Z. angew. Math. Phys. 59 (2008) 559-599
0044-2275/08,/040559-41

DOI 10.1007/s00033-007-6120-0 Zeitschrift fiir angewandte

(© 2007 Birkhauser Verlag, Basel Mathematik und Physik ZAMP

Dark solitons in external potentials

Dmitry E. Pelinovsky and Panayotis G. Kevrekidis

Abstract. We consider the persistence and stability of dark solitons in the Gross—Pitaevskii
(GP) equation with a small decaying potential. We show that families of black solitons with zero
speed originate from extremal points of an appropriately defined effective potential and persist
for sufficiently small strength of the potential. We prove that families at the maximum points are
generally unstable with exactly one real positive eigenvalue, while families at the minimum points
are generally unstable with exactly two complex-conjugated eigenvalues with positive real part.
This mechanism of destabilization of the black soliton is confirmed in numerical approximations
of eigenvalues of the linearized GP equation and full numerical simulations of the nonlinear GP
equation. We illustrate the monotonic instability associated with the real eigenvalues and the
oscillatory instability associated with the complex eigenvalues and compare the numerical results
of evolution of a dark soliton with the predictions of Newton’s particle law for its position.
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1. Introduction

Dark solitons are solutions of nonlinear PDEs in the space of one dimension with
non-zero boundary conditions and a non-zero phase shift. They are represented by
a family of traveling waves extending from the limit of zero speed (so-called black
solitons) to the limit of sound speed (so-called grey solitons). From a physical
point of view, dark solitons are waves in defocusing nonlinear systems which move
along the modulationally stable continuous-wave background.

The original interest in studies of dark solitons emerged, roughly, two decades
ago in the context of nonlinear optics, where dark solitons provide modulations
of the light intensity of an optical beam traveling in a planar waveguide [22].
The main model for dark solitons in nonlinear optics is the generalized nonlinear
Schrédinger (NLS) equation

1
Uy = _Euxm+f(|u‘2)ua (11)

where u(z,t) : RxRy — C and f(q) : Ry — R. We assume that f(g) is a smooth
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monotonically increasing function on ¢ € Z C R;. Particular examples of f(q)
include the cubic NLS with f(q) = ¢, the cubic-quintic NLS with f(q) = aq + ¢,
a € R and the saturable NLS with f = —1/(1 + 8q), 8 € R,.

Among others, several analytical results were important in the development of
dark solitons in recent years: perturbation theory based on renormalized power
[24] and momentum [23], orbital stability of dark solitons [1, 2], completeness of
eigenfunctions in the cubic NLS [8, 15], inverse scattering for the vector cubic NLS
equation [41], construction of the Evans function for dark solitons in the perturbed
cubic NLS [19], asymptotic analysis of the radiation and dynamics of dark solitons
[26, 27, 35], and spectral analysis of transverse instabilities of one-dimensional
dark solitons [25, 36].

Subsequently, rigorous analysis of the existence and stability of dark solitons
was developed in the last decade based on the earlier physical literature. In par-
ticular, Zhidkov [45] proved local existence of solutions of the Cauchy problem, de
Bouard [4] proved spectral and nonlinear instability of stationary bubbles (black
solitons with zero phase shift), Lin [28] proved the criterion for orbital stability
and instability of dark solitons (for non-zero velocities), Maris [29] studied bifur-
cation of dark solitons (for non-zero velocities) in the presence of a delta-function
potential and its generalizations, and Di Menza and Gallo [31] proved recently the
stability criterion for kinks (black solitons with a non-zero phase shift). Exten-
sions of the existence and stability theory in two and higher dimensions were also
developed by J.C. Saut and his co-workers.

While many mathematical results are now available for solutions of the general-
ized NLS equation (1.1) with non-zero boundary conditions and a non-zero phase
shift, dark solitons have suffered a decreasing popularity in the context of nonlin-
ear optics. This is not only because they possess infinite energy due to non-zero
boundary conditions but also because it is difficult from the experimental point
of view to separate the effects of the dark soliton dynamics and the background
dynamics.

Nevertheless, the interest in these nonlinear waveforms has recently been re-
juvenated by the rapid development of a new area of physics, namely the field
of Bose—Einstein condensates (BECs) [39, 40]. In the latter setting, dark solitons
typically move along the nonlinear ground state trapped by the external potentials
[42]. The main model for BECs is a modification of the NLS equation (1.1) with
an external potential, which is called the Gross-Pitaevskii (GP) equation,

tup = —%um + f(Ju®)u + €V (2)u, (1.2)

where € € R is the strength of the potential V(z) and V(z) : R — R is assumed
to be a smooth function satisfying one of the three properties:

(i) V(z) is bounded and decaying, e.g.
30 >0, k>0: |V(z)|<Ce "l vzeR (1.3)
(ii) V() is bounded but non-decaying, e.g. V(x+d) = V(z), € R with period
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d>0
(iii) V(z) is unbounded, e.g. V(z) = 22 + V(z), where V(z) is bounded on
r eR.
The last case is of particular interest in the context of Bose—Einstein condensates,
where dynamics of localized dips in the nonlinear ground state trapped by the
unbounded potential was studied in many recent papers, see [5, 34] for surveys
of results. Although cases (ii) and (iii) have been initially our primary motiva-
tions, this paper covers only the case (i) when V (z) is bounded and exponentially
decaying as in (1.3). In particular, we consider the class of symmetric potentials
V(—z) = V(z) with two examples

Vi(x) = —sech? (%) , Va(z) = x?e "ol vz € R. (1.4)

While the potentials (1.4) are, perhaps, less customary than the standard mag-
netic (parabolic) and optical lattice (periodic) potentials [21], they are nonetheless
still quite physically relevant. In particular, the potential V;(x) corresponds to a
red-detuned laser beam potential, analogous to the one used in [32]. The potential
Va(x) represents an all-optically trapped BEC, as modeled in [7] and experimen-
tally implemented in [3].

The strategy of our work is to exploit solutions of the GP equation (1.2) in the
limit of small strength e. Starting with the limit ¢ = 0, where both existence and
stability of dark solitons are known from the analysis of the NLS equation (1.1),
we shall use the method of Lyapunov-Schmidt reductions for small €. From the
technical point of view, we use local bifurcation analysis of solutions of the ODEs
with non-zero boundary conditions similarly to [30], persistence analysis of isolated
eigenvalues in the problems with small potentials similarly to [18], the count of
eigenvalues in the generalized eigenvalue problem for self-adjoint operators with
no spectral gaps similarly to [9], the Evans function construction similar to [19],
and the construction of L? eigenfunctions of the stability problem with fast and
slow exponential decay similarly to [33]. Since our starting point is the case of
e = 0, we will also give alternative proofs to the existence and stability of black
solitons in the NLS equation (1.1), which complement the recent work of [31].

Our main results are listed as follows.

(i) Let up = ¢o(z — s)e” ™+ he a solution of the NLS equation (1.1) with

seR, 0 R, w= f(q), @ €Z CRy and ¢o(z) : R — R converges to /g0
as ¢ — too exponentially fast. Let sg be a simple root of the function

M'(s) = /RV/(x) (g0 — ¢3(z — s)] da. (1.5)

Then, there exists a solution u. = ¢.(x — s.)e™ % of the GP equation (1.2)
with V(z) in (1.3) and e sufficiently small, where ¢ : R — R converges to
+/q0 as © — Fo0 exponentially fast, while ¢(x) and (s.) is e-close to ¢o(z)
and sg in L°°-norm.
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(ii) Let the solution ug be spectrally stable in the time evolution of the NLS
equation (1.1). Then, the solution u. is spectrally unstable in the time evolution
of the GP equation (1.2) for sufficiently small ¢ with exactly one real positive
eigenvalue if M"(sg) < 0 and exactly two complex-conjugate eigenvalues with
positive real part if M"(sg) > 0.

(iii) Let the function u(x,0) : R — R be close to the solution u.(z — s(0),0) in
L°-norm for some s(0) close to s.. Then, the solution u(z,t) : R x Ry — C
of the Cauchy problem to the GP equation (1.2) remains close to the solution
ue(x — s(t),t), where the varying coordinate s(t) solves the Newton’s particle
equation

M()§ — 6)\0M”(8)$ = —6.]\4’(8)7 0<t<T. (16)

Here M (s) is the effective potential in (1.5), (uo, Ag) are constants representing

the soliton’s mass and gain terms, and the time T' > 0 is of the order of O(1/e).

Statement (i) is formulated and proved in Section 2 (see Theorem 2.12). State-
ment (ii) is formulated and proved in Section 3 (see Theorems 3.11, 3.14, and
3.15) under some non-degeneracy assumptions (see Corollary 3.16 and Remark
3.17). The two complex-conjugate eigenvalues with positive real part in the state-
ment (ii) for M"(sg) > 0 follow from the linearized version of the Newton’s particle
equation (1.6) with pg > 0 and Ag > 0, which is rigorously derived in Section 4
(see Theorem 4.11). Constants (ug, Ag) are identified in Remark 4.13. Numeri-
cal studies of the linearization around a black soliton are reported in Section 5.
Statement (iii) is a conjecture which is tested against appropriately crafted nu-
merical experiments in Section 6. The summary and open problems are discussed
in Section 7.

2. Existence analysis of dark and black solitons

We first consider the family of traveling solutions of the NLS equation (1.1). After
we formulate the conditions for existence of dark and black solitons, we address
persistence of stationary solutions in the GP equation (1.2) for small € and the
potential V(x) in (1.3). We conclude this section with applications of the persis-
tence analysis to the two potentials (1.4), which indicate that the families of black
solitons bifurcate from the extremal points of the effective potential M (s) defined
in (1.5).

Definition 2.1. Any traveling solution of the NLS equation (1.1) of the form
u(z,t) = Uz —vt)e ™™, U(z) = ®(2)e®®), 2=z —ut, (2.1)
is called a dark soliton if U : R — C, ® : R — Ry, and © : R — [—m, 7]
are smooth functions of their arguments, which converge exponentially fast to the
boundary conditions
lim ®(z) = v/qo, lim ©(z) = 0. (2.2)

z—=+o00
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Here (w,v) € D C R? qo € T C Ry and ©L € [—m, 7] are parameters of the
solution. Moreover, the functions ®(z) and ©(z) can be chosen to satisfy the
normalization conditions ®'(0) = 0 and O, = 0. Additionally, we require that

®(z) < \/q0 on z € R.

Remark 2.2. The normalization conditions for ®(z) and O(z) use the gauge
[u(z,t) — u(z,t)e?, VO € R] and translational [u(z,t) — u(x — s,t), Vs € R]
invariance of the NLS equation (1.1), while the linear growth of O(z) in z is
excluded by the Galileo invariance [u(z,t) — u(x — kt, t)e**=¥*t/2 vk c R].

Theorem 2.3. Let f(q) be C'(Ry) and fiz qo € Ry such that f'(q0) > 0 and
¢ = +/qof'(q0) > 0. A dark soliton U(z) of Definition 2.1 ezists if w = f(qo),

v € (—¢,¢), and there exists a simple largest root q1 in (0,qo) of the function
. 0 v2(q — qo)?
Wi = [ ()~ f@)ag - =000 (2.3
q

with W(q1) > 0. Moreover, for these solutions, ®(z) has a global minimum at
z =0 with 0 < ®(0) < /qo and O(z) is monotonically decreasing for v > 0 and
increasing for v < 0.

Proof. Tt follows immediately that the function U(z) satisfies the second-order
ODE:

—iwU’ + %U” + (w= fUP)U =0, (2.4)

while the functions ®(z) and O(z) satisfy the ODE system in the hydrodynamic
form:
" —(0')20 + 200'® + 2(w — f(9?))® = 0 (2.5)
(0'®* —vd?) =0
Integrating the ODE (2.6) under the boundary conditions (2.2), we obtain

o2 —
@/ Sy ~ q0 (27)
As a result, the ODE (2.5) reads as follows
" 2 » P — g5
" + 2(w — f(P*)P + v FE 0. (2.8)

The equilibrium point ® = ,/qo exists if and only if w = f(qo) and it is a non-
degenerate hyperbolic point if and only if v? < ¢ = qof'(qo). Integrating the
second-order ODE (2.8) subject to the boundary conditions (2.2), we obtain the
quadrature

2 (9 — qo)?

(@) — 2W (®?) + v 5

=0, (2.9)

where

Wi = [ (flao) - F@)da (2.10)



564 D. E. Pelinovsky and P. G. Kevrekidis ZAMP

If there exists a simple largest root ¢ in (0,qo) of the function W(gq) in (2.3)
with W’ (q1) > 0, then the trajectory from the hyperbolic point ® = ,/qo turns at
® =, /q1 and returns back to the hyperbolic point ® = /gy forming a homoclinic
orbit, thus proving the statement. O

Remark 2.4. It is not difficult to prove from the ODE analysis that if v €
(—¢,0) U (0,¢) and f € C°(Ry), then U(z) is in fact C°°(R) and U(z) converges
to \/qoe’®* as z — +oo at the exponential rate O(e~ V¢ ~v"%).

Definition 2.5. The limiting solution ¢o(x) = 11}%1 U(z) in a family of dark soli-

tons of Definition 2.1 is said to be a black soliton if ¢o(x) is a real-valued smooth
function on © € R. The black soliton is called a bubble if ¢po(—z) = ¢o(x)
with 0 < ¢o(0) < /qo and .LEEI:IOO ¢o(x) = \/qo, while it is called a kink if
Go(~2) = ~do(z) and_lim_o(x) = /.

Theorem 2.6. Let f(q) satisfy the same conditions as in Theorem 2.3 and W (q)
be defined by (2.10). A kink solution of Definition 2.5 exists if and only if w =
f(q0), v=0, and W(q) > 0 for all 0 < g < qo. A bubble solution of Definition 2.5

exists if and only if w = f(qo), v =0, and there exists a simple largest Toot q1 in
(0,q0) of the function W(q) with W' (g1) > 0.

Proof. Tt follows from the equation (2.7) that ©(z) # 0 on z € R for v # 0 and
hence no black solitons may exist for v # 0. Let v = 0 and consider the real-valued
solution ¢o(x) of the second-order ODE

S04+ (@ ()00 =0 (211)

The equilibrium points ¢g = +,/qo exist if and only if w = f(go) and they are
non-degenerate hyperbolic points. Integrating the second-order ODE (2.11) under
the boundary conditions in Definition 2.5, we obtain

(60)* = 2W(45) = 0,

where W(q) is defined by (2.10). If W (gq) > 0 for any ¢ € [0, qo), then the outgoing
trajectory from the hyperbolic point ¢9 = /g0 connects the incoming trajectory
to the hyperbolic point ¢y = —,/qo forming a heteroclinic orbit (a kink). If there
exists a simple largest root ¢; in (0, go) of the function W (q) with W’/ (q1) > 0, then
the trajectory from the hyperbolic point ¢g = /qo turns at ¢ = /g1 and returns
back to the point ¢y = \/go forming a homoclinic orbit (a bubble). If the root ¢
is multiple or if ¢; = 0, there exists a front solution ¢(x) from wErEloo ¢o(z) = /a1

to lim ¢g(x) = ,/qo which is neither kink nor black soliton.

It remains to prove that the family of dark solitons U(x) for 0 < v < ¢ converges
to the black soliton ¢o(x) as v | 0 in L*®-norm. The proof follows from the
quadrature (2.9). There exist unique classical solutions ¢4 (z) on z € Ry for any
v > 0 with ®1(0) = /g, found from the largest root of the function W(q) on
(0,40). In the limit v | 0, the root g, converges to 0 if W(0) > 0 and no other
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Figure 1. Functions W (q) and W (q) for the cubic NLS with f(q) = ¢ (left) and the
cubic—quintic NLS with f(q) = f‘;q + ¢? (right) with qo = 1.

roots of W(q) exists on ¢ € [0,qp). Otherwise, the root g, converges to gi, where
¢1 is the largest root of W(q) on ¢ € [0, o). It follows from the ODE (2.7) in the
limit v | 0 that ©(z) is piecewise constant function on z € R with a possible jump
discontinuity at z = 0.

Let us write x = z for v = 0. In the case ¢, | 0 as v | 0, the two smooth
solutions @4 (z) are glued into one smooth real-valued solution ¢o(x) if and only if
O(r) =0onz € R} and O(z) =7 on = € R_ (under the normalization ©4 = 0).
This limiting solution becomes a kink. In the case g, | ¢1 asv | 0 and ¢ is a simple
root of W(q), the two smooth solutions ® (z) are glued into a smooth real-valued
solution ¢g(z) if and only if ©(x) = 0 on z € R (under the same normalization).
This limiting solution becomes a bubble. O

Remark 2.7. Due to their potential stability in the time evolution of the NLS
equation (1.1), only kinks are considered in the GP equation (1.2) for sufficiently
small e. Bubbles are always unstable in the time evolution of the NLS equation
(1.1) [4]. Figure 1 illustrates functions W (q) and W (q) in Theorems 2.3 and 2.6
for kinks (left) and bubbles (right).

Definition 2.8. Any stationary solution of the GP equation (1.2) of the form
w(x,t) = pe(x)e 7 (@)H0 feR

is called a kink mode if ¢c(x) is a real-valued smooth function on x € R, which
converges to £./qo exponentially fast for any € € R.

Lemma 2.9. Let ¢c(x) be a kink mode of Definition 2.8 and let V (x) satisfy (1.3).
Then, for any e # 0,

/RV’(JJ) [q0 — ¢2(2)] dz = 0. (2.12)
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Proof. Stationary solutions of Definition 2.8 satisfy the second-order ODE:

SO0+ (Flao) — F(62)) 6. = &V (@)6. (213)

which is generated by the Hamiltonian function

B(ge, 6,2) = 5 (617 — W(6) + eV (z) [a0 — 67]

where W(q) is given by (2.10). Therefore, the change of E(¢pc(x), pL(z),z) at the
classical solution ¢.(z) of the second-order ODE (2.13) is given by

dE

T eV'(z) [q0 — 02 (2)] -

Integrating this equation on z € R and using the boundary conditions
lirjrzl E(¢c(z), ¢ (x),x) = 0, we derive the condition (2.12). O

Remark 2.10. If V(—z) = V(z) and ¢(—z) = —¢c(z) on = € R, the necessary
condition (2.12) is always satisfied. The center of the kink is located at z = 0,
which is the minimal point of V(z) if V(0) > 0 and maximal point if V"/(0) < 0.

Remark 2.11. The necessary condition (2.12) specifies restrictions on the shape
of the kink mode ¢.(z) but does not give us any information about its existence.
By using the smallness of ¢, we will show that this condition is equivalent to the
bifurcation equation in the Lyapunov—Schmidt reduction technique. A similar
result for bright solitons was obtained in [18]. A different role of the condition
(2.12) was exploited in [37] in the context of local bifurcations of small gap solitons
in finite periodic potentials V(x).

Theorem 2.12. Let ¢o(x) be a kink of Definition 2.5. Let sy be a simple root of
the function

M'(s) = /RV'(x) (g0 — ¢3(z — 5)] da, s €R, (2.14)

such that M'(so) = 0 and M"(sg) # 0. Let f(q) be C*(Ry) and V(x) be C%(R)
satisfying (1.3). Then, there exists a unique continuation of ¢o(x — sg) to a kink
mode ¢(x — s¢) of Definition 2.8 for sufficiently small €, such that ¢.(x) and s.
are e-close to ¢o(x) and sg in the L>®-norm.

Proof.We use the decomposition ¢.(x) = ¢o(z — s) + p(z,€,s) and rewrite the
second-order ODE (2.13) for ¢.(z) as the root of the nonlinear operator-valued
function

Fp,e,8) = Ligp+ N(p,5,€) + eV(x) [do(x — s) +¢] = 0, (2.15)
where Ly : H?(R) — L?(R) is the self-adjoint operator parameterized by s

Ly = =30+ f(68) — fa) + 2630 (),
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and N(p,¢,5): H'(R) — H(R) is the nonlinear vector field

N = o [f((¢o +©)?) — F(93) — 2000 f (93)] + ¢ [f((do + ¢)*) — f(43)] ,

such that N(g,€,5) = O(||¢||%:) as |¢|lmr — 0 (since f € C*(R;)). Because
$o(x) converges to £,/qo as © — Foo exponentially fast, the essential spectrum
of L is bounded from below by 2¢* > 0. The operator L; may have isolated
positive eigenvalues and no negative eigenvalues since the kernel L, ¢'(z —s) =0
is a positive definite ground state. Therefore, the method of Lyapunov—Schmidt
reductions can be applied. Projection of F(y, ¢, s) onto Ker(L, )+ defines a unique
smooth map (z,¢,5) — ¢ € Ker(L; )+ such that ||¢| g1 = O(¢) as € — 0. By the
Sobolev Embedded Theorem, ||¢||r~ = O(e) and ¢(x) can be decomposed as
follows:

¥ = 6(p1($) + 95(567 € 8)7

where ¢ (z) is specified below and ||@||L~ = O(e?). Projection of F(¢p,¢,s) onto
Ker(L ) defines the bifurcation equation:

Gle ) = €(9%, V(@)(do + ) + (¢ Nl ,5)) = 3M'() + Gle,s),  (2.16)

where (-,-) is the standard inner product in L?(R) and G(e,s) = O(¢?) as € — 0.
The equation %G (e, ) = 0 is solved by using the Implicit Function Theorem with
respect to the variable s. If M’/ (sg) = 0 and M"(sg) # 0, then the simple root is s =
S0 + $(e) and § = O(e) as € — 0. By the Lyapunov—Schmidt Reduction Theorem
for the root of (2.15), a unique continuation of ¢g(z — sg) into ¢.(x — s.) exists.
In particular, the correction term ¢1(x) satisfies the inhomogeneous problem

Ligr = —=V(z)¢o(x — s0), (2.17)
which has a unique solution ¢; € Ker(Ly ) by the Fredholm Alternative (since
M'(s9) = 0). O

Remark 2.13. The renormalization of $? — (¢2—qq) is not needed if the potential
V(z) satisfies the condition (1.3). We expect that the same quantity M (s) with
the renormalization above can be useful to treat the other cases (ii) and (iii) of the
potential term V (z). However, the method of Lyapunov—Schmidt reductions does

not work for these cases since the perturbation term eV (z)¢g(z) does not belong
to H'(R).

Example 2.14. When the cubic NLS is considered with f(s) = s, the value
qo € R4 can be normalized by go = 1. In this case, the second-order ODE (2.4)
admits an exact solution

U(z) = ktanh(kz) + iv, E=+vV1-—122, (2.18)

where v € (—1,1). The black soliton corresponds to the kink ¢o(x) = tanhz.
When the potential V(z) is even V(—z) = V(x), the function M'(s) in (2.14) can
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be split into two parts:

M'(s) = A V(@) [¢5(x +5) — ¢3(x — )] dw = L'(s) = L'(~s),

where

L(s) = A V(z) [q0 — ¢§(z — 5)] da. (2.19)
+

If V(z) is C*(R) and satisfies the decay condition (1.3), the function L(s) is C*(R)
and L(s) — 0 exponentially fast as |s| — oo. Therefore, M'(0) = L'(0)—L'(0) =0
and one family of kink modes bifurcates from sy = 0. Additional families of kink
modes of the GP equation (1.2) may bifurcate if L(0) and L”(0) are of the same
sign. In this case, two global extrema of L(s) + L(—s) exist at so = *s, with
sx > 0, such that two other families of kink modes bifurcate from sqg = *£s,.
When V = Vi(z), ¢9 = tanhz, and gy = 1, the function L(s) is computed in the
implicit form

- _ 2 (RT 20 —
L(s) = /]R+ sech ( ) )sech (x — s)dx.

Clearly L(0) < 0 and, as can be seen from Fig. 2 (top left panel), L”(0) > 0 for
any k # 0. Additionally, Fig. 2 (middle and bottom left panels) suggests that
M(s) < 0 and M(s) — 0 as s — oo for any . Therefore, there is only one kink
mode that bifurcates from sy = 0, where V7 (z) has a minimum.

When V = V,(x), the function L(s) is computed in the implicit form:

L(s) = / z2e " sech? (x — s)d,
Ry

where k € R;. The above L(s) can be expressed as a generalized hypergeometric
function, however, we will not reproduce the resulting expression here. Instead,
we note that L(0) > 0 and

L"(0) = / z?e™"* [4sech®x — 6sech’z] dx.
Ry

When k = 0, L”(0) = 2. By using the Laplace method for computations of the
integrals, one can find that L”(0) = —4x~3 4+ O(k°) as k — oo. Therefore, there
exists kK € Ry with kg < kg, such that L”(0) > 0 for 0 < k < ry and L"(0) <0
for k > kg. As can be seen from Fig. 2 (top right panel), k, = rj ~ 3.21.
Additionally, Fig. 2 (middle and bottom right panels) suggest that there exist
three kink modes for 0 < kK < Kko: two modes with sy = +s, are associated with
the global maxima of the effective potential M (s), while the mode with sg = 0 is
associated with the local minimum of M (s). When k > kg, no kink modes with
So = *s, exist but the mode at syg = 0 corresponds to the global maximum of
the effective potential M (s). Hence, the structure of kink modes corresponds to
a subcritical pitchfork bifurcation in the parameter x, such that three solutions
exist (at sg = 0 and sg = +s.) for 0 < k < Ko and only one solution persists for
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Kk > Ko. We point out that the effective potential M (s) gives a different prediction
in comparison with the true potential V5 (x) which possesses a minimum at =0

and two maxima at x = £2/k, for all k.
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Figure 2. The effective potential evaluated numerically for Vi (z) (left) and Va(z) (right): the

quantity L'’ (0) versus k (top panels) and the function M (s) for kK = 1 (middle panels) and

k = 4 (bottom panels).
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3. Stability analysis of black solitons

We first consider the spectral stability of black solitons in the NLS equation (1.1).
We will obtain conditions for spectral stability and instability of kinks and bubbles
and then extend these conditions to kink modes of the GP equation (1.2). In the
end of this section, we will apply these conditions to the kink modes related to the
two potentials (1.4).

Definition 3.1. Let ¢o(x) be a black soliton of Definition 2.5. A black soliton
is said to be spectrally unstable in the time evolution of the NLS equation (1.1) if
there exists an eigenvector (u,w) € L*(R,C?) of the spectral problem

Liu=—)w, L_w = \u, (3.1)

for an eigenvalue A with Re(\) > 0, where

1 1
Ly= —535 + £(#8) — flq0) + 265 /() L_ = —553 + f(65) — (). (3.2)
Otherwise, a black soliton is said to be spectrally stable.

Remark 3.2. The spectral problem (3.1) arises in the linearization of the NLS
equation (1.1) by using the expansion

u(x,t) = et (@)t
60(@) + € u(z) + tw(a)] + & [a(a) + i(@)] + Ol + w]])]

It will be clear from analysis of the system (3.1) that the spectral instability of black
solitons is always associated with a real positive eigenvalue A, while the spectral
stability of black solitons (under a non-degeneracy constraint) corresponds to the
case when a black soliton is a ground state of an equivalent variational principle. It
is relatively straightforward to develop the nonlinear analysis for these two cases
and to show that the spectral instability and stability of black solitons (under
a non-degeneracy constraint) correspond to their orbital instability and stability.
See [4, 28, 31] for nonlinear analysis.

Proposition 3.3. Let u(x) satisfy u, € L*(R), |u|?> — g0 € L*(R) and u(z) # 0
Vo € R. Let the renormalized energy E,[u] and momentum P.[u] of the NLS
equation (1.1) be defined by

ﬂm=—4bwﬁw/%wmw¢@m4w, (3.3)

Pou] = %/R(uu — ully) (1 - |z—°2) dz. (3.4)

A family of dark solitons of Definition 2.1 is a critical point of the Lyapunov
functional Alu] = E,[u] + vP.[u].
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Proof. By direct differentiation, if u = U(x) satisfies the second-order ODE (2.4)
with w = f(qp), then the variational derivative E![u]| =y +vP.[u]|u=v is zero. O

Remark 3.4. The Lyapunov functional Afu] can be expanded by an extra term
Alu] = E,[u] + vP.[u] + CSu], (3.5)

where C is arbitrary constant and S[u] is the Casimir functional with zero varia-
tional derivative. It is given by

Sl =2 [ (%= = %) 4y = farg(w)] 2=, (5.6)
2 kg \u U

and it represents the total phase shift of u(z) on « € R subject to | l‘im |u(z)| =
Vo # 0. In order to define the constant C' uniquely, let us add a constraint on the
variational problem by requiring that if u = ¢e?, ' = v(1 —qp/¢?), and ¢ = ®(x)
satisfies the second-order ODE (2.8), then the first variation A’[¢]|4=q is zero,
where A[¢] = Alu][ = geio, with 8" = v(1 — qo/¢?). By direct differentiation, this
constraint immediately results in C' = 0.

Remark 3.5. The renormalized momentum (3.4) was constructed in [23] as a
difference between the standard momentum P[u] associated with a solution u(z)
and the value Pluo] evaluated at the background solution uy = /goe’®n(®)50/2,
where the value Sy = S[u] is related to the total phase shift of the solution u(zx).
It was shown in [1, 28] that the renormalized momentum P,.[u] computed at the
family of dark solitons U(z) of Definition 2.1 defines the spectral stability and
instability of dark solitons in the sense that the dark soliton is spectrally stable
if P/(v) > 0 and unstable if P/(v) < 0 where P.(v) = P,[U]. (The degenerate
case P/(v) = 0 corresponds to the dark solitons which are spectrally stable and
orbitally unstable. Under the non-degeneracy constraint P.(v) # 0, the spectral
stability and instability corresponds to the orbital stability and instability, see
[28]. In what follows, we will consider dark solitons under the non-degeneracy
constraint P/(v) # 0 Vv € (—c¢,c¢).) We will show that the limit v | 0 is well
defined and the quantity P|, o determines spectral stability and instability of
kinks of Definition 2.5.

Lemma 3.6. Let U(x) be a family of dark solitons of Definition 2.1 and f(q) be
C?(Ry). Then, (i) the function P.(v) = P.[U] is C* on v € (—c,0) U (0,c) and
(1) the limiting quantity P)|,| o is well-defined.

Proof. (i) By construction of dark solitons in Theorem 2.3, the function P,.(v) =
P,[U] is represented by

P(v) = %’/R(UU’ — U <1 = |5—0|2> dx

= —’U/R(I)2(x) (1 - <I>2q—€x)>2 dr = vN(v) + ¢oS(v), (3.7)
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where N(v) and S(v) is the total power and phase shift of the dark solitons:

N(w) = /]R (q0 — ®*(2)) da, S(v) = /]R@’(Jc)dz =0; —0_. (3.8)

By the ODE theory for the system (2.7)—(2.8) with ®(x) > 0 on = € R, the map
v (0,0)is C* on v € (—¢,0) U (0,c), such that N(v) and S(v) are smooth
functions and so is Py.(v).

(ii) We will show that the functions N(v), S(v) and P.(v) remain smooth in
the limit v | 0. Let U(x) be a dark soliton for v € (0, ¢) according to Definition
2.1 and ¢y (z) be a black soliton according to Definition 2.5. Let us consider

7 U(z) — do(x)

Ulz) = . =U.(z) +iU;(z), ve(0c),

where U,.(z) and U;(x) are real-valued functions on 2 € R. By the construction
of U(z) and ¢o(z) in Theorems 2.3 and 2.6, it is clear that U,,U; € L=(R) are
continuous in v for v € (0,¢). We need to prove that these functions remain
continuous in v as v | 0. By separating the real and imaginary parts in the ODEs
(2.4) and (2.11), we obtain an equivalent ODE system for U, (z) and Uj;(x):

WO+ 0 (£(63) — F(UP) + 500 + Ty [Fa0) — F(UPY] =0, (39)
6y~ 0] + L0+ 0 [Flao) ~ F(UP)] =0, (310)

where [U]? = (¢o + vU,.)?> + v2U?. Let us rewrite the ODE (3.10) as an inhomo-
geneous problem: L
(Lo+L_)U; =F_, (3.11)
where operator L_ is defined by (3.2) and
Lo=f(UP) = f(65),  F-=—¢—v0;.
Since |U(z)|?, ¢2(x) converge to qo and U, (x), Ui(x),~ ¢o(x) converge to some
constants exponentially fast as |z| — oo, it is clear that L_ is a relatively compact

perturbation to L_ and F_ € L*(R) for v € (0,¢). By continuity of the solution
¢o(x) = hﬁ)l U(z) in Theorem 2.6, we know that ||L_||r~ = o(1) and v||U/| L=~ =

o(1) as v | 0.

Since L_¢9 = 0 and ¢9 € L*®(R), then Vf € L?(R) N L'(R) there exists
L~'f € L*™(R) if and only if (¢, f) = 0. The following computation shows that
this condition for f = F_ — L_U; is equivalent to the ODE (3.10) and is thus
satisfied on v € (0, ¢):

(90, f) = —(60,65) = v(d0.U}) + (60 [£(65) = F(00)] . U:)
+ (00, [f(a0) — F(UI)] )
(60, 65) — (60, 01) + 56, 0) + (60, 0 [(ao) ~ F(UP))
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- (¢o, 6y~ vl + 207 + 0 [f(a0) - f<|U2>]) _o.

Therefore, a solution of the inhomogeneous problem (3.11) on v € (0,¢) can be
written in the form

- - -1 -~
Oi=—(L-+L1-)  (¢h+007).
Since || L_||z~ = o(1) and v||U.| p~ = o(1) as v | 0, there exists a solution U, €
L*°(R) uniformly in v € [0,¢), such that U;|,j0 = —L-'¢} € L=(R). Therefore,
the function ImU () is smooth as v | 0 and Tmd,U (z)|,10 = Us|wj0 = —L ¢},
We can now use the fact that v||U;||p~ = O(v) as v | 0. Since f(q) is C*(Ry)

and v||U, ||~ = o(v) as v | 0, there exists a function g(¢o,vU,.) for small vU, such
that

F((¢0 +vUn)?) = f(5) — 200Uy f'(63) = vUrg(dho, T, ),

where ||g(¢o,vU,)||z~ = o(v) as v | 0. Using these facts, we rewrite the ODE
(3.9) as an inhomogeneous problem:

(Ly +Ly)U, = Fy, (3.12)
where operator L, is defined by (3.2) and

- . -1 .
Ly = FUP)=F(é3)+60g(00,00,),  Fi = v0i+Z60 | (90 +0,)) = F(UIP)]
It is clear that F. € L°°(R) for v € (0,¢). Since Ly ¢ = 0 and ¢j(z) € L*(R) N
LY(R), then Vf € L*°(R) there exists L' f € L>=(R) if and only if (¢}, f) = 0. The

following computation shows that this condition for f = F; — .Z/+ U, is equivalent
to the ODE (3.9) and is thus satisfied on v € (0, ¢):

065, 07) + 3 (600, [£(6R) — FQUPY]) + (66 [F(63) + 2631 (63) — S(UP)] O )
= 0(6h, T1)+- (o, [F63) —FQUPY) + 5684, 0)+ (66,0 [ftao) = F(UP)])
= (¢a, o, + <60 [£(8) — FUP)] + 507 + 0 [F(ao) - f<U|2>}) =0.

Therefore, a solution of the inhomogeneous problem (3.12) on v € (0,¢) can be
written in the form

== (L + L) (4004 o0 [0+ o001 - 1P ).

Since ||Ly |z~ = o(v) and v||Ui||z~ = O(v) as v | 0, there exists a solution
U, € L>®°(R) uniformly in v € [0,¢), such that U,|,;0 = 0 (the homogeneous
solution ¢ (z) is removed from U, (z) due to the symmetry in U(z)). Therefore,
the function RelU(x) is smooth as v | 0 and Red,U (x)|yj0 = Urlojo = 0. As a
result, the map v — U is C! on v € [0,¢), such that N(v) and S(v) are smooth
functions as v | 0 and so is P.(v). O
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Corollary 3.7. The following identities are true for v € (—¢,0) U (0, ¢)
P(v)=1i / (U'0,U - U'0,U) da =2 / (ReU’ Im9,U — ImU’ Red,U) dx (3.13)
R R

and, as v | 0,

Pllv10 =2(¢0,ImdyUly10) = Nlvjo + 05" |v10- (3.14)

Proof. By Lemma 3.6, the quantity P/(v) is continuous on v € [0,¢). The first
identity in (3.13) follows by direct differentiation:
; - — — i v
Pl(v) = 3/ (U'0,0 + Ua,U" — U'8,U — Ud,T") dz + "2 / 9= - = )dx
2 R 2 R U U

r—00

= 2/ (U'0,U — U'8,U) da + i (U0,U —UdU) |72, + @&J log (Q)
R 2 2 U

i / (08,00 — U8, da.
R

Other identities follow by the substitution U(z) = ReU(z) + iImU(z), by the
smoothness of U(x) with respect to v € [0,¢) and by the relation (3.7). O

Example 3.8. Following Example 2.14, we consider the cubic NLS with f(s) = s
and go = 1. By using the exact solution (2.18), we find for v € [0, 1)

V1= 02
N@w)=2v1-v2, S()= —2arctan¥,

v
such that

2
P/(v) = 4V/1 — 02, S'(v) = ——,
and P;|v10:4, S/|le:2~

Lemma 3.9. (i) Let ¢o(x) be a kink of Definition 2.5. Then, the spectrum of
L, in L*(R) consists of the positive continuous spectrum bounded away from zero
by 2¢2, the kernel with the eigenfunction ¢f(z) and, possibly, a finite number of
positive eigenvalues in (0,2¢?). The spectrum of L_ in L?(R) consists of the non-
negative continuous spectrum and a single negative eigenvalue.

(ii) Let ¢o(x) be a bubble of Definition 2.5. Then, the spectrum of L, in L?(R)
consists of the positive continuous spectrum bounded away from zero by 2¢2, the
kernel with the eigenfunction ¢y(x), a single negative eigenvalue and, possibly, a
finite number of positive eigenvalues in (0,2¢?). The spectrum of L_ in L*(R)
consists of the non-negative continuous spectrum.

Proof. Since ¢2(z) converges to gy exponentially fast as |x| — oo, operators Ly
in (3.2) are self-adjoint Schrodinger operators on the domain H?(R) C L*(R),
which have absolutely continuous spectrum o.(L4 ), a finite number of isolated
eigenvalues of finite multiplicities 0, (L4 ), and no embedded eigenvalues or residual
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spectrum [14]. By the Weyl’s Essential Spectrum Lemma, o.(Ly) > 2q0f'(q0) =
2¢? > 0 and 0.(L_) > 0, such that the continuous spectrum of L is bounded away
from zero and the continuous spectrum of L_ touches zero. Moreover, L ¢ (z) =0
and L_¢o(z) = 0 due to the translational and gauge symmetries of the NLS
equation (1.1), such that L, has a simple kernel in L?(R) while L_ has no kernel
in L?(R).

(1) In the case of kinks, ¢o(x) has a single zero on x € R. By the Sturm Nodal
Theorem, o,(L4) contains no negative eigenvalues and o,(L_) contains exactly
one negative eigenvalue.

(ii) In the case of bubbles, ¢o(x) has no zeros on « € R. By the Sturm Nodal
Theorem, o,(Ly) contains exactly one negative eigenvalue and o,(L_) contains
no negative eigenvalues. O

Lemma 3.10. Consider the constrained space
Xc={weL’R): (w ¢y =0}, (3.15)

where ¢o(x) is a black soliton of Definition 2.5. In the case of kinks, the operator
L_ has exactly one negative eigenvalue in X, if Pll,10 < 0 and no negative eigen-
values if P|,10 > 0, where P/|, 0 is defined by Lemma 3.6. In the case of bubbles,
the operator L_ is non-negative in X..

Proof.We consider a constrained variational problem:
(L_ — p)w = —vey, we H*R), p¢o(L), (3.16)

where p is the spectral parameter and v is the Lagrange multiplier. By Lemma
3.9, there exists a unique solution w € H?(R) for any p € (uo,0), where g is the
only negative eigenvalue of L_ in the case of kinks and pg = —oo in the case of
bubbles. By the standard variational theory (e.g. see [1, 31]), the smooth function

9(k) = (o, (L— — u)7"¢p) is decreasing on u € (10,0) from lim g(p) = +00 in
the case of kinks or lim ¢(x) = 0 in the case of bubbles. Therefore, operator L_
is non-negative in Xl:?n_‘sﬁe case of bubbles. It is non-negative in X, if 1#1%1 g(p) >0
and has a single eigenvalue in X, on p € (po, 0) if lg%rég(,u) < 0 in the case of kinks.
We need to show that B% g(p) = Pllyjo-

Since H2(R) C L>(R) and there exists a solution of the inhomogeneous prob-
lem L_wy = —¢f in wy € L*°(R), then a solution of the variational problem
(3.16) in L*°(R) is uniform in p € (uo,0]. Moreover, it follows from smoothness
by Lemma 3.6 that

wo = Ui|le = ImavU(x)‘vLO + coo,
where ¢ is arbitrary. By the relation (3.14), we obtain li%g(,u) = (¢4, Imo,Uly)0) =
o
3Py 0. O
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Theorem 3.11. (i) Let ¢o(x) be a kink of Definition 2.5. Then, it is spectrally
stable if Pllyjo > 0 and unstable if Pllyj0 < 0 with exactly one real positive
eigenvalue X\ in the spectral problem (3.1).

(ii) Let ¢o(x) be a bubble of Definition 2.5. Then, it is spectrally unstable with
exactly one real positive eigenvalue \ in the spectral problem (3.1).

Proof. Let A be a non-zero eigenvalue of the spectral problem (3.1) corresponding
to an eigenvector (u,w) € H?(R,C?). Then, L, is invertible in X, defined by
(3.15) and the component w(z) € X, can be found from the generalized eigenvalue
problem

Lw=~LT'w, y=-X, weX. (3.17)

Due to the equivalence above, all non-zero eigenvalues A of the spectral problem
(3.1) can be recovered from the non-zero eigenvalues +y of the generalized eigenvalue
problem (3.17). The operators Ly satisfy properties P1-P2 of the recent paper [9].
Even though L_ has no spectral gap near the origin, one can shift the generalized
eigenvalue problem to the equivalent form,

(L + 0L Yw=(y+0)Li'w,  0<6< by, (3.18)

where §g is the distance from v = 0 to the first negative eigenvalue ~ if it exists
or 6g = oo if not. Now

oo(L- +8L7") >0,

>
~ 2¢?
and the operator L_ = L_ + 5Ljrl has the spectral gap near the origin.

(i) In the case of kinks, the operator Ljrl is positive in X.. By Theorem 3 of [9],
the problem (3.18) has no eigenvalues v € C with Im(y) # 0, has no eigenvalues
v € Ry such that (w, L7 'w) < 0 and has exactly N = dim(H ) eigenvalues

L_+6L;*
v € R_, where H; +or-t C X, is the invariant negative subspace of X, with
- +
respect to L_ + dL7'. We will prove that N = dim(H ) = dim(H; )

L_+6L7"
for sufficiently small § > 0. Indeed, continuity of isolated negative eigenvalues
of L_ in ¢§ follows by the perturbation theory since (5Ljrl is a relatively compact

perturbation to L_ in X.. Therefore, dim(H +5L‘1) > dim(H; ) for sufficiently
-toly

small § > 0. Consider a splitting X. = H; @® H; , where H; (Hj ) is negative
(non-negative) invariant subspace of X, with respect to L_, such that dim(H; ) <
oo and dim(HLi) = 00. Since Ljrl is a strictly positive operator in X., we have
V6 >0, Vvwe Hf : (w,(L- +6L7"w) > 6(w, L7 'w) > 0.
Therefore, the operator (L_+§L7 ") is strictly positive on H} and dim(H

L,+6L;1)

< dim(H ). We have thus proved that dim(H +6L,1) = dim(H, ). By Lemma
- +

3.10, dim(H; ) =11if P/|,j0 < 0 and dim(H; ) = 0if P/|,;0 > 0. In the former
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case, N = 1 and a kink is spectrally unstable. In the latter case, N = 0 and a
kink is spectrally stable.

(ii) In the case of bubbles, the operator L_ has no negative eigenvalues in
X, by Lemma 3.10. Therefore, Theorem 3 of [9] guarantees that the generalized
eigenvalue problem (3.18) has no eigenvalues v € C with Im(y) # 0, has no
eigenvalues v € Ry such that (w, L7'w) < 0 and has exactly N = dim(H )

n

eigenvalues v € R_, where H;_l C X, is the invariant negative subspace of X,
+

with respect to L;l. Since all eigenvectors of L, for non-zero eigenvalues are
orthogonal to ¢{, and belong to X, it follows immediately that N = dim(H L_—l) =
n

1, and a bubble is spectrally unstable. O

Remark 3.12. The statement (i) of Theorem 3.11 extends the stability—instability

theorem in [28] from dark solitons with v # 0 to kinks with v = 0. The same result

with li% g(p) instead of P)|, o was obtained in [31] by the Vakhitov—Kolokolov
N

method (similar to [1]) and the variational principle (similar to [4]). However, the
relation li% g(p) = 3P|, 0 was not proved in [31].
w

The statement (ii) of Theorem 3.11 was proved differently in [4] by using a
variational technique. We note that P,.(v) < 0 for v € (0,¢) and hﬂ} P.(v) =0in

the case of bubbles of Definition 2.5. Therefore, if P/|,jo # 0, then P/|,10 < 0,
such that the statement (i) for kinks extends formally to the statement (ii) for
bubbles.

Definition 3.13. Let ¢.(x) be a kink mode of Definition 2.8. A kink mode is said
to be spectrally unstable in the time evolution of the GP equation (1.2) if there
exists an eigenvector (u,w) € L2(R,C?) of the spectral problem

Liu=—\w, L_w = \u, (3.19)
for an eigenvalue X with Re(\) > 0, where

1 1
Ly= —5812-+f(¢?)—f(QO)+2¢ff/(¢§)+€V(ﬂf)7 L= —535+f(¢§)—f(%)+€v(1‘)-
(3.20)
Otherwise, a kink mode is said to be spectrally stable.

Theorem 3.14. Let ¢.(x) be a kink mode of Definition 2.8. Assume that the
operators Ly have ny negative eigenvalues and empty kernels in L*(R). Assume
that all embedded (purely imaginary) eigenvalues of the spectral problem (3.19)
are algebraically simple. Then, the spectral problem (8.19) has exactly N. com-
plex eigenvalues A in the first quadrant, N purely imaginary eigenvalues A with
Im(\) > 0 and (w, L7 'w) <0, and N, = N;F + N~ real positive eigenvalues ),
where NI corresponds to eigenvalues with (w,E_T_lw) >0 and N~ corresponds to
eigenvalues with (w, L w) < 0, such that

N + N + N, =ny, NS+ N +N.=n_, (3.21)
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where multiple eigenvalues are accounted up to their algebraic multiplicities.

Proof. Since V(z) — 0 and ¢?(z) — qo exponentially fast as |z| — oo, operators
L4 have the absolutely continuous spectrum such that o.(Ly) > 2¢2 > 0 and
o.(L_) > 0. Since the kernel of £, is empty in L?(R) by assumption, the general-
ized eigenvalue problem (3.17) for operators £y is rewritten in the unconstrained
space:

L_w=~L"w, y=-X2, w € L*(R). (3.22)

The kernel of £_ is empty in L?(R) since £L_¢. = 0 and ¢, € L=(R), ¢ ¢ L*(R).
The generalized eigenvalue problem (3.22) can be rewritten in the equivalent form,

(Lo +0L7Yw = (y+6) LT w, (3.23)
where § > 0 is sufficiently small. Properties P1-P2 of [9] are satisfied and Theorem
3 of [9] gives the relations

N,T+N{+Nc:dim(HZ;l)’ Nj+Ni_+Nc:dim(H;+M;1)

for sufficiently small § > 0, where HZ,I and H; Lop—t are invariant negative sub-
- +
spaces of L?(R) with respect to E;l and L_ + 5£I_1 respectively. It follows imme-
diately that dim(HZ,l) = ny. By continuity of eigenvalues and the relative com-
+

pactness of £ with respect to £_, it follows that dim(H; ) < dim(H

c +5L;1)'
We shall prove that dim(HZﬁJrM;l) = dim(H, ). The operator £_ + §£7" may

have additional negative eigenvalues compared to operator £_ if and only if some
eigenvalues bifurcate as § # 0 from the end point of the continuous spectrum of
L_ by means of the edge bifurcation [11, 20, 43]. In order to analyze the edge bi-
furcation, we rewrite the eigenvalue problem (£_ —|—§£_T_1)w = paw in the equivalent
form:

(L4 oM)w = pw, w € L*(R),

where

-1
E:£+§(202—%33> ,

M= £ (16 o) + 2627 () + V(o)) (22 - 502)

where M is a relatively compact perturbation to the unbounded operator £. The
continuous spectrum of £ is bounded from below by o.(L£) > %. By the theory

of edge bifurcations (see review in [20]), the new eigenvalue u = pg, if it bifurcates
from the end point of o.(L£), has the expansion pus = % —ab?+0(83), where a is
positive constant. Therefore, there exists sufficiently small § > 0, such that us > 0.
As a result, the edge bifurcation does not change the number of negative eigenval-

ues of £L_ + 6L " compared to £_ and dim(H£7+6L11) =dim(H; )=n_. O
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Theorem 3.15. Let ¢o(x) be a kink of Definition 2.5 and M'(s) be defined by
(2.14), such that M'(sg) = 0 and M"(sg) # 0. Then, the operators Ly have
n+ negative eigenvalues and empty kernels in L2(R) for sufficiently small € with
ny =1, n_=1 for M"(s9) >0 andny =0, n_ =1 for M"(sg) < 0.

Proof. Tt follows from the proof of Theorem 2.12 that ¢. = ¢o(x — s) + €1 () +
P(z,e,8) and s = s¢ + 3(€), where ||P||r = O(e?) and [3] = O(e) as e — 0.
Therefore, operators L4 in (3.20) are represented by

Li=Li+eMy +Mi,
where Ly are given by (3.2), My are given by

My =V (x) + 601 f(¢3) + 4dipr f/(#%),  M_ =V(x)+ 20001 f(d5),

and || M|~ = O(e?) as e — 0. We note that eM, + M, = €V (2)+D,N (¢, s, €),
where D,N is the Jacobian of the nonlinear function in (2.15). By using the
inhomogeneous equation (2.17) for the correction term ¢;(z), we compute

(840 — 50), My — 50) = — (6, V'60) — (6 Lgh) = — 5 M"(s0). (324

By the regular perturbation theory, the zero eigenvalue of L, becomes a non-zero
eigenvalue A of £, for small ¢, such that
~ M//(SO)
Ae = €A + A, AN =———5,
2[16511%-
where A = O(e2) as € — 0. Since the zero eigenvalue of L is simple and positive
eigenvalues of L are bounded away from zero, the kernel of £, is empty, such
that ny =1 for M"(sg) > 0 and ny = 0 for M"(sg) < 0 for sufficiently small e.
By the Implicit Function Theorem applied to ¢¢(x), the function ¢.(z) has only
one node on z € R for sufficiently small € if ¢g(x) has only one simple zero at
x = 0. We recall that £L_¢. = 0 and ¢ € L®(R), ¢ ¢ L?*(R). By the Sturm

Nodal Theorem, the kernel of £_ is empty and n_ = 1 for sufficiently small e. [

Corollary 3.16. A kink mode with M" (so) < 0 is spectrally unstable with exactly
one real positive eigenvalue X\ in the spectral problem (8.19) for sufficiently small
€. A kink mode with M"(sg) > 0 may have up to two unstable eigenvalues \ in
the spectral problem (3.19).

Proof. If M"(sg) < 0, then n. = 0, n_ = 1 and the count of eigenvalues (3.21)
gives Nt = N7 = N, =0and N, = 1. If M"(sp) > 0, then np = n_ =1
and the count of eigenvalues may give either N, + N, = 1, Nt = N7 =0 or
N7 =N, =0, Nt = N = 1. In the cases N, = 1 or N; = N, = 1, there
are two unstable and no embedded eigenvalues in the spectral problem (3.19). In
the case IV, = 1, the pair of embedded eigenvalues is simple, such that the last

assumption of Theorem 3.14 is satisfied. O
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Remark 3.17. Asymptotic approximations of eigenvalues A and precise state-
ments on unstable eigenvalues in the case M"(sg) > 0 are obtained in Section
4 under non-degeneracy assumptions P/|,j0 # 0 and S’|,j0 # 0. By Corollary
4.12, the case N, = N, = 0, N;} = N =1 occurs for P/|, ;0 < 0 and the case
N} =N =N; =0, N, =1 occurs for P/|,o > 0.

Example 3.18. Continuing Examples 2.14 and 3.8, we consider the cubic NLS
equation with f(s) = s, go = 1 and P/|,j0 = 4 > 0. When the potential V(z) is
even with V(—z) = V(z), one family of kink modes with sy = 0 always bifurcates
for € # 0.

When V = Vi(z), it follows from Fig. 2 (left panel) that the kink mode with
89 = 0 corresponds to the minimum of M (s) and it is unstable with two complex
conjugate eigenvalues, according to Remark 3.17.

When V' = Va(x), it follows from Fig. 2 (right panel) that there exists 0 <
ko < oo such that a pair of kink modes bifurcates from sg = £s, for 0 < Kk < K.
These modes correspond to the maxima of the effective potential M(s) and they
are unstable with one real eigenvalue, according to Corollary 3.16. In this case,
the kink mode with sg = 0 corresponds to a minimum of the effective potential
M (s) and it is unstable with two complex eigenvalues. On the other hand, there
is only one extremum (maximum) of M(s) for K > ko, such that only one kink
mode with sy = 0 exists in this case and is unstable with a simple real positive
eigenvalue. This scenario indicates the subcritical pitchfork bifurcation at k = &o.
We will illustrate this bifurcation in Section 5.

4. Eigenfunctions and eigenvalues of kinks

We develop asymptotic analysis of the spectral problem (3.19) in the limit of small
A and e. This asymptotic analysis is needed to complete the stability analysis of
kink modes with M”(sp) > 0 which is not conclusive in Corollary 3.16. We will
show that if a kink is stable in the linear problem (3.1) for ¢ = 0, then the pair
of zero eigenvalues of the spectral problem (3.19) at e = 0 splits into a pair of
purely imaginary eigenvalues at O(e) and bifurcates into a quartet of four complex
eigenvalues (two of which are unstable) at O(e%/2). These eigenvalues X for small e
correspond to the eigenvectors (u,w) € L?(R,C?) in the spectral problem (3.19),
persistence of which in e follows by Theorem 3.14.

From a technical point of view, our analysis is complicated by the fact that
the eigenvalues A € iR are embedded into the continuous spectrum of the non-
self-adjoint problem (3.19). One way to deal with this problem is to introduce
exponential weights which move branches of the continuous spectrum from the
imaginary axis (see [38] and references therein). However, there are two branches
of the continuous spectrum, and, independently of the weight parameter, one
branch moves to the left and the other branch moves to the right of the imaginary
axis. Any eigenvalues that bifurcate off the imaginary axis may become resonant
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poles when the weight parameter is sent to zero unless specific information about
the decay rate of eigenfunctions is available. However, if this information were
available, one could avoid the technique of exponential weights and perform a
direct analysis of the eigenfunctions and eigenvalues of the problem (3.19).

Another way to deal with this problem is to consider the Evans function with
analysis of fast and slow decaying solutions (see [19] and reference therein). By
using the Gap Lemma, the Evans function can be appropriately extended across
the continuous spectrum with a full account of the branch points on the imagi-
nary axis. Information about small eigenvalues is drawn from the derivatives of
the Evans function with respect to A and € near A = 0 and € = 0. However, compu-
tational formulas become more and more involved when higher-order derivatives
of the Evans function are needed.

Our treatment of the problem brings together the analysis of fast and slow
decaying solutions in the two approaches above. To avoid complications, it is
based on direct analysis of eigenfunctions and eigenvalues of the spectral problem
(3.19) expanded in powers of €'/2. We will obtain a characteristic equation for
small eigenvalue A\ versus small parameter e.

Lemma 4.1. Let ¢o(x) be a kink of Definition 2.5 and U(z) be a dark soliton of
Definition 2.1 for v > 0. Let operators Ly be defined by (3.2). The uncoupled
homogeneous problems

L+U0 = 0, L_wo =0
admit four linearly independent solutions:
(i) exponentially decaying eigenfunction ug = ¢j(x) in L*(R)
(ii) bounded eigenfunction wo = ¢o(x) in L2 (R)
(iii) unbounded linearly growing solution wy = x¢o(x) — Imd,U(x)|v}0
(iv) and an unbounded exponentially growing solution ug

The uncoupled inhomogeneous problems
L+U1 = —Wop, L,wl = Uo

admit solutions in the same order:
(i) bounded eigenfunction wq = —Imd,U(x)|vj0 in L (R)
(ii) a bounded eigenfunction uy in L (R)
(iii) an unbounded exponentially growing solution uq if S|, 10 # 0
(iv) and an unbounded exponentially growing solution wq
The uncoupled inhomogeneous problems

Lius = —wy, L_wy; =uy
admit no solutions in L (R) if P/|,10 # 0.
Proof. It follows from the proofs of Lemmas 3.9 and 3.10 that
Ligh=0, L_¢o=0, L_xdo=—0h, L_ImdU(x)|vo=—0),  (4.1)
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which proves (i)—(iii) for ug and wy and (i) for wy. Existence of an exponentially
growing solution wug in (iv) follows from the fact that the Wronskian determinant
of two linearly independent solutions of Liug = 0 is constant in z. Existence
of bounded solution u; in (ii) follows from the fact that (¢}, ¢o) = 0, such that
L7 ¢y € L(R). The solution u; in (iii) grows exponentially since the Fredholm
Alternative is not satisfied for wq in (iii):

1

1
(00, z¢o(x) — Imd,U(z)]y10) = 5N|v10 - §Pr'|v10 = *%OS'MO # 0, (4.2)

where the relation (3.14) has been used. Existence of an exponentially growing so-
lution wy in (iv) follows from the fact that L~'ug has the same exponential growth
in z as up in (iv). The solution ug of Lius = Imd,U(x)|y 0 grows exponentially
since the Fredholm Alternative is not satisfied:

1
(60, Imd, U (z)]y10) = §Pl|vio #0

The solution ws of L_ws = uy in (ii) grows linearly due to the same reason since

(¢o,u1) = —(Lyuy,uy) # 0.

The last inequality is due to the non-negativity of L, for kinks and the orthogo-
nality of the odd function u; to the even function ¢ of the kernel of L. O

Definition 4.2. Let ) be fized in the strip {\ € C : 0 < ReX < 2} and define
k+(A) from the roots of the characteristic equations

)\2
Rekt >0: kK3 =22 <1i\/1c—4>, (4.3)

such that kyk_ =2\ and Ky = /4c? — k2.

Remark 4.3. The roots k1 can be expanded in the Taylor series near A = 0, such
that
2 )\2

Ky (\) = 2 (1 - % + 0(A4)> CoR=l (1 s O()\4)) (a4

Lemma 4.4. Let ¢.(x) be a kink mode of Definition 2.8 for |e| < €y, where eg > 0.
There exist four fundamental solutions (u,w) of the spectral problem (3.19) for any
X in the strip {\ € C: 0 < ReX < ¢?}, such that

(ui ) — ( ik ) enE® as T — —00 (4.5)

(

and

v

* ) — < ot )e‘”i” as T — 400 (4.6)
+

—Kx
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Proof. For any A in the strip {\ € C : 0 < Re\ < ¢}, the two roots k4 ()\) and
k—(A) of the characteristic equations (4.3) are distinct and Rexy > 0. Existence
of four linearly independent solutions with the exponential tails in (4.5) and (4.6)
follows by the Coddington-Levinson’s Theorem for ODEs [10] under the condition
that V(x) — 0 and ¢?(x) — go exponentially fast as |z| — oo. O

Definition 4.5. The determinant of the four fundamental solutions in Lemma 4.4
for any © € R is called the Evans function E(X,€) of the spectral problem (3.19),
namely
Uy ﬁ_‘_ U_ U_
~/ ! ~/
E(\€) = det | U+ U+ U= U=
Wy W4 W— w—

/! o
w, w, w_ w_

(4.7)

Remark 4.6. Because the Wronskian determinant of any four particular solutions
of the ODE (3.19) is independent of z, the values of E(,€) are independent of x.
Lemma 4.7. Let ¢.(x) be a kink mode of Definition 2.8, while \ = %Ks,mr and
Ky = \/4c? — k2. The four fundamental solutions and the Evans function E(\,€)

of the spectral problem (3.19) are analytically continued in variable k_ near k— =0
for any e € R.

Proof. Let us unfold the branch point A = 0 with the transformation

Kyk_ 9 Hi + K%
—5 =
The spectral problem (3.19) is rewritten explicitly as follows:

A= (4.8)

[—02+ K5 + K2 +2Vi(2)] u= —Kik_w, [—02 +2V_(2)] w = Kyk_u,
(4.9)

where

Vi(z) = f(¢7) — flao) + 202 f'(62) — 20.f"(a0) + €V (2),
Vo(z) = f(62) = flao) + eV (x).

Since the ODE system (4.9) depends analytically on (k4,/_) € C? and the bound-
ary conditions (4.5)—(4.6) are also analytic in variables (£, x_), the four funda-
mental solutions are analytic on (k4,x_) € C? and so is the Evans function E(), ¢)
as a determinant of analytic functions for any fixed € R. The unfolding trans-
formation (4.8) implies that the parameter ¢ € C is arbitrary. Since ¢ € Ry is

fixed, this leads to the constraint x, = ,/4c2 — k2, which is locally analytic near
k_ =0. O

Remark 4.8. The Evans function was constructed in [19] for the cubic NLS
equation with a perturbation. It was found in [19] that the function E(\) is
analytic in a small domain near A = 0 with ReA > 0, its zeros coincide with
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eigenvalues A with the account of their algebraic multiplicities, and it is analytically
continued in the variable k_ near the point A = 0 (x— = 0). Lemma 4.7 repeats
these arguments with an alternative analysis based on the unfolding transformation
(4.8) similarly to the recent work [12].

Example 4.9. Continuing Example 2.14, we compute the Evans function E())
explicitly for the cubic NLS with f(s) = s and ¢o = 1. There exist explicit
solutions of the spectral problem (3.1) for the cubic NLS (see, e.g. [25]). By using
these solutions, we obtain the explicit representation of the eigenvectors (u,w)
satisfying the boundary conditions (4.5) and (4.6):

ur =~ +2/€i eNET (sechzsc + k4 tanh o — %Kji) ,
wy = —Qi—zie“iw (k+ — 2tanh )
and
Uy = — 2 e ET (sechza; — K4 tanh o — lmi) ,
24 Ky 2
Wy = — o _gmhxw (k+ +2tanhx).

24+ Ky
The Evans function E()) is computed explicitly as the determinant of the four
fundamental solutions in the form
4k3 K3 (k2 — K2)?
(i + 20205 + 27

such that E(A) = 8A% (1 — A+ O(A?)) as A — 0 with ReX > 0. The validity of all
explicit formulas has been confirmed by using Wolfram’s Mathematica.

E(\) = (4.10)

Theorem 4.10. Let f(q) be C°(Ry) and V(z) be C?*(R) satisfying (1.3). Let
M"(so) > 0 and P/|yj0 # 0 in Theorems 2.12 and 3.11. Then, the spectral problem
(3.19) for sufficiently small € admits at least two small eigenvalues A = £A(e) with
(u,w) € L*(R,C?), ReA ImA > 0, and lir% A(e) =0, such that

(i) A(e) is infinitely smooth with respect to €'/?.
(ii) (u,w) is infinitely smooth with respect to €'/? and

lim u(z) = ¢p(x), lim w(z) =0, (4.11)

up to an arbitrary multiplicative factor.
(iil) (u,w) admits an asymptotic expansion as A — 0, ReA > 0 for large +a > 1:

(Z) — ax (14 0(N) (A/giig(&?) ) (1 F A—f + O(Ax)2> , (412)

where ax are some constants and A = A(e).
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Proof. If M"(s¢) > 0, there exists at least one small eigenvalue v = I'(€) of the
generalized eigenvalue problem (3.22) with the eigenvector w € L?(R), such that
ImI(e) < 0 and lim I'(e) = 0. Since v = —\?, there must exist a zero of the

Evans function E(\€) at A = A(e) = y/—T'(e) for sufficiently small ¢, such that
ReA ImA > 0 and lgr(l) A(e) = 0.

(i) By Lemma 4.7, the Evans function E(, €) is analytically continued in x_ =
A e+ O(A3) near A = 0. It is also infinitely smooth in € near ¢ = 0. (Indeed, the
potential terms Vi (x) in the representation (4.9) are infinitely smooth in ¢ and
exponentially decaying as |x| — o0.) In addition, the Evans function E(\,¢€) has
the following properties:

E(X0) = aX? + 0\, E(0,¢) =0,

where « is a numerical constant. According to Lemma 4.1, the triple root of E (), 0)
corresponds to the solutions ug and w; in (i) due to translational invariance and
the solutions wg and w; in (ii) due to the gauge invariance. The former subspace
results in the double root A = 0 of E(\,0), while the latter subspace results in a
single root k- = 0 (A = 0) of E(),0) [20]. By Lemma 4.1, o # 0 is equivalent
to the condition P)|,o # 0. The constraint £(0,€) = 0 follows from existence of
¢e € L*(R) such that L_¢. = 0. As a result, the Evans function is expanded
near A = 0 and € = 0 as follows:

E(M\e)= A (a/\2 + Be 4+ O(N3, Xe, 62)) , (4.13)

where 3 is another numerical constant. Since the gauge invariance is preserved
while the translational invariance of dark solitons is destroyed by Theorem 3.15,
B # 0 is equivalent to the condition that M"(sg) # 0. It follows from expansion
(4.13) and the smoothness of E(), €) that the root A(e) is infinitely smooth in €*/2.

(ii) By the construction of the Evans function E(\, €), the eigenvector (u,w) is
spanned by the four fundamental solutions in Lemma 4.4. By Lemma 4.7, these
solutions are analytic in £_ near k_ = 0. By Remark 4.3, k_ = A\/c+ O(\3) near
A = 0 and by (i) of Theorem 4.10, the root A = A(e) of E(),€) = 0 is infinitely
smooth in €'/2. Therefore, the eigenvector (u,w) is also infinitely smooth in €'/2.
By Lemma 4.1, the kernel of operators £, and £_ is one-dimensional in L?(R),
such that the limiting relation (4.11) holds (eigenvectors are defined up to an
arbitrary multiplicative factor).

(iii) Tt follows from the decay (4.5) and (4.6) that there exist constants A4 (\)
and By ()\), such that

u K— Fr_x K+ Frix
(w)_)Ai(—m_)e +Bi<_ﬁ >e as  — £oo, (4.14)

where k4 are defined by the characteristic equation (4.3) for A = A(e). By expan-
sion (4.4), the slowly decaying solutions et"-* are expanded to the form (4.12),
while the fast decaying solutions eT*+* are not written in (4.12). O
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Theorem 4.11. Let f(q) be C*(R,) and V(x) € C*(R) satisfy (1.3). Let M"(s)

# 0, Pllyj0 # 0, and S'|y0 # 0 for a black soliton ¢o(x) of Definition 2.5. Let

A = A(e) be a small eigenvalue of the spectral problem (3.19) for sufficiently small

€ with ReA > 0. Then, the value of A(e) is given by the root of the characteristic

equation:

q0(S"|v10)*M" (s0)
2¢(Plv10)

ReA>0: (Plyj0) A% —¢ A+ eM"(sg) = O(e*).  (4.15)

Proof. By Theorem 3.15, the spectral problem (3.19) for sufficiently small e can
be written in the form:

[Ly +eMy +O(E@)]u=—Aw,  [Lo+eM_+0())]w=\u.

By Theorem 4.10, the eigenvector (u,w) and the eigenvalue A = A(e) can be
expanded in powers of €!/2:

u = ¢p(x) + €/%uy + eug + € 2uz + O(e2), w = e?wy + ews + €/2ws + O(e?),

and A\ = €/2\; + ey + /203 + O(€?). The first-order corrections terms (uj,w;)
satisfy the system
L+U1 = 0, L_U}l = )\1¢6 (416)

By the expansion (4.12), we are looking for a solution with u; € L?(R) and
wy € L*°(R). By Lemma 4.1, the explicit solution is

ur = c1¢(x), wy = ar¢o(x) — MImd,U(x)]y)o0,

where (a1,c1) are parameters. Without loss of generality, we can set ¢; = 0. The
second-order corrections terms (ug,ws) satisfy the system

L+UQ = —/\1w1 — M+¢6, L_wg = )\2(15/0 (417)
By the Fredholm alternative for L, we obtain the constraint

_/\1(¢6’ wl) - (¢6a M+¢6) =0.

By using (3.14) and (3.24), the constraint is equivalent to the characteristic equa-
tion

1 1
§(Pqi|vlo))\% + §M”(So) =0. (4.18)

Since w; € L*®(R) and the Fredholm constraint is satisfied, there exists a solu-
tion ug € L (R) of the first inhomogeneous equation (4.17). There exists also a
solution we € L*°(R) of the second inhomogeneous equation (4.17) similarly to
the solution wy € L (R). By the expansion (4.12), we shall add a homogeneous
linearly growing solution wg in (iii) of Lemma 4.1 which is not in L*°(R), such
that we ¢ L*°(R). As a result, the second-order corrections terms are written in
the form

uy = ¢ () + az(x),
we = agPo(x) — A ImO,U ()40 + b2 [xdo(z) — ImD,U(x)]v)0] ,
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where (ag,be,co) are parameters (c2 = 0 without loss of generality) and 4y €
L*>(R) is a solution of the inhomogeneous equation

M// (SO)
P1{|vl0
The third-order corrections terms (ug,ws) satisfy the system

Lius = —dow; — Ajwa, L_ws = )\3(?6 + AMug — M_w;. (419)

L+'L~’42 = _)\1041(1)0 - ImavU(x)mo - M+¢6

By the Fredholm alternative for L, we obtain the constraint

_)\2(¢IOaw1) - )\1(¢)/Oaw2) =0

which is equivalent by virtue of (4.2) to the characteristic equation
1
(P,,l,lvio))q)\Q + §q0(s/|vi0)>\1b2 =0. (420)

Combining two corrections A\; and Az in A(e) = €'/2X; + ey + O(e3/2), we rewrite
the characteristic equations (4.18) and (4.20) in the form

(Prl|vlo)A2 + EqO(Sl|vlo)b2A + GMI/(S()) = 0(62). (421)

In order to find by for ReA > 0, we need to consider w(x) = ¢'/?w; + ews + O (e3/?)
for large +z > 1:

w(z) — +1/30 [61/2 (a1 — M0,0F[,10) + € (a2 — X20,0% |, 10 )
ool — 0,0%,1) + ()] |

where ©F = lim ©O(x) and liril ¢o(x) = £./q0 have been used. Matching the

r—+o0
asymptotic expansions (4.12) and (4.22), we find a linear system on parameters

(a17b2>2
Cbg = :F)\l (a1 — A18U®i|vlo) .

The linear system has the explicit solution
2¢cby = /\%av (@+ - @7) |v107 2Ma1 = )\?(91] (®+ + @7) |Ul07
such that , "
(5u10) M7 (s0)
2¢(Plv10)

where S = ©F7 —©7. As a result, the characteristic equation (4.21) reduces to the
form (4.15). O

Corollary 4.12. Let P/|,10 # 0 and S|y 10 # 0 for a kink mode of Theorems 2.12,
8.14, 8.15 and 4.11 for sufficiently small €. Then,
o If Pllyjo > 0, a kink mode with M"(sg) > 0 has precisely one quartet
of small complex eigenvalues (N, = N; = 0, N, = 1), while a kink mode
with M"(so) < 0 has precisely one pair of small real eigenvalues (N, = 1,
N = N, =0) in the spectral problem (3.19).

1
by = — (5" |p10) N2 = —
2 2C(Slw)l
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o If P!l,10 <0, a kink mode with M" (so) > 0 has precisely one pair of small
real eigenvalues and one pair of finite real eigenvalues (N, = 2, N, = N, =
0), while a kink mode with M"(sg) < 0 has precisely one pair of finite real
eigenvalues and no small eigenvalues (N, =1, N; = N. = 0) in the spectral

problem (3.19).

Remark 4.13. Comparison of the characteristic equation (4.15) and the linearized
version of the Newton’s particle law (1.6) shows that

~ qo(8']v10)?

IJ’O = P',f v]0y )\O — e E—
ot 2(Pl]o0)

Both constants are positive if P/|,jo > 0, i.e. if the kink is stable in the spectral
problem (3.1).

Remark 4.14. Characteristic equation (4.15) can be derived from the power
expansion of the Evans function E(A,€) of Definition 4.5:

E(\e) = A (mQ 1 AN 4 Be+ Bre + O, A2, 62)) : (4.23)

where (a, 3) are constants from the expansion (4.13) and (&, §) are new constants.
Since computations of these constants from derivatives of E(A,€) are technically
involved, these computations are replaced in Theorem 4.11 with direct expansions
of eigenvectors and eigenvalues of the spectral problem (3.19) in powers of el/2,

Example 4.15. Continuing Example 3.8 we consider the cubic NLS with f(s) = s
and go = 1, where P/|,j0 = 4 and S’|,j0 = 2. As a result, the characteristic
equation (4.15) is written explicitly by

A
ReA>0: A2+ EM"(SO) (1 -3

) = O(e?). (4.24)
This equation has only one real-valued root A(e) > 0 for M"(sg) < 0 and two

complex-conjugate roots with ReA(e) > 0 for M"(sp) > 0 provided that € > 0 is
sufficiently small. The validity of the expansion (4.24) will be tested in Section 5.

N

Remark 4.16. If the characteristic equation (4.24) is formally applied to the
cubic GP equation (1.2) with f(s) = s, ¢go = 1 and V(z) = 22, we obtain M"(s) =
2 [ sech?(z)dx = 4, such that the characteristic equation (4.24) is

A% - §A+ e = 0(e?).

This characteristic equation was derived in [34] with a formal method for slow
dynamics of dark solitons subject to radiative boundary conditions. The validity
of radiative boundary conditions for parabolic potentials V(x) = x? can not be
verified by the present analysis.
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Remark 4.17. The characteristic equation (4.15) can be rewritten in the form

’ 2 qo(S/‘v10)2 3 _ 7 2

(Prlvlo)A + 726 AN = —eM (80)—|—O<€ )
The left-hand-side of this equation was derived in Egs. (19)-(20) of [35] and Egs.
(2.37)—(2.38) of [33] in a more general context of dark solitons with v € (—¢, ¢). The
method of [35] was based on asymptotic theory for slow dynamics of dark solitons,
while the method of [33] was based on slow decay conditions for eigenfunctions
of the linearized problem. Here we have replaced these formal methods with the
rigorous proof of Theorems 4.10 and 4.11.

5. Numerical approximations of eigenvalues

We test the predictions of the characteristic equation (4.24) for the cubic GP
equation (1.2) with f(s) = s and the two potentials Vi (x) and Va(x) in (1.4). In
particular, we focus on examining the dependencies of small unstable eigenvalues
of the spectral problem (3.19) versus parameters ¢ and x. The numerical approx-
imations of the kink mode ¢.(z) are obtained by means of fixed point iterations
of the ODE (2.13). The iterations are applied to a finite-difference discretiza-
tion of the computational domain # € [—L, L] on a grid of N nodes (typically
N = 1600) with a spacing Ax (typically Az = 0.2). Subsequently, the spectral
problem (3.19) is discretized in a matrix eigenvalue problem that, in turn, is solved
through standard numerical linear algebra routines.

In the case of the potential V;(z), as is considered in Examples 2.14 and 3.18,
the positive-definite sign of M”(0) leads to a sole kink mode bifurcating from
3o = 0 (and staying at s = 0 by Remark 2.10). The kink mode is located at the
minimum of the effective potential M (s) and is unstable due to a complex quartet
of eigenvalues according to the characteristic equation (4.24).

The numerical results on Figures 3 and 4 fully confirm the above picture. Fig. 3
shows only one solution ¢.(z) of the ODE (2.13) with the potential V;(z) and a
unique quartet of complex eigenvalues A = A, +i); in the spectral problem (3.19).
The left panel of Fig. 4 shows the real part of this quartet as a function of k for a
given € = 0.2, while the right panel shows the relevant real part as a function of e
for a given k = 1. The predictions of the characteristic equation (4.24) are shown
by dashed-dotted lines, while the numerically obtained eigenvalues are shown by
thick lines.

The non-monotonic behavior of the real part of complex eigenvalues is pro-
duced by the truncation of the computational domain = € [—L, L] and subsequent
discretization on a finite grid. This numerical phenomenon is explained in [17]
(see their Figure 2) as follows. The continuous spectrum of the spectral problem
(3.19) becomes a finite spectral band along the imaginary axis near A = 0 due
to the truncation and the band is represented by isolated eigenvalues due to the
discretization. The quartet of eigenvalues bifurcates from the point A = 0 in the
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Figure 3. Bifurcation results for the potential V1 (x). The top panels show the kink mode (solid
line) and the potential V;(x) amplified by a factor of 5 (dash-dotted line) for (¢, x) = (0.2,1.1)
(left) and (e, k) = (0.2,6.4) (right). The bottom panels show the corresponding spectrum of the

linearized problem (the numerical result is shown by circles, while the theoretical prediction is
shown by stars).
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Figure 4. The left panel shows the theoretical (dash-dotted line) and numerical (solid line)
dependence on k of the real part of the unstable complex eigenvalue for fixed € = 0.2. The right
panel shows the dependence of the same quantity on e for fixed k = 1.

direction of the imaginary axis with small real part for small e and interferes with
eigenvalues from the discretized continuous spectrum. This interference leads to
the non-monotonic behavior of the real part of the relevant eigenvalues on Fig. 4.
We note that this effect is not present for real eigenvalues bifurcating from the
point A = 0.

In the case of the potential V5(z), we have a more interesting phenomenology.
While the potential always has two maxima at @ = +2/k, the effective potential
M (s) possesses two maxima at sog = £, s, # 0 and a minimum at so = 0 for
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Figure 5. The subcritical pitchfork bifurcation in parameter x for the potential Va(z) for fixed
€ = 0.2. The left panel shows the center of mass so of the kink modes (so # 0 by dashed line,
so = 0 by thick solid and dashed lines). The theoretical predictions of sg are shown by
dash-dotted line. The vertical line gives the theoretical prediction for the bifurcation point

K = ko. The right panel shows the real part of the unstable eigenvalues for the relevant kink
modes, using the same symbolism as the left panel. The theoretical predictions of eigenvalues
are shown by thick and thin dash-dotted lines, respectively for the branches with sop = 0 and

so # 0.

Kk < Ko =~ 3.21 and only one maximum at so = 0 for k > k¢. Branches of solutions
with M"(sg) < 0 are unstable due to a pair of real eigenvalues, while the branch
of solutions with M"(sg) > 0 is unstable due to a quartet of complex eigenvalues,
according to the characteristic equation (4.24). The transition of the kink mode
so = 0 from k < kg (when M”(0) > 0) to kK > ko (when M"(0) < 0) indicates a
subcritical pitchfork bifurcation at x = kq.

The numerical results for the potential V() are shown on Figures 5, 6 and 7.
Branches of the solutions with sqg = +s, are denoted by a dashed line, the branch
of the solution so = 0 with M"(sg) > 0 is denoted by thick solid line and the
same branch with M"(sg) < 0 is denoted by thick dashed line. The corresponding
predictions from the extremal points of the effective potential M (s) and from the
characteristic equation (4.24) are shown by dash-dotted lines (thick for s = 0 and
thin for sg = +s.).

The bifurcation point is found numerically to be ko ~ 3.26 for € = 0.2 in a very
good agreement with the value ko = 3.21 obtained from M (s) with M"(0) = 0.
The computational error is approximately 1.5%. The values of sy for the kink
mode ¢.(z) are obtained numerically from its ”center of mass” defined by

) Jooe (1= |¢e|?)dx
0= .

SO (L= @) da
The values of sy are plotted on the left panel of Fig. 5 for ¢ = 0.2 in a good
agreement with the value s, obtained from M (s) with M’(s.) = 0.

The solution profile ¢.(z) and the corresponding linearization spectra for the
different branches and for particular choices of (e,x) are shown on Fig. 6. In

(5.1)
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Figure 6. The left quartet of panels shows the solutions with so # 0 (dashed lines) and the
potential Va(z) (dash-dotted line) for (e, k) = (0.2,1.0) and (e, k) = (0.2,3.1). The
corresponding spectrum features a pair of real eigenvalues (numerical results are shown by
circles and the theoretical predictions are shown by stars). The right quartet of panels shows
the similar picture for the kink mode with so = 0 for (¢, k) = (0.2,1.025) and

(e,x) = (0.2,3.975). The corresponding spectrum features either a quartet of complex
eigenvalues or a pair of real eigenvalues.

agreement with the characteristic equation (4.24), the kink modes with sy = +s,
for Kk < kg and with sg = 0 for Kk > kg has a pair of small real eigenvalues, while
the kink mode with sy = 0 for k < kg has a quartet of small complex eigenvalues.
The right panel of Fig. 5 shows the real parts of unstable eigenvalues for each kink
mode.

Fig. 7 shows the dependence of the relevant eigenvalues versus e for a fixed
k =1 < Kg. In this case, three branches of kink modes exist and the branch with
S0 # 0 has a pair of real eigenvalues, while the branch with sy = 0 has a quartet of
complex eigenvalues. We can see that the non-monotonic behavior of the real part
of unstable eigenvalues is only observed for the quartet of complex eigenvalues. We
can also see from all figures of this section that the agreement between numerical
and theoretical results is excellent for ¢ < 0.3 and deteriorates for ¢ > 0.3 due to
the truncation error O(€?) in the characteristic equation (4.24).

6. Numerical simulations of the GP equation

We examine the dynamics of the unstable kink modes in the full GP equation
(1.2) by using direct numerical simulations. The time-evolution problem is ap-
proximated by the fourth-order Runge-Kutta method applied to the spatial dis-
cretization of the GP equation. The output of the fixed point iterations was used as
an input in the time integrator with the time step At (typically At = 0.001). The
results of the time evolution are compared against the effective Newton’s particle
equation (1.6) for the position s(t) of the center of dark soliton ¢.(z — s(t)).

In order to test the theoretical result, we have to use the following numerical
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Figure 7. The real part of the unstable eigenvalues versus e for k = 1 for the solution branches
with so # 0 (left panel) and with sop = O (right panel). The numerical results are shown by
dashed and thick solid lines, while the theoretical predictions are shown by dash-dotted lines.
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Figure 8. The unstable evolution of the kink mode with sg = 0 for the potential Va(z) with
k =4 and € = 0.2. The dashed-dotted line shows the result of the Newton’s law initialized
around ¢t = 180.

technique. The initial condition u(x,0) of the GP equation (1.2) is specified in the
form of the kink mode ¢.(x) plus a small (typically 10~%) perturbation multiple
of its most unstable eigenmode. The time-evolution problem is integrated for an
initial period 0 < t < tg, during which the dark soliton acquires a small speed due
to instabilities, which quickly grows for ¢t > ty. At the time instance t = tg, we
approximate the values of s(¢g) and $(¢9) by using the center of mass (5.1) at t = tg
and at earlier time instances. The Newton’s particle equation (1.6) is initialized
at t = to with given s(tg) and $(¢p) and then integrated with the fourth-order
Runge-Kutta method.

Figures 8 and 9 illustrate the time evolution of an unstable dark soliton, which
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Figure 9. The unstable evolution of the kink mode with sg ~ 2.23 for the potential Va(z) with
x =1 and € = 0.2. The dashed-dotted line shows the result of the Newton’s law initialized
around t = 140.

possesses a pair of real eigenvalues in the linearization spectrum. Fig. 8 corre-
sponds to the potential Va(z) with £ = 4 > kg, when the kink mode with sg =0
has a real eigenvalue A\ = 0.0241 (the theoretical prediction of the linearized New-
ton’s particle equation is A & 0.0253). We observe from the figure that the unsta-
ble kink mode undertakes a monotonic transition to a stable dark soliton, which
escapes the double-humped potential Va(z) and travels with an asymptotically

0
02
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06
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% 500 t 1000 1500

Figure 10. The unstable evolution of the kink mode with sg = 0 for the potential Va(z) with
k=1 and € = 0.2. The dashed-dotted line shows the result of the Newton’s law initialized at
t ~ 1000.
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Figure 11. The unstable evolution of the kink mode with so = 0 for the potential Vi (z) with
k = 6.4 and € = 0.2. The dash-dotted line shows the result of the Newton’s law initialized
around t = 600.

constant speed. The predictions of the Newton’s particle equation shown by thick
dash-dotted line captures the entire process accurately but slightly precedes the
full time-evolution of the GP equation. The latter discrepancy can be attributed
to the larger value of A for the unstable eigenvalue.

Fig. 9 shows a similar monotonic transition for the potential Va(x) with x = 1,
when the kink mode with sg = s, & 2.23 has a pair of real unstable eigenvalues. In
this case, the theoretical prediction A =~ 0.1251 exceeds the numerically obtained
value A = 0.1211 too and the prediction of the Newton particle equation precedes
its counterpart from the GP equation. It is worth to note the qualitative agreement
between the two time evolutions, including the small “leg” formed in the trajectory
as the dark soliton passes the unstable kink mode with sg = —s, &~ —2.23.

Figures 10 and 11 illustrate the time evolution of an unstable dark soliton,
which possesses a quartet of complex eigenvalues in the linearization spectrum.
Fig. 10 corresponds to the potential V2(x) with x = 1, when the kink mode with
so = 0 has a quartet of complex eigenvalues with the real part ReA = 0.06606
(the theoretical prediction of the linearized Newton particle equation is ReA\ =
0.07724). We observe from the figure that the unstable kink mode oscillates in
a local potential well of the double-humped potential V5(x) with an increasing
amplitude due to unstable complex eigenvalues. When the oscillations reach a
large amplitude, the dark soliton escapes the maximum of the effective potential
and transforms to a steadily moving soliton. The predictions of the Newton particle
equation represent this dynamics correctly with a larger deviation from the full
GP equation in comparison with the case of monotonic transitions.

Fig. 11 shows a similar oscillatory behavior of an unstable kink mode with
so = 0 for the potential V; (z) with x = 6.4. In this case, the theoretical prediction
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ReA =~ 0.0123 exceeds again the numerically obtained value Re\ = 0.0118 and the
prediction of the Newton particle equation precedes its counterpart from the GP
equation.

In the end, we mention that the rigorous derivation of the Newton particle
equation for slow dynamics of a bright soliton in an external potential has been
reported recently in [6, 13, 16]. Derivation of its counterpart (1.6) for slow dynam-
ics of a dark soliton is an open problem of analysis. Our numerical results suggest
that this Newton particle equation is highly appropriate for understanding the
nonlinear time-evolution of dark solitons in the GP equation with small external
potentials.

7. Conclusion

We have systematically analyzed the persistence and stability of dark solitons in
the presence of small decaying potentials. We have shown how the effective poten-
tial can be used to predict bifurcations of kink modes in a small potential and to
approximate small unstable eigenvalues of the linearization spectrum. These theo-
retical results have been tested against the numerical bifurcation results indicating
excellent qualitative and good quantitative agreement. We have also conjectured
a dynamical evolution equation (the Newton particle law) that can be used, quite
successfully, to describe the motion of the kink modes and the manifestation of
their instabilities.

One of the directions of interest for future studies is to expand the present
results to other types of potentials which include periodic and confining potentials.
While, as argued in the text, we expect many of the qualitative features to persist,
periodic or growing potentials may possess additional interesting properties due
to the presence of spectral bands or purely discrete spectrum in the linearization
problem.

Another open direction would involve extending the present analysis to the two-
dimensional setting and, in particular, to the case of vortices in the presence of
external potentials. While some of the techniques applied herein (e.g. perturbative
expansions) would apply to the latter case as well, others are more geared towards
the one-dimensional setting (e.g. the Evans function technique). It would be
especially interesting to generalize our current results to the two-dimensional GP
equation.

We add that a similar use of the Lyapunov—Schmidt reduction technique and
the Evans function formalism is recently reported for the solitary waves of coupled
Korteweg—de Vries equations in [44].
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