Q,7),
where |Ef (€, 7)] is estimated above and |[\/ R, (€2,7)| < Clom|(|7] + \/|0m]). Hence
|Q’ < C'7m*1
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for some C7 > 0 independent of m. This leads to an estimate on the imaginary part of
E. Namely, since

2 2712
aj — b

(m? +Re(Q2) — (m — 7)?)? + Im(Q)

Im(E}) = —Im(Q) >

FEZ\{0,2m}

5 +hot. |,

we have

Im(ED)| < C/m?.
Finally, thanks to the second assumption in (4.14), the imaginary part of the two roots
of 2 is nonzero if m is so large that |4,,|/7* < 1 because then the following asymptotics

hold
Im(Q2) ~ £|vbm|v/1 — 6 /72 (M — 00).

The assertion of the proposition is thus proved. Note that Q(io) given by (4.19) may be
smaller than the leading order term for Q given by E = O(m™1). O

As an example for the assumptions in Proposition 13, we consider the periodic potentials
U and W such that

|am| = O(m™>/?)  for m — oo,
C_m™3/% <|by,| < Com™3/%  for all m sufficiently large

with some 0 < C_ < Cy < oo. Since 37, [b;j|* = O(m™?), the assumptions in (4.14)
are satisfied and by Proposition 13, for every v > 0, there exists /V such that eigenvalues
(4.19) are complex for every m > N. Moreover, there is a positive constant C' such that
N > C~y~2. The latter estimate follows from |d,,,| < c¢(m~" +42m~1/2) obtained from the
previous estimates on B and F¥ as well as the definition of d,,. If C is sufficiently large
in N > Cvy72, then |d,,|/+* is small for every m > N.
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