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We develop an analytical approach for describing a birth of internal modes of solitary waves in
nonintegrable nonlinear models. We show that a small perturbation of a proper sign to an integrable
model can create a soliton internal mode bifurcating from the continuous wave spectrum. The theory
is applied to the double sine-Gordon and discrete nonlinear Schrodinger equations, and an excellent
agreement with numerical data is demonstrated. [S0031-9007(98)06329-7]

PACS numbers: 03.40.Kf, 42.65.Tg, 52.35.Mw, 63.20.Pw

As is well known, different nonlinear models can pos-(NLS) equation. However, the analysis of self-focusing
sess spatially localized solutions for solitary waves [1]. Inand propagation of self-guided spatially localized beams
many cases, the solitary waves are analyzed in the framéspatial solitons) in plasmas and optical non-Kerr materials
work of integrable models which, however, describe rerequires one to employ the (usually nonintegrable) models
alistic physical systems only with certain approximationmore general than the cubic NLS equation [6]. One of
[2]. Therefore, the fundamental question is the following:the important common features of these solitary waves
What kind of novel physical effects can be expected for  observed in numerical simulations is that they display long-
solitary waves in nonintegrable models? It is commonly lived persistent oscillations of their amplitude [7—-9]. The
believed that solitary waves of nonintegrable models difsimilar phenomenon has been found for nonlinear localized
fer from solitons of integrable models only in the charactermodes in discrete lattices [10], where the basic equations
of the soliton interactions: unlike proper solitons, interac-can be approximated by the discrete NLS equation and
tion of solitary waves is accompanied by radiation [2]. Inlocalized modes resemble the envelope solitons involving
this Letter we demonstrate the existence of nontrivial efonly a few lattice cites (the so-calladiscrete breathers).
fects of different nature, generic for nearly integrable andVlany of the features observed numerically for different
nonintegrable models. We show that a small perturbatiotypes of envelope solitons can be naturally explained in
to an integrable model may creada internal mode of a  the framework of the concept of the soliton internal mode,
solitary wave. This effect is beyond a regular perturba-generically similar to the kink’s shape mode.
tion theory, because solitons of integrable models do not In this Letter we suggest general analytical approach
possess internal modes. But in nonintegrable models sualowing one to predict when a perturbation to an inte-
modes introducejualitatively new features into the sys- grable model leads to a birth of the soliton internal mode.
tem dynamics being responsible for long-lived oscillationsWe derive the results for two customary models, the per-
of the solitary wave shape and resonant soliton interactiorturbed sine-Gordon (SG) and NLS equations, explaining

Until now, internal modes have been analyzed only formany of the features of the soliton dynamics earlier ob-
the so-calledkink solitons, topological solitary waves of served only numerically. The analytical method we sug-
the Klein-Gordon type models (see, e.g., Refs. [3,4]). Theest is generic, and it should work for all soliton models
internal modes of kinks, usually called “shape modes,’possessing the following properties: a soliton generates
are known to modify drastically the kink dynamics be- a reflectionless potential in an associated linear problem,
cause they can temporarily store energy taken away frorand the continuous wave spectrum of the linear problem is
the kink’s translational motion and later restore the energgeparated from the discrete spectrum. We conclude there-
back. This mechanism gives rise to resonant structures ifore that the internal mode is fandamental concept for
the kink-antikink collisions [3] and kink-impurity interac- many nonintegrable soliton models.
tions [5]. In spite of many (basically numerical) results Kinks.—First, we consider kinks of the perturbed SG
obtained for the kink’s internal modes, the important prob-equation,
lem still remains unsolvedWhat is the analytical crite- 2u  olu
rion for creating the kink’s internal mode? —> — -5 T sinu+ €g(u) =0, 1)

As a matter of fact, this problem is much more general, ot dx
and it can be formulated for many soliton bearing physicalvhereg () is an operator standing for perturbation (which
models. For example, nonlinear propagation of modulatedescribes, e.g., a deformation of the sinusoidal potential
wave packets is often described with the helgofelope  or the effect of a higher-order dispersion). Assuming
solitons of the integrable cubic nonlinear Schrédingersmall, we look for the kink solutiom(x) of Eq. (1) in
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the form of a Taylor seriesy (x) = u\”(x) + eul’(x) +  into the following integral equation:
O(e?), where u\”(x) = 4tan™' ¢* is the kink solution e [ K(k.k)a(k') dk'
of the SG equation. The spatially localized correction a(k) = - ]ﬁ Tt

4)
u{"(x) to the kink's shape can then be found in an explicit
form, where a(k) = a(k) (k> + €*«?) and the integral kernel

K(k, k') is defined as

!

0%

M\ 1 Yo /f I ® .
e () = o She fo dx'costix’ | - o dx. K(k,K) = f W ) [F00) + /O)IW(x. k) di,

To analyze the small-amplitude modes around the kinkynere 7(x) andg(x) are, in general, operators. To obtain
uk(x),i\(/ZV:? IlnefrlzeEg} (1) substituting(x, ) = ux(x) +  Eq. (4), we have neglected a nonsingular contribution
w(x)e™ + wr(x)e""H, where() is an eigenvalue and of the discrete spectrum and also used the orthogonality

w(x) satisfies the linear equation, condition,
dw + < 2 _ 1>w + Q%w + ef(x)w =0, (2) ]” W*(x, k"YW (x, k) dx = 27 6(k" — k)
dx?>  \coshx ’ o ’ ’ '
wheref (x) = ug{l)sinug)) _ g”(u,({o) . Because the novel eigenvalue bifurcates from the con-

In the leading order¢ = 0), the eigenvalue problem tnuum spectrum ban@ = O, atk = 0, we can con-
(2) is described by a standard equation with a solvablStruct an asymptotic solution to Eq. (4) for smallby
potential, so that its general solution is presented througRvaluating a singular contribution of the integralk) =

a set of eigenfunctions, sgr(e) 2|«|) 'K (k,0)a(0). As a result, we define the pa-
rameterx from the self-consistency condition,
wx) = a Wi (x) + f_x aOW.kydk, (@) | = %sgr(e)[ tanhx[ 7(x) + &'(0)]tanhx dx .
where the functionW_,(x) = sechx is the eigenmode (5)

of the discrete spectrum corresponding to the eigenvalue
0?2 = 0 (the so-called neutral mode), whereas the eigen
function W(x, k) = ¢**(k + itanhx)/(k + i) describes
the continuous wave spectrum with the infinite band ofing eigenfunction is exponentially localizedy(x) —
eigenvalues,0? = Q%(k) = (1 + k?). We note that +(7/ek)a(0) exp(Fkx) asx — *+o. This result con-

(i) the continuous wave spectrum bands are separatgfmg the observation that a thresholdless birth of the soli-
from the eigenvalues of the discrete spectrum and (ii) theyp, internal mode from the continuum spectrum becomes
eigenfunctions (x, k) include only one exponential fac- ,qsiple only in those models where solitary waves gen-
tor in both the limitsx — *c meaning that the effective g ate reflectionless potentials in the associated eigenvalue

potential in Eq. (2) is reflectionless at= 0. Under the  ,ohem  This property is common for many soliton bear-
latter condition, the end point of the continuum spectrumng nonlinear models.

band & = 0) belongs to the spectrum and the limiting  “ag an example of the application of a general result

(nonc_)scillating) functiorW (x, 0) = tanhx is not secularly (5), we considethe double SG equation following from

growing. . Eq. (1) atg(u) = sin(2u). The kink's internal mode exists
Now we analyze the perturbed spectral problem (2) ingr ¢ > (0 and it was analyzed numerically by Campbell

the first-order approximation ie expanding the function 4 4 [4]. However, it was noticed that the (basically

w(x) through the set of eigenfunctions; see Eq. (3). Firstincorrect) analytical method suggested in Ref. [4] does
a perturbation of the effective potential in Eq. (2) should,; provide a good agreement with numerical data (see

lead toa deformation of the eigenfunctions as well as & ig. 16 in Ref. [4]). Applying the asymptotic method
shift of the eigenvalues of the discrete spectrum. Seconcgresented above, we find the first-order correction to the
under the conditions (i) and (i) the perturbation can lead tq; s profile

a birth ofan additional eigenvalue of the discrete spectrum )
which bifurcates from the continuum spectrum band. u,((l)(x) _ 2< x  sinhx )
To find this new eigenvalue, we notice that in the first coshx  coshtx/’
order ine, a perturbation may shift the cutoff frequency
Qumin of the phonon band)2;, = 1 + €2'(0). Therefore,
to describe a birth of a novel discrete state, we suppose th
its eigenvalue detaches from the cutoff frequer@y, =
02, — €2k2, wherex is the parameter which determines
the Iogation of an additional discrete-spectrum eigenvalue, 02 =1+ 2 — 64 e + 0(). (6)
ko = iex. Then, we convert Eq. (2) by means of Eq. (3) 9

Therefore, the new eigenvalég = iex of the discrete
Spectrum appears when the right-hand side of Eq. (5) is
ositive. It follows from Eq. (3) that the correspond-

and then, using Eq. (5), calculate the discrete eigenvalue,
ko = i(8/3)e. Therefore, the kink’s internal mode is
ﬁ ssible only fore > 0, and its frequency is defined by
the expansion
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Figure 1 presents the kink’s internal mode of the double&),;, = *1 are not affected by the perturbation. Then,
SG equation as a function a&f, calculated numerically the internal mode frequency can be presented in the form,
similar to Ref. [4] (dashed curve) and compared with ourQ)y = 1 — €2«2. Applying the analysis similar to that in
asymptotic analytical result (solid curve). the case of the perturbed SG kink, we finally obtain the
Envelope solitons and breathers.— Similar to the kink  expression for the parameted],
of the perturbed SG equation, the criterion for the soliton
internal mode can also be derived for many other soliton
bearing models. As animportant example, we consider the
case of envelope solitons of the perturbed NLS equation
T e Yl + €&yl =0, (7)  where the nonoscillatory eigenfunctions are defined in the
limit k — 0, i.e.,U(x,0) =1 —2secRx andW(x,0) = 1.
where, in generalg(.) is an operator. Localized solution  As an important example, we consider the case of the

of Eq. (7) for solitary waves can be found in the form giscrete NLS equation usually used as a simple model for
(x,1) = P(x)e". The real functiond®(x) is expressed discrete breathers [10],

asymptotically as ®(x) = ®y(x) + €D (x) + O(e?), ” X

where ®, = sechx is the soliton of the cubic NLS 4% , 1 T 9 + 21w P =0
equation, andd, is a localized correction defined from " h? a1+ gns ¥n) [l ’
Eq. (7). The linearized problem for the perturbed NLS (10)

equation arises upon the substitutigix, r) = {®(x) + . . . : o
[L?(x) _ W(x)]eiﬂta_ [ (x) + W*(x)ﬁl(lxim)}eit{ a(rf(; it Whereh is the lattice spacing. In the continuum limit

has the form when the function), varies slow on the site numberwe
' derive the perturbed NLS equation (7) with= h?/12

Ikl = sorte) [ {06 07i000(:,0)
+ W(x,0)f2(x)W(x,0) dx, (9)

d*u 6 . andg(l¢|>)y = 9*y/ax*. The correctiond;(x) has the
- + - + + =

12 <cosﬁx 1>u Qw + efilx)u =0, (8a) form,

d2W 2 R _ l(x sinhx . 7 n 8 >

dx? * <cosﬁx B 1>w T Qut efrlx)w =0, (8b) 1) 2 \ cosht x coshx coshx/°

Calculating the parametet from Eq. (9), we find the
resultk = 4/3. Because = h?/12 > 0, this means that

s A 2
fa(x) = §(®g) + 4Dgdy. due to discreteness effect an additional eigenvalue always

The linear eigenvalue problem (8) can be solved ?XaCtl%ifurcates from the continuum spectrum. The asymptotic
at e = 0 (see, e.g., Ref. [11]). Its spectrum consists ofresult for the mode’s frequency 8 = 1 — h*/31.

two (symmetric) branches of the continuous modes with To verify this result, we have found numerically, the

. _ _ 2 .
the eigenvalues) = £Q (k) = £(1 + &), and discrete localized mode of the discrete NLS equation (10) and
spectrum modes corresponding to the degenerated eigel i tarnal mode. The symmetry has been imposed, and

Vzligsrilegso'()f-rohut:sé;ﬁ I':ir;Z?rrr?é?t?(L?jn}o(?)trgegR :Estiroer;lattices up to 250 particles as well as quadruple precision
q y have been considered. The numerical determination of

of the internal mod_e_ to occur from the continuum specy e internal mode frequency required a certain strategy
trum band. For definiteness, we consider the upper brar)ct avoid the finite size effects. The localized mode is
of the spectrum and suppose that the cutoff frequenmessupposed to decrease lik&/ whére coste = 1 + (1 —

Q)h?/2. Then, we look for a self-consistent value @f
0.00 ' that is an eigenvalue of the matrix defined by discretized
X Egs. (8) with the boundary conditiomy | = u,e <)

N to interpolate between free and fixed boundary conditions.
N-E —0.02k \ ] Numerical data are presented in Fig. 2, together with the
= \\ analytical asymptotic result.

% \ Therefore, taking into account even a weak discreteness
\ in the NLS modelalways leads to a birth of a soliton
=0.04| \\ 1 internal mode. That is why in discrete lattices solitary

\ waves (the discrete breathers) are observed in many nu-

where fi(x) = 2(®3) + 2023/ (P3) + 12dydP; and

0.00

FIG. 1. FrequencyQ? of the kink's internal mode in the
double SG model. Solid curve: analytical result (6); dashed

0.05
€

0.10

merical simulations with long-lived almost periodic varia-
tions of their amplitude which correspond to the excitation
of “breathing” oscillations due to the internal mode [10].
Itis interesting to note that the criterion for the existence

curve: numerical data.Q.;, is the cutoff frequency of the Of a soliton internal mode has an analogy with the famous

continuum spectrum bar@min = 1 + 2e.
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We expect that in this type of systems the solitary wave

Q dynamics is determined by strong radiation but not by
internal modes, unlike the models discussed here.
0.9999 - At last, we would like to mention that the eigenvalues
embedded into a continuous spectrum were considered in
Refs. [14,15] by means of the Evans function technique.
0.9998 - These eigenvalues were shown to lead to real [14] or com-

plex [15] eigenvalues associated with the soliton instabili-
ties. The Evans function technique can also be applied to
: ; : analyze the problem considered in this Letter.
0.0 0.1 0.2 0.3 In conclusion, using two important nonlinear models as
h characteristic examples, we have shown that there exasts
FIG. 2. Frequency) of the internal mode for the localized threshold for creating an internal mode of a solitary wave.
breather of the discrete NLS equation (10) shown as a functiofrhe particular examples display how the internal mode can
gLrt\t]; ;aﬁg?e_ spacing:.  Filled circles: numerical data; solid appear due to either a small deformation of nonlinearity
: ytical result. . . .
or weak discreteness. We believe the analytical method
suggested here is generic, and it can be applied to other
one-dimensional attractive potential well always possessgwoblems of this type.
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