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Abstract. We address the existence of algebraically decaying solitary waves on the
nonzero wave background in the massive Thirring model (MTM) in laboratory coordi-
nates. We find the precise condition of the spectral stability and instability of the nonzero
wave background. In the case of instability, we distinguish modulational, side-band, and
full-band instabilities and show that the rogue wave exists if and only if the nonzero wave
background is modulationally unstable. For the other unstable cases and in the case of
stability, we show that there exist exactly two algebraic dark solitons which correspond to
the end points in the admissible range of the wave speed for the dark soliton propagation.

1. Introduction

1.1. The model. A relativistically invariant nonlinear Dirac equation was proposed in the
quantum field theory by W. Thirring in [33]. The local self-interaction model of a Dirac
field, which is now referred to as the massive Thirring model (MTM), can be written in
one spatial dimension as follows:{

iψt − φx − ψ = (ψ2 + φ2)ψ̄,

iφt + ψx + φ = (ψ2 + φ2)φ̄,
(1.1)

where ψ and φ stand for two components of the spinor field. With the transformation{
ψ = 1

2
(u− v),

φ = − i
2
(u+ v),

the system (1.1) can be rewritten in the equivalent form{
i(ut + ux) + v = |v|2u,
i(vt − vx) + u = |u|2v.

(1.2)

This model appears in the numerous applications as a limiting case of the coupled-mode
system for two counter-propagating waves coupled due to the subharmonic (Bragg) reso-
nance, e.g., in the nonlinear wave models with a periodic potential [31] (see book [28]).

1.2. The problem and background literature. The MTM in the form (1.2) was shown
to be integrable with the Lax pair and infinitely many conserved quantities, see [22, 26] and
[20, 27]. Multi-soliton solutions with the exponential spatial decay to the zero background
were constructed in [1, 11, 13]. These solutions are usually referred to as the bright solitons.

1



2 ZHEN ZHAO AND DMITRY E. PELINOVSKY

Multi-soliton solutions with the exponential spatial decay to the nonzero wave background
(referred to as the dark solitons) were constructed in [2, 3]. Both bright and dark soliton
solutions were recently represented by using Hirota’s bilinear method and the KP-hierarchy
reductions in [5]. Generalizations of bright and dark soliton solutions for the integrable
discretizations of the MTM system were developed recently in [6, 7]. Additionally, quasi-
periodic solutions were constructed by using the Baker–Akhiezer wave function and the
Riemann theta function in [4], see also [12, 35].

The relevance of both bright and dark solitons can be understood by reducing the
MTM to the nonlinear Schrödinger (NLS) equations in the nonrelativistic limit. On the
zero background, the spectrum of the linear self-adjoint Dirac operator,

D : H1(R) ⊂ L2(R)→ L2(R), D =

(
−i∂x −1
−1 i∂x

)
(1.3)

is purely continuous, located on (−∞,−1] ∪ [1,∞). Near the end points of the spectral
gap (−1, 1), we proceed with the asymptotic multiple-scale expansion of the corresponding
solutions to the nonlinear system (1.2),{

u(x, t) = e±it[εA±(X,T )± i
2
ε2∂XA±(X,T ) + ε3u3(X,T ) +O(ε4)],

v(x, t) = e±it[±εA±(X,T )− i
2
ε2∂XA±(X,T ) + ε3v3(X,T ) +O(ε4)],

with X = εx and T = ε2t. By the standard analysis at the formal order of O(ε3), there
exists a solution for (u3, v3) only if A±(X,T ) satisfies the NLS equations

i∂TA± = ±1

2
∂2
XA± + |A±|2A±. (1.4)

The NLS equation (1.4) for A+ is focusing and admits bright solitons on the zero back-
ground. The NLS equation (1.4) for A− is defocusing and admits dark solitons on the
nonzero background. The nonzero background is modulationally unstable for the focusing
NLS equation and modulationally (and spectrally) stable for the defocusing NLS equation.

The bright solitons on the zero background exist for ω in the gap (−1, 1) of the purely
continuous spectrum of the Dirac operator (1.3) and admit the exponentially decaying tails.
The limit ω → −1 is nontrivial and results in the algebraically decaying tails of the bright
soliton. The spectral stability of exponentially decaying bright solitons for ω ∈ (−1, 1)
was established in [19]. Their orbital stability was proved for the perturbations in H1(R)
[30] and in L2(R) [9]. The inverse scattering transform in weighted Sobolev spaces of
higher regularity was developed in [29], see [21, 23, 34] for earlier works. The proof of the
asymptotic stability of bright solitons and the soliton resolution conjecture was completed
in [17]. For the algebraically decaying bright soliton at ω = −1, the orbital stability
proof is an open problem but the recent studies of higher-order rational solutions of the
MTM system (1.2) in [16, 24, 38] (see also related work [25]) suggest their stability in the
nonlinear dynamics of soliton interactions.

Compared to the comprehensive studies of bright solitons, dark solitons have received
less attention in the context of the modulational stability of the nonzero background. It
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was shown in [5] that an algebraic dark soliton appears as the limiting case in the family
of the exponential dark solitons. The polynomial Darboux matrices for the MTM were
introduced in [14] and were subsequently applied in [15] to construct the fundamental
rogue wave. Higher-order rogue waves were constructed in [18] and [37]. Finally, higher-
order rational solutions for rogue waves in the MTM were systematically derived from
solutions of the two-component KP hierarchy in [8], see also [36]. Spectral stability and
instability of periodic waves, which include both the nonzero background and the dark
solitons on the nonzero background in the limiting cases, were studied in [10].

It is well-known from [15, 37] that rogue waves on the nonzero background appear
when the background is modulationally unstable. On the other hand, dark solitons may
exist even if the nonzero background is spectrally unstable, in which case they pick up
the spectral instability of the background. The interplay between the spectral stability or
instability and the existence regions of the algebraically decaying dark solitons versus the
rogue waves has not been studied comprehensively for the MTM system (1.2). For exam-
ple, action-angle variables were constructed in [32] for a particular nonzero background,
which our analysis identifies as spectrally unstable. The role of action-angle variables for
the nonlinear dynamics of the unstable background is not clear. However, there exists a
spectrally stable background, for which the action-angle variables are important for the
nonlinear dynamics of dark solitons.

The purpose of this work is to clarify the existence regions for the algebraic dark solitons
versus the rogue waves in relation to the spectral stability or instability of the nonzero
background in the MTM system (1.2).

1.3. Main results. Let us first introduce the nonzero background. We are looking for the
plane-wave solution of the MTM system (1.2) in the form:{

u(x, t) = ρ1e
i(`x−ωt),

v(x, t) = ρ2e
i(`x−ωt),

(1.5)

where `, ω, ρ1, ρ2 are real parameters and ρ1,ρ2 are nonzero. Substituting (1.5) into (1.2),
we obtain the linear system {

ω − ` = ρ2
2 −

ρ2
ρ1
,

ω + ` = ρ2
1 −

ρ1
ρ2
,

which is uniquely solved for ` and ω in terms of ρ1 and ρ2 by` = 1
2
(ρ2

1 − ρ2
2)
(

1− 1
ρ1ρ2

)
,

ω = 1
2
(ρ2

1 + ρ2
2)
(

1− 1
ρ1ρ2

)
.

(1.6)

Two particular cases lead to the spatially homogeneous nonzero background:

• ρ2 = 1
ρ1

, for which ` = ω = 0,

• ρ2 = ±ρ1, for which ` = 0 and ω = ρ2
1 ∓ 1.
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Stability of the nonzero background is considered in the spectral sense. By using per-
turbations defined by {

u(x, t) = ρ1e
i(`x−ωt)(1 + U(x, t)),

v(x, t) = ρ2e
i(`x−ωt)(1 + V (x, t)),

(1.7)

we can linearize equations of motion and expand (U, V )(·, t) ∈ L2(R) × L2(R) with the
Fourier transformU(x, t) =

∫
R

[
Û+(k)etλ(k) + ˆ̄U−(−k)etλ̄(−k)

]
eikxdk,

V (x, t) =
∫
R

[
V̂+(k)etλ(k) + ˆ̄V−(−k)etλ̄(−k)

]
eikxdk,

(1.8)

where (Û+(k), Û−(k), V̂+(k), V̂−(k)) are defined from a linear homogeneous system for each
k ∈ R. There exist four admissible values for λ = λ(k) for each k ∈ R, which are symmetric
relative to iR: if λ(k) is a root, so is−λ̄(k). In addition, the admissible values are symmetric
relative to R by reflection of k: if λ(k) is a root, so is −λ(−k).

Definition 1. We say that the nonzero background in (1.5) is spectrally stable if all admis-
sible solutions in the Fourier form (1.8) with λ = λ(k) satisfy λ(k) ∈ iR for every k ∈ R.
This guarantees that the perturbations (U, V )(·, t) ∈ L2(R) × L2(R) do not grow exponen-
tially as t→ +∞. Otherwise, the nonzero background in (1.5) is spectrally unstable.

Among the spectral instabilities, we classify three distinct cases:

• Modulational instability: ∃k0 > 0 : Reλ(k) > 0 for |k| ∈ (0, k0) for two of the
four admissible values of λ(k), whereas Reλ(k) = 0 for k = 0.
• Side-band instability: ∃k+ > k− > 0 : Reλ(k) > 0 for |k| ∈ (k−, k+) for two of

the four admissible values of λ(k).
• Full-band instability: ∃k0 > 0 : Reλ(k) > 0 for k ∈ (−k0, k0) for two of the four

admissible values of λ(k).

In the case of modulational instability, there may exist an additional side-band instability
with k+ > k− > k0 such that Reλ(k) > 0 for |k| ∈ (0, k0) ∪ (k−, k+) for two of the four
admissible values of λ(k), whereas Reλ(k) = 0 for |k| ∈ {0} ∪ [k0, k−] ∪ [k+,∞).

The following theorem describes the main result on the stability and instability of
the nonzero background. Regions of the first quadrant of the (ρ1, ρ2) plane for different
unstable cases are shown in Figure 1.

Theorem 1. The nonzero background (1.5) is spectrally stable if ρ1ρ2 < 0 and is spectrally
unstable if ρ1ρ2 > 0. Moreover, it exhibits modulational instability if 0 < ρ1ρ2 < 1, full-band
instability if 4ρ3

1ρ
3
2 > (ρ2

1 +ρ2
2)2, and side-band instability if ρ1ρ2 > 1 and 4ρ3

1ρ
3
2 < (ρ2

1 +ρ2
2)2.

The modulational instability is accompanied by an additional side-band instability if 1
2
<

ρ1ρ2 < 1 and

(ρ2
1 − ρ2

2)2

4ρ2
1ρ

2
2

>
(1− ρ1ρ2)(1 + ρ1ρ2)3

(2ρ1ρ2 − 1)3
.
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Remark 1. The MTM system considered in [32] is related to our system (1.2) by the
transformation x 7→ −x, t 7→ −t, and (u, v) 7→ (u,−v). The boundary conditions in
[32, Eq. (2)] are prescribed as (u, v) → (1,−1)eiθ± as x → ±∞ with θ± ∈ R. Under
the transformation, these conditions correspond to the case ρ1 = ρ2 = 1 in Theorem 1, for
which the background is spectrally unstable. It is more interesting to extend the action-angle
variables in [32] to the spectrally stable background with ρ1ρ2 < 0, e.g., for ρ1 = −ρ2 = 1.

Remark 2. The condition 0 < ρ1ρ2 < 1 for the modulational instability of the nonzero
background was previously obtained in [15]. However, the complete classification of the
side-band and full-band instabilities in Theorem 1 is a new result.

Figure 1. Instability regions in the first quadrant of the (ρ1, ρ2) plane. The
black (`1) and blue (`2) curves are given by ρ1ρ2 = 1 and 4ρ3

1ρ
3
2 = (ρ2

1 + ρ2
2)2

respectively. The red dashed curve (`3) is given by
(ρ21−ρ22)2

4ρ21ρ
2
2

= (1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
.

The red dot marks the intersection point (ρ1, ρ2) = (1, 1) of all curves.

Next, we consider algebraically decaying dark solitons and rogue waves on the nontrivial
background (1.5). Based on the exact expressions from [5, 8], we prove the following
theorem.

Theorem 2. If either ρ1ρ2 < 0 or ρ1ρ2 > 1 and (ρ2
1 + ρ2

2)2 6= 4ρ3
1ρ

3
2, there exist exactly two

algebraically decaying dark solitons among the traveling wave solutions of the MTM system
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(1.2) in the form:

u(x, t) = ρ1e
i(`x−ωt)u±(x− ct), v(x, t) = ρ2e

i(`x−ωt)v±(x− ct), (1.9)

where u±, v± are rational functions satisfying |u±−1|, |v±−1| = O(|x|−1) as |x| → ∞ with
the maximal normalized total intensity given by

max
x∈R
|u±(x)|2 + |v±(x)|2 = 2 + 8

ρ1ρ2 − 1

ρ1ρ2

, (1.10)

and with two distinct values of the wave speed c = c± given by

c± =
ρ4

1 − ρ4
2 ± 4ρ2

1ρ
2
2

√
ρ1ρ2(ρ1ρ2 − 1)

(ρ2
1 + ρ2

2)2 − 4ρ3
1ρ

3
2

. (1.11)

The values of c± in (1.11) are the end points in the existence region of exponentially
decaying dark solitons which exist only if

• c ∈ (c−, c+) for either ρ1ρ2 < 0 or ρ1ρ2 > 1 and 4ρ3
1ρ

3
2 < (ρ2

1 + ρ2
2)2,

or

• c ∈ (−∞, c+) ∪ (c−,∞) for 4ρ3
1ρ

3
2 > (ρ2

1 + ρ2
2)2.

No algebraically decaying dark solitons exist for 0 < ρ1ρ2 < 1, for which the MTM system
(1.2) admits only one fundamental rogue wave solution in the form

u(x, t) = ρ1e
i(`x−ωt)û(x, t), v(x, t) = ρ2e

i(`x−ωt)v̂(x, t), (1.12)

where û, v̂ are rational functions satisfying |û−1|, |v̂−1| = O((|x|+ |t|)−1) as |x|+ |t| → ∞
with the maximal normalized total intensity given by

max
(x,t)∈R2

|û(x, t)|2 + |v̂(x, t)|2 = 18. (1.13)

Remark 3. The solutions (1.9) and (1.12) are unique modulo the translational and rota-
tional symmetries of the MTM system (1.2). It is remarkable that the maximal normalized
total intensity of the algebraic dark solitons in (1.10) is identical between the two solitons
and that the maximal normalized total intensity of the rogue wave in (1.13) is independent
of the parameters ρ1 and ρ2.

Remark 4. Explicit expressions for two algebraic dark solitons (1.9) and the rogue wave
(1.12) in Theorem 2 are presented in Section 3 together with the solution surfaces. Com-
pared to [5], where only one algebraic dark soliton was obtained, we construct two different
types of the algebraic dark solitons and clarify the spectral stability of their background if
ρ1ρ2 < 0 and their spectral instability if ρ1ρ2 > 1, due to Theorem 1.

Remark 5. The exceptional case (ρ2
1 + ρ2

2)2 = 4ρ3
1ρ

3
2 for ρ1ρ2 > 1 corresponds to the curve

`2 in Figure 1, where the side-band instability region for (ρ2
1 + ρ2

2)2 > 4ρ3
1ρ

3
2 is connected to

the full-band instability region for (ρ2
1 + ρ2

2)2 < 4ρ3
1ρ

3
2. There exists only one algebraically

decaying dark soliton with the wave speed given by

c =
(ρ2

1 − ρ2
2)2 + 4ρ3

1ρ
3
2

2(ρ2
1 + ρ2

2)(ρ2
1 − ρ2

2)
. (1.14)
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Remark 6. The condition 0 < ρ1ρ2 < 1 for the existence of rogue waves was found
in all previous works on rogue waves: [8, 15, 18, 37]. Higher-order rogue waves, which
generalize (1.12) with the higher-order rational functions û, v̂, were discussed in [18] and
systematically derived in [8]. Compared to [8] and in agreement with [15], we clarify that
the condition 0 < ρ1ρ2 < 1 for the rogue wave existence coincides with the criterion for the
modulational instability of the rogue wave background.

Remark 7. It is an open problem for further studies to construct a hierarchy of higher-
order algebraic dark solitons, if it exists, which would satisfy

u(x, t) = ρ1e
i(`x−ωt)u(x− ct, t), v(x, t) = ρ2e

i(`x−ωt)v(x− ct, t),
with the higher-order rational functions u, v satisfying |u − 1|, |v − 1| = O(|x − ct|−1) as
|x| → ∞ for any t ∈ R. A similar hierarchy of higher-order algebraic bright solitons on
the zero background was recently discovered in [16, 38].

Theorem 1 is proven in Section 2. Theorem 2 is proven in Section 3. The paper is
concluded with Section 4.

2. Stability of the nonzero background

2.1. Linearized equations of motion. To prove Theorem 1, we first obtain the linearized
equations of motion. Substituting (1.7) into (1.2) and using (1.6) to eliminate ` and ω, we
truncate the quadratic and cubic terms for (U, V ) and obtain{

i(Ut + Ux) = ρ2
ρ1
U + ρ2

ρ1
(ρ1ρ2 − 1)V + ρ2

2V̄ ,

i(Vt − Vx) = ρ1
ρ2

(ρ1ρ2 − 1)U + ρ1
ρ2
V + ρ2

1Ū .
(2.1)

By using the Fourier transform (1.8) for solutions of the system (2.1) and the complex-

conjugate system, we obtain a linear homogeneous system for (Û+(k), Û−(k), V̂+(k), V̂−(k))
with the spectral parameter λ(k) at each Fourier mode with wave number k ∈ R. Dropping
the argument of k ∈ R, we write the linear system as follows:

(iλ− ρ2
ρ1
− k)Û+ − ρ2

ρ1
(ρ1ρ2 − 1)V̂+ − ρ2

2V̂− = 0,

(−iλ− ρ2
ρ1

+ k)Û− − ρ2
ρ1

(ρ1ρ2 − 1)V̂− − ρ2
2V̂+ = 0,

(iλ− ρ1
ρ2

+ k)V̂+ − ρ1
ρ2

(ρ1ρ2 − 1)Û+ − ρ2
1Û− = 0,

(−iλ− ρ1
ρ2
− k)V̂− − ρ1

ρ2
(ρ1ρ2 − 1)Û− − ρ2

1Û+ = 0.

There exists a nonzero solution for (Û+, Û−, V̂+, V̂−) if and only if λ is a root of the char-
acteristic equation given by

D(λ) =

∣∣∣∣∣∣∣∣
iλ− k − ρ2

ρ1
0 −ρ2

ρ1
(ρ1ρ2 − 1) −ρ2

2

0 −iλ+ k − ρ2
ρ1

−ρ2
2 −ρ2

ρ1
(ρ1ρ2 − 1)

−ρ1
ρ2

(ρ1ρ2 − 1) −ρ2
1 iλ+ k − ρ1

ρ2
0

−ρ2
1 −ρ1

ρ2
(ρ1ρ2 − 1) 0 −iλ− k − ρ1

ρ2

∣∣∣∣∣∣∣∣ .
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Expanding the determinant, we obtain a quartic polynomial in λ:

D(λ) = λ4 + λ2

(
2k2 − 4ρ1ρ2 +

(ρ2
2 + ρ2

1)2

ρ2
1ρ

2
2

)
+ 2iλk

ρ4
1 − ρ4

2

ρ2
1ρ

2
2

+ k2

(
k2 − 4ρ1ρ2 −

(ρ2
1 − ρ2

2)2

ρ2
1ρ

2
2

)
. (2.2)

There exist four admissible roots λ of the quartic polynomial D(λ). It follows from the
symmetries of coefficients of D(λ) that if λ = λ(k) is a root, so are −λ̄(k), −λ(−k), and
λ̄(−k). For further use, we rewrite the polynomial (2.2) for λ = iΩ as P (Ω) := D(iΩ) with

P (Ω) = Ω4 − Ω2

(
2k2 − 4ρ1ρ2 +

(ρ2
2 + ρ2

1)2

ρ2
1ρ

2
2

)
− 2Ωk

ρ4
1 − ρ4

2

ρ2
1ρ

2
2

+ k2

(
k2 − 4ρ1ρ2 −

(ρ2
1 − ρ2

2)2

ρ2
1ρ

2
2

)
. (2.3)

According to Definition 1, the nonzero background (1.5) is spectrally stable if all four roots
λ of D(λ) are on iR for every k ∈ R. Equivalently, it is spectrally stable if all four roots
Ω of P (Ω) are on R for every k ∈ R. The proof of Theorem 1 is obtained from analysis of
the polynomial P (Ω) based on Propositions 1 and 2.

2.2. Spectral stability for ρ1ρ2 < 0.

Proposition 1. If ρ1ρ2 < 0, all four roots Ω of P (Ω) belong to R for every k ∈ R.

Proof. We analyze P (Ω) given by (2.3) for every k ∈ R if ρ1ρ2 < 0. For convenience, we
write

α1 :=
ρ2

1 + ρ2
2

2ρ1ρ2

, α2 :=
ρ2

1 − ρ2
2

2ρ1ρ2

, (2.4)

and represent P (Ω) in the equivalent form:

P (Ω) = (Ω2 − k2 + 2ρ1ρ2)2 − 4(α1Ω + α2k)2 − 4ρ2
1ρ

2
2.

Therefore, Ω is a root of P (Ω) if and only if either F+(Ω) = 0 or F−(Ω) = 0, where

F+(Ω) := Ω2 − k2 + 2ρ1ρ2 − 2
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2 (2.5)

and

F−(Ω) := −Ω2 + k2 − 2ρ1ρ2 − 2
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2 (2.6)

are used in the factorization: P (Ω) = −F+(Ω)F−(Ω). Since (α1Ω + α2k)2 + ρ2
1ρ

2
2 > 0 for

every Ω ∈ R and k ∈ R, the functions F±(Ω) : R → R are smooth with respect to both
Ω ∈ R and k ∈ R. Let us define for every k ∈ R,

Ω∗ := −α2

α1

k.
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Since α1Ω∗ + α2k = 0 and 2
√

(α1Ω∗ + α2k)2 + ρ2
1ρ

2
2 = −2ρ1ρ2 > 0, we obtain

F+(Ω∗) =

[(
ρ2

1 − ρ2
2

ρ2
1 + ρ2

2

)2

− 1

]
k2 + 4ρ1ρ2 = − 4ρ2

1ρ
2
2k

2

(ρ2
1 + ρ2

2)2
+ 4ρ1ρ2,

F−(Ω∗) =

[
1−

(
ρ2

1 − ρ2
2

ρ2
1 + ρ2

2

)2
]
k2 =

4ρ2
1ρ

2
2k

2

(ρ2
1 + ρ2

2)2
.

On the other hand, as |Ω| → ∞, we have

F+(Ω)→ +∞, F−(Ω)→ −∞,

because 2
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2 = O(|Ω|) as |Ω| → ∞ while the quadratic terms dominate.

If k 6= 0, then F+(Ω∗) < 0 and F−(Ω∗) > 0. By the intermediate value theorem, each
of F+ and F− has at least one zero in (−∞,Ω∗) and at least one zero in (Ω∗,∞). Thus,
P (Ω) : R→ R has at least four real roots. Since P (Ω) is a quartic polynomial in Ω, it has
at most four roots. Therefore, it has exactly four real roots for k 6= 0.

If k = 0, then roots of P (Ω) can be found explicitly from

P (Ω)|k=0 = Ω2

[
Ω2 −

(
−4ρ1ρ2 +

(ρ2
1 + ρ2

2)2

ρ2
1ρ

2
2

)]
, (2.7)

where the coefficient inside the bracket is strictly positive. Hence, P (Ω) has a double zero
root and two simple real roots. �

2.3. Spectral instability for ρ1ρ2 > 0. We first obtain three technical results in the
following lemmas.

Lemma 1. Assume that ρ1ρ2 > 0 and define

M := 4ρ3
1ρ

3
2 − (ρ2

1 + ρ2
2)2.

In addition to the double zero root, P (Ω)|k=0 has two simple real roots if M < 0 and two
simple purely imaginary roots if M > 0.

Proof. If k = 0, then we use (2.7) and rewrite it as

P (Ω)|k=0 = Ω2

[
Ω2 +

(
4ρ1ρ2 −

(ρ2
1 + ρ2

2)2

ρ2
1ρ

2
2

)]
= Ω2

(
Ω2 +

M

ρ2
1ρ

2
2

)
,

from which the assertion holds. �

Lemma 2. If ρ1ρ2 > 0 and M < 0 in Lemma 1, then there is k0 > 0 such that for every
|k| ∈ (0, k0), P (Ω) has four simple real roots if ρ1ρ2 > 1 and two simple real roots and two
simple complex-conjugate roots if ρ1ρ2 < 1.

Proof. We use α1, α2 in (2.4) and introduce F+(Ω), F−(Ω) in (2.5), (2.6) so that

P (Ω) = −F+(Ω)F−(Ω).
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If ρ1ρ2 > 0, then F+(0)|k=0 = 0 and F−(0)|k=0 = −4ρ1ρ2 < 0. Since F±(Ω) : R → R are
smooth with respect to (Ω, k) near (0, 0), the double zero root of P (Ω)|k=0 in Lemma 1
coincides with the double zero root of F+(Ω)|k=0.

In addition, since
√
α2

1Ω2 + ρ2
1ρ

2
2 ≥ ρ1ρ2 > 0, we obtain

F−(Ω)|k=0 = −Ω2 − 2ρ1ρ2 − 2
√
α2

1Ω2 + ρ2
1ρ

2
2

≤ −Ω2 − 4ρ1ρ2,

which implies that F−(Ω)|k=0 < 0 for every Ω ∈ R and does not have any real roots.
If M < 0, then the two simple real nonzero roots of P (Ω)|k=0 in Lemma 1 are roots of
F+(Ω)|k=0 away from the origin.

It remains to study how the double zero root of F+(Ω)|k=0 splits for small k 6= 0. To
do so, we expand the smooth function F+ in (Ω, k) near (0, 0) in the power series:

F+(Ω) = Ω2 − k2 + 2ρ1ρ2 − 2ρ1ρ2

[
1 +

1

2

(α1Ω + α2k)2

ρ2
1ρ

2
2

+O((α1Ω + α2k)4)

]
= Ω2

(
1− α2

1

ρ1ρ2

)
− 2α1α2

ρ1ρ2

Ωk − k2

(
1 +

α2
2

ρ1ρ2

)
+O((α1Ω + α2k)4),

where

1− α2
1

ρ1ρ2

=
4ρ3

1ρ
3
2 − (ρ2

1 + ρ2
2)2

4ρ3
1ρ

3
2

6= 0

by the assumption M < 0, which is equivalent to 4ρ3
1ρ

3
2 − (ρ2

1 + ρ2
2)2 < 0. By the implicit

function theorem, for every small k, there exist two small roots Ω = Ω±(k) of F+(Ω) which
can be expanded as

Ω±(k) = β±k +O(k2), as k → 0, (2.8)

with two values for β± found from the quadratic equation(
1− α2

1

ρ1ρ2

)
β2 − 2

α1α2

ρ1ρ2

β −
(

1 +
α2

2

ρ1ρ2

)
= 0. (2.9)

The discriminant of the quadratic equation (2.9) is given by

∆ =

(
2α1α2

ρ1ρ2

)2

+ 4

(
1− α2

1

ρ1ρ2

)(
1 +

α2
2

ρ1ρ2

)
= 4

(
1− 1

ρ1ρ2

)
,

where we have used

α2
1 − α2

2 =
(ρ2

1 + ρ2
2)2 − (ρ2

1 − ρ2
2)2

4ρ2
1ρ

2
2

= 1.

If ρ1ρ2 > 1, then ∆ > 0 and β± in (2.8) are real distinct numbers so that Ω± are two
simple real roots of F+(Ω) near 0 for every small |k|. In addition, F+(Ω) has two simple
real roots away from 0 for every small |k|. Hence, P (Ω) has four simple real roots for small
k 6= 0.
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If ρ1ρ2 < 1, then ∆ < 0 and β± in (2.8) are complex-conjugate so that Ω± are two
simple complex-conjugate roots of F+(Ω) near 0 for every small |k|. In addition, F+(Ω)
has two simple real roots away from 0 for every small |k|. Hence, P (Ω) has two simple real
roots and two simple complex-conjugate roots for small k 6= 0. �

Lemma 3. If Ω1 ∈ R is a root of F−(Ω) for any fixed k ∈ R, then F+(Ω1) 6= 0.

Proof. We argue by contradiction. If F−(Ω1) = F+(Ω1) = 0, then

Ω2
1 − k2 + 2ρ1ρ2 − 2

√
(α1Ω1 + α2k)2 + ρ2

1ρ
2
2 = 0,

Ω2
1 − k2 + 2ρ1ρ2 + 2

√
(α1Ω1 + α2k)2 + ρ2

1ρ
2
2 = 0,

which implies
√

(α1Ω1 + α2k)2 + ρ2
1ρ

2
2 = 0, a contradiction. Therefore, both F+ and F−

cannot be zero at the same Ω1 ∈ R for any fixed k ∈ R. �

Next, we obtain the instability result based on Lemmas 1, 2, and 3.

Proposition 2. Assume that ρ1ρ2 > 0 and consider roots of P (Ω) given by (2.3).

(1) If M > 0, there exists k0 > 0 such that P (Ω) has four real roots for |k| > k0 and
two real and two complex-conjugate roots for |k| < k0.

(2) If M < 0 and ρ1ρ2 > 1, there exists k+ > k− > 0 such that P (Ω) has four real
roots for |k| < k− and |k| > k+ and two real and two complex-conjugate roots for
k− < |k| < k+.

(3) If M < 0, ρ1ρ2 < 1, and α2
2 <

(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, there exists k0 > 0 such that P (Ω)

has four real roots for |k| > k0 and k = 0 and two real and two complex-conjugate
roots for 0 < |k| < k0.

(4) If M < 0, 1
2
< ρ1ρ2 < 1, and α2

2 >
(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, there exists k+ > k− > k0 > 0

such that P (Ω) has four real roots for |k| > k+, k0 < |k| < k− and k = 0 and two
real and two complex-conjugate roots for 0 < |k| < k0 and k− < |k| < k+.

Proof. Since P (Ω, k) = −F+(Ω)F−(Ω), we analyze roots of F+(Ω) and F−(Ω) indepen-
dently. Recall that F±(Ω) : R→ R are smooth with respect to both Ω ∈ R and k ∈ R.

Let us define for every k ∈ R,

Ω∗ := −α2

α1

k.

Since α1Ω∗ + α2k = 0 and ρ1ρ2 > 0, we obtain

F+(Ω∗) =

[(
ρ2

1 − ρ2
2

ρ2
1 + ρ2

2

)2

− 1

]
k2 = − 4ρ2

1ρ
2
2k

2

(ρ2
1 + ρ2

2)2
,

F−(Ω∗) =

[
1−

(
ρ2

1 − ρ2
2

ρ2
1 + ρ2

2

)2
]
k2 − 4ρ1ρ2 =

4ρ2
1ρ

2
2k

2

(ρ2
1 + ρ2

2)2
− 4ρ1ρ2.
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On the other hand, as |Ω| → ∞, we have as in Proposition 1,

F+(Ω)→ +∞, F−(Ω)→ −∞.
Since F+(Ω∗) < 0 for k 6= 0 and F+(Ω) → +∞ as |Ω| → ∞, there exist at least two
real roots of F+(Ω) for every k 6= 0. Similarly, F−(Ω∗) > 0 for sufficiently large |k| and
F−(Ω)→ −∞ as |Ω| → ∞ so that there exist at least two real roots of F−(Ω) for sufficiently
large |k|. Since P (Ω) is a quartic polynomial in Ω, it has at most four roots. Thus, there
exists k1 > 0 such that P (Ω) admits four real roots for |k| > k1, two of which are roots of
F+(Ω) and two of which are roots of F−(Ω) with k1 estimated from F−(Ω∗) > 0 as

k1 :=
ρ2

1 + ρ2
2√

ρ1ρ2

.

Next, we show that there exists k2 ∈ (0, k1) such that F−(Ω) does not have any real
roots for |k| < k2. To do so, we prove that F−(Ω) is a strictly concave function. Indeed,
differentiating F− in Ω, we obtain

F ′−(Ω) = −2Ω− 2α1(α1Ω + α2k)√
(α1Ω + α2k)2 + ρ2

1ρ
2
2

and

F
′′

−(Ω) = −2− 2α2
1ρ

2
1ρ

2
2

(
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2)3
,

so that F ′′−(Ω) < 0 for every Ω ∈ R. Consequently, the graph of F−(Ω) can intersect the
horizontal axis at most twice, as it does for sufficiently large |k| > k1. It remains to show
that F−(Ω) is strictly negative and does not have any real roots for sufficiently small |k|.
To do so, we use

√
(α1Ω + α2k)2 + ρ2

1ρ
2
2 ≥ |α1Ω + α2k| ≥ |α1Ω| − |α2k| and estimate

F−(Ω) ≤ −Ω2 + k2 − 2ρ1ρ2 − 2|α1Ω + α2k|
≤ −Ω2 + k2 − 2ρ1ρ2 − 2|α1Ω|+ 2|α2k|
≤ k2 + 2|α2k| − 2ρ1ρ2.

Hence F−(Ω) < 0 for every Ω ∈ R if |k| < k2, where

k2 :=
√
α2

2 + 2ρ1ρ2 − |α2| =
2ρ1ρ2√

α2
2 + 2ρ1ρ2 + |α2|

> 0.

is obtained from the root of k2 + 2|α2k| − 2ρ1ρ2 = 0.

Let us now show that k2 < k1. Since
√
α2

2 + 2ρ1ρ2 + |α2| ≥
√

2ρ1ρ2, we have

k2 =
2ρ1ρ2√

α2
2 + 2ρ1ρ2 + |α2|

≤ 2ρ1ρ2√
2ρ1ρ2

=
√

2ρ1ρ2.

Furthermore, since α1 ≥ 1, it follows that

k1 =
ρ2

1 + ρ2
2√

ρ1ρ2

= 2α1
√
ρ1ρ2 ≥ 2

√
ρ1ρ2 >

√
2ρ1ρ2.
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Therefore, we have 0 < k2 < k1.

Let us define

m(k) = max
Ω∈R

F−(Ω).

Since F−(Ω) → −∞ as |Ω| → ∞ for any k ∈ R, the maximum value F−(Ω) is always
attained for any k ∈ R. Since F−(Ω) is a strictly concave function, its maximum value
denoted by m(k) is unique. We have m(k) > 0 for |k| > k1 and m(k) < 0 for |k| < k2. Since
m(k) is continuous on [k2, k1] the intermediate value theorem guarantees the existence of
at least one point k0 ∈ (k2, k1) such that m(k0) = 0.

We show that m′(k) > 0 for k > 0. By monotonicity of m(k) in k, the value of
k0 ∈ (k2, k1), for which m(k0) = 0, is unique. To show that m′(k) > 0 for k > 0, we denote
the argument of maxΩ∈R F−(Ω) by Ω(k) for any k ∈ R. Then, it satisfies F ′−(Ω(k)) = 0.
Since F ′′−(Ω(k)) 6= 0, the implicit function theorem ensures that Ω(k) is continuous and
differentiable for any k ∈ R. Applying the chain rule yields

m′(k) = ∂kF−(Ω(k)) = 2k − 2α2(α1Ω(k) + α2k)√
(α1Ω(k) + α2k)2 + ρ2

1ρ
2
2

.

Combining with F ′−(Ω(k)) = 0,

α1Ω(k) + α2k√
(α1Ω(k) + α2k)2 + ρ2

1ρ
2
2

= −Ω(k)

α1

,

this yields

m′(k) = 2k +
2α2

α1

Ω(k) = 2k
α2

1 − α2
2 +

√
(α1Ω(k) + α2k)2 + ρ2

1ρ
2
2

α2
1 +

√
(α1Ω(k) + α2k)2 + ρ2

1ρ
2
2

.

Since α2
1 − α2

2 = 1, we have m′(k) > 0 for every k > 0 so that the value of k0 ∈ (k2, k1),
where m(k0) = 0, is unique.

Let Ω1 ∈ R be the argument of maxΩ∈R F−(Ω) at k = k0 such that F−(Ω1) = F ′−(Ω1) =
0. By Lemma 3, F+(Ω1) 6= 0 so that F+(Ω) admits only two real roots for every |k| ≥ k0,
because the total number of roots of F+(Ω) and F−(Ω) cannot exceed four real roots of the
quartic polynomial P (Ω).

We now consider the real roots of F+(Ω) for |k| < k0, where F−(Ω) does not have real
roots. Since F+(Ω1) 6= 0 at k = k0 by Lemma 3 and F+(Ω) has only two real roots at
k = k0, F+(Ω) continues to have only two real roots for k . k0. Hence, two roots of P (Ω)
are complex-conjugate for k . k0. We proceed separately for M > 0 and M < 0.

Case M > 0. By Lemma 1, F+(Ω)|k=0 admits a double zero root and no nonzero real
roots. We show that F+(Ω) admits only two simple real roots for any k 6= 0. In view
of the two real roots of F−(Ω) for |k| > k0, we obtain that P (Ω) has two real and two
complex-conjugate roots for |k| < k0 and four real roots for |k| > k0.
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To show that F+(Ω) admits only two simple real roots for any k 6= 0, we prove that
F+(Ω) is a strictly convex function for M > 0. Differentiating F+ in Ω, we obtain

F ′+(Ω) = 2Ω− 2α1(α1Ω + α2k)√
(α1Ω + α2k)2 + ρ2

1ρ
2
2

and

F ′′+(Ω) = 2− 2α2
1ρ

2
1ρ

2
2

((α1Ω + α2k)2 + ρ2
1ρ

2
2)

3/2
.

Since (α1Ω + α2k)2 + ρ2
1ρ

2
2 ≥ ρ2

1ρ
2
2 and

M = 4ρ3
1ρ

3
2 − (ρ2

1 + ρ2
2)2 = 4ρ3

1ρ
3
2 − 4α2

1ρ
2
1ρ

2
2 = 4ρ2

1ρ
2
2

(
ρ1ρ2 − α2

1

)
> 0, (2.10)

we conclude that

F ′′+(Ω) ≥ 2− 2α2
1ρ

2
1ρ

2
2

ρ3
1ρ

3
2

= 2

(
1− α2

1

ρ1ρ2

)
> 0.

We have previously proven that F+(Ω∗) < 0 for k 6= 0 and F+(Ω)→ +∞ as |Ω| → ∞, from
which F+(Ω) has at least two real roots for any k 6= 0. Since F+(Ω) is a strictly convex
function for any k ∈ R if M > 0, it admits exactly two simple real roots for any k 6= 0. By
Lemma 1, the two real roots become as k → 0 the double zero root of F+(Ω)|k=0. Thus,
P (Ω) has exactly four real roots for |k| > k0 and two real and two complex conjugate roots
for |k| < k0. This yields the assertion for M > 0.

Case M < 0. By Lemma 1, F+(Ω)|k=0 has a double zero root and two simple real roots.
By Lemma 2, the double zero root of F+(Ω)|k=0 splits for small k 6= 0 as a pair of complex-
conjugate roots if ρ1ρ2 < 1 and another pair of real roots if ρ1ρ2 > 1. Therefore, F+(Ω)
admits only two real roots for small k 6= 0 if ρ1ρ2 < 1 and four real roots for small k 6= 0
if ρ1ρ2 > 1. Recall also that F+(Ω) has exactly two real roots for |k| ≥ k0.

Since F+(−Ω) = F+(Ω)|k→−k, the number of real roots of F+(Ω) depends only on |k|.
We will show next that

• If ρ1ρ2 > 1, then there exists exactly one point k∗ ∈ (0,∞), where F+(Ω)||k|=k∗
admits a double real root,

• If ρ1ρ2 < 1 and α2
2 <

(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, then F+(Ω) does not admit a double real root

for every k 6= 0,

• If 1
2
< ρ1ρ2 < 1 and α2

2 > (1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, then there exist exactly two points

k
(1)
∗ > k

(2)
∗ > 0, where F+(Ω)||k|=k(1,2)∗

admits double real roots.

Since the number of real roots of F+(Ω) can change only when a double real root of F+(Ω)
appears at some k 6= 0, this implies that

• If ρ1ρ2 > 1, then P (Ω) has exactly four real roots for 0 < |k| < k∗ and |k| > k0

and two real and two complex conjugate roots for k∗ < |k| < k0. This yields the
assertion with k− := k∗ and k+ := k0.
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• If ρ1ρ2 < 1 and α2
2 <

(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, then P (Ω) has exactly two real roots and two

complex conjugate roots for every 0 < |k| < k0 and four real roots for |k| > k0.
This yields the assertion with the same k0.

• If 1
2
< ρ1ρ2 < 1 and α2

2 >
(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, then P (Ω) has exactly two real roots and

two complex-conjugate roots for 0 < |k| < k
(2)
∗ and k

(1)
∗ < |k| < k0 and four real

roots for k
(2)
∗ < |k| < k

(1)
∗ and |k| > k0. This yields the assertion with k0 := k

(2)
∗ ,

k− := k
(1)
∗ , and k+ := k0.

To study double real roots of F+(Ω) for k 6= 0, we set

F+(Ω) = Ω2 − k2 + 2ρ1ρ2 − 2
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2 = 0 (2.11)

and

F ′+(Ω) = 2Ω− 2α1(α1Ω + α2k)√
(α1Ω + α2k)2 + ρ2

1ρ
2
2

= 0. (2.12)

It follows from (2.12) that

α1α2k = Ω

[√
(α1Ω + α2k)2 + ρ2

1ρ
2
2 − α2

1

]
.

If α2 = 0 and α1 = 1 (when ρ1 = ρ2), no double roots exist. Indeed, the choice Ω = 0 from
(2.12) implies k = 0 from (2.11), which is a contradiction with k 6= 0. The other choice
Ω2 = 1 − ρ2

1ρ
2
2 from (2.12) implies −(1 − ρ1ρ2)2 − k2 = 0, which is also a contradiction.

Hence, in what follows, we may assume that α2 6= 0 (when ρ1 6= ρ2).

Squaring and using (2.12) again with α1 > 0 and α2 6= 0 yields

Ω2 =
α2

1(α1Ω + α2k)2

(α1Ω + α2k)2 + ρ2
1ρ

2
2

, k2 =
(α1Ω + α2k)2

[√
(α1Ω + α2k)2 + ρ2

1ρ
2
2 − α2

1

]2

α2
2[(α1Ω + α2k)2 + ρ2

1ρ
2
2]

. (2.13)

Substituting (2.13) into (2.11) and simplifying by taking a common denominator using
α2

2 = α2
1 − 1, we obtain

0 =−
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2 − ρ1ρ2

α2
2 [(α1Ω + α2k)2 + ρ2

1ρ
2
2]

{[
(α1Ω + α2k)2 + ρ2

1ρ
2
2

]3/2
+ (ρ1ρ2 − 2)

[
(α1Ω + α2k)2 + ρ2

1ρ
2
2

]
+ α2

1(1− 2ρ1ρ2)
[
(α1Ω + α2k)2 + ρ2

1ρ
2
2

]1/2
+ α2

1ρ1ρ2

}
.

Since α1Ω+α2k = 0 in (2.11) and (2.12) yields Ω = k = 0, which is excluded for k∗ ∈ (0,∞),
the first factor is non-zero and the condition for the existence of the double real root can
be rewritten in the form:

0 = y3 + (ρ1ρ2 − 2)y2 + α2
1(1− 2ρ1ρ2)y + α2

1ρ1ρ2 =: Q(y), (2.14)
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where y :=
√

(α1Ω + α2k)2 + ρ2
1ρ

2
2. Since

√
(α1Ω + α2k)2 + ρ2

1ρ
2
2 ≥ ρ1ρ2 for Ω ∈ R and

k ∈ R, we only need to check the number of roots of Q(y) for y ≥ ρ1ρ2.

Case ρ1ρ2 > 1. We show that there exists exactly one point k∗ ∈ (0,∞), where F+(Ω)||k|=k∗
admits a double real root. We compute from (2.14) that

Q(ρ1ρ2) = 2ρ1ρ2(ρ1ρ2 − 1)(ρ1ρ2 − α2
1) < 0,

where the negative value holds because ρ1ρ2 > 1 and ρ1ρ2 − α2
1 < 0 for M < 0, see (2.10).

We further obtain from (2.14) that

Q(α2
1) = α2

1(α2
1 − 1)(α2

1 − ρ1ρ2) > 0,

where the positive value holds because α2
1 > 1 and α2

1 > ρ1ρ2. Therefore, Q has at least
one zero in (ρ1ρ2, α

2
1). Differentiating Q(y) in y yields

Q′(y) = 3y2 + 2(ρ1ρ2 − 2)y + α2
1(1− 2ρ1ρ2)

and

Q′′(y) = 6y + 2(ρ1ρ2 − 2).

We haveQ′′(y) ≥ 8ρ1ρ2−4 > 0 for y ≥ ρ1ρ2 and ρ1ρ2 > 1, so thatQ′(y) is strictly increasing
for y ≥ ρ1ρ2. Due to this strict increase of Q′(y) with Q(ρ1ρ2) < 0 and Q(α2

1) > 0, there
exists exactly one root of Q in (ρ1ρ2, α

2
1) and no other roots of Q(y) for y ≥ α2

1. This root
uniquely determines Ω2 and k2 by (2.13) so that there exists exactly one point k∗ ∈ (0,∞),
where F+(Ω)||k|=k∗ admits a double real root and the assertion is proven.

Case ρ1ρ2 < 1. We continue to analyze real roots of Q(y) given by (2.14) in the admis-

sible region y ≥ ρ1ρ2. Since ρ1ρ2 < 1 and ρ1ρ2 − α2
1 < 0 for M < 0, we now have

Q(ρ1ρ2) = 2ρ1ρ2(ρ1ρ2 − 1)(ρ1ρ2 − α2
1) > 0,

so that we have either no or two roots of Q(y) for y ≥ ρ1ρ2. Since α2
1 = 1 + α2

2, we can
rewrite Q(y) in the form:

Q(y) = (y − 1)2(y + ρ1ρ2) + α2
2(ρ1ρ2 + (1− 2ρ1ρ2)y),

where (y− 1)2(y+ ρ1ρ2) ≥ 0, α2 6= 0, and ρ1ρ2 + (1− 2ρ1ρ2)y > 0 for y > ρ1ρ2 if ρ1ρ2 <
1
2
.

Therefore, no real roots of Q(y) exist in the admissible region y ≥ ρ1ρ2 if ρ1ρ2 <
1
2
.

If 1
2
< ρ1ρ2 < 1, the existence of real roots of Q(y) for y ≥ ρ1ρ2 implies that

(2ρ1ρ2 − 1)y − ρ1ρ2 > 0, that is, y >
ρ1ρ2

2ρ1ρ2 − 1
.

The real root of Q is equivalently found from

α2
2 =

(y − 1)2(y + ρ1ρ2)

(2ρ1ρ2 − 1)y − ρ1ρ2

. (2.15)

Differentiating the right-hand side of (2.15) with respect to y yields

d

dy

(
(y − 1)2(y + ρ1ρ2)

(2ρ1ρ2 − 1)y − ρ1ρ2

)
=

2y(y − 1)((2ρ1ρ2 − 1)y − ρ1ρ2(2− ρ1ρ2))

((2ρ1ρ2 − 1)y − ρ1ρ2)2
,
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with the only critical point at y = y∗ given by

y∗ =
ρ1ρ2(2− ρ1ρ2)

2ρ1ρ2 − 1
,

which satisfies the restrictions y∗ > 1 and y∗ >
ρ1ρ2

2ρ1ρ2−1
. Therefore, the right-hand side

of (2.15) is strictly decreasing on
(

ρ1ρ2
2ρ1ρ2−1

, y∗

)
and increasing on (y∗,∞) with the unique

minimum attained at

(1− ρ1ρ2)(1 + ρ1ρ2)3

(2ρ1ρ2 − 1)3
.

If α2
2 <

(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, then no real roots of Q(y) exist in the admissible region y ≥ ρ1ρ2 so

that F+(Ω) does not admit a double real root for every k 6= 0. If α2
2 >

(1−ρ1ρ2)(1+ρ1ρ2)3

(2ρ1ρ2−1)3
, then

two real roots of Q(y) exist in the admissible region y ≥ ρ1ρ2 so that there exist exactly

two points k
(1)
∗ > k

(2)
∗ > 0, where F+(Ω)|

k=k
(1,2)
∗

admits double real roots. The assertion is

proven in both cases. �

2.4. Examples of the nonzero background. We finish this section with three examples
of the nonzero, spatially homogeneous background (1.5) with ` = 0.

Example 1 (ρ1 = ρ2 ≡ ρ). The characteristic polynomial P (Ω) is obtained from (2.3) as

P (Ω) = Ω4 − Ω2(4 + 2k2 − 4ρ2) + k2(k2 − 4ρ2).

The bi-quadratic equation P (Ω) = 0 yields two pairs of roots ±Ω+, ±Ω−, where Ω± are
given by

Ω2
± = k2 + 2(1− ρ2)± 2

√
k2 + (1− ρ2)2.

Since Ω2
+ > 0 for k 6= 0, we have Ω+ ∈ R. The sign of Ω2

− is found from

Ω2
+Ω2
− = k2(k2 − 4ρ2),

where Ω2
+ > 0 for k 6= 0. If 0 < |k| < 2ρ, then Ω2

− < 0 so that Ω− ∈ iR and P (Ω) has two
real roots and two imaginary roots. If |k| > 2ρ, then Ω2

− > 0 so that Ω− ∈ R and P (Ω)
has four real roots. To distinguish between the modulational instability and the full-band
instability in Theorem 1, we compute Ω2

± at k = 0:

Ω2
±|k=0 = 2(1− ρ2)± 2|1− ρ2|.

If 0 < ρ < 1, then Ω2
+ = 4(1 − ρ2) > 0 and Ω2

− = 0. This is the modulational instability
case in Theorem 1. If ρ > 1, then Ω2

+ = 0 and Ω2
− = −4(ρ2 − 1) < 0. This is the full-band

instability case in Theorem 1. The graph of Ω2
− versus k for three different values of ρ is

shown in Figure 2. The unstable bands correspond to Ω2
− < 0. The difference between the

modulational instability for ρ < 1 and the full-band instability for ρ > 1 is clearly observed
from the plot. The marginal case ρ = 1 corresponds to the modulational instability.
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Figure 2. The values of Ω2
− versus k for ρ1 = ρ2 ≡ ρ with ρ = 0.6 (blue),

ρ = 1 (red), and ρ = 1.4 (green).

Example 2 (ρ1 = 1
ρ2
≡ ρ). The characteristic polynomial P (Ω) given by (2.3) can be

factorized as

P (Ω) =

[(
Ω +

1− ρ4

2ρ2

)2

−
(
k +

1 + ρ4

2ρ2

)2

+ 1

] [(
Ω− 1− ρ4

2ρ2

)2

−
(
k − 1 + ρ4

2ρ2

)2

+ 1

]
.

Consequently, P (Ω) = 0 admits four roots Ω1,± and Ω2,± given by roots of the two uncoupled
quadratic equations:

Ω1,± =
(ρ4 − 1)

2ρ2
±

√(
k +

ρ4 + 1

2ρ2

)2

− 1,

Ω2,± = −(ρ4 − 1)

2ρ2
±

√(
k − ρ4 + 1

2ρ2

)2

− 1.

If (
k +

1 + ρ4

2ρ2

)2

− 1 < 0 ⇒
∣∣∣∣k +

1 + ρ4

2ρ2

∣∣∣∣ < 1,

then Ω1,± are complex-conjugate. If(
k − 1 + ρ4

2ρ2

)2

− 1 < 0 ⇒
∣∣∣∣k − 1 + ρ4

2ρ2

∣∣∣∣ < 1,

then Ω2,± are complex-conjugate. This yields two instability bands, one is located between(
− (1+ρ2)2

2ρ2
,− (1−ρ2)2

2ρ2

)
with the center at k = −1+ρ4

2ρ2
and the other one is located between(

(1−ρ2)2

2ρ2
, (1+ρ2)2

2ρ2

)
with the center at k = 1+ρ4

2ρ2
. Both instability bands are disjoint from each

other except for ρ = 1, the boundaries of the two instability bands meet at k = 0 with
Ω1,± = Ω2,± = 0 at k = 0. This is the side-band instability case in Theorem 1.
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Figure 3 displays the two instability bands in the (ρ, k) plane. The case ρ1ρ2 = 1 is
marginal in Lemma 2 since the asymptotic behavior of Ω±(k) for small k in (2.8) admits
β+ = β− from the two roots of the quadratic equation (2.9). The marginal case breaks as
the modulational instability if ρ1ρ2 < 1 and as the side-band instability if ρ1ρ2 > 1. The
marginal case ρ1ρ2 = 1 belongs to the side-band instability with the exception of ρ1 = ρ2 =
1, for which the two side bands connect at k = 0 and the marginal case belongs to the
modulational instability.

Figure 3. The two instability bands in the (ρ, k) plane for ρ1 = 1
ρ2
≡ ρ are

shown by the shaded regions.

Example 3 (ρ1 = −ρ2 ≡ ρ). The characteristic polynomial P (Ω) is obtained from (2.3)
as

P (Ω) = Ω4 − Ω2(4 + 2k2 + 4ρ2) + k2(k2 + 4ρ2).

The bi-quadratic equation P (Ω) = 0 yields two pairs of roots ±Ω+, ±Ω−, where Ω± are
given by

Ω2
± = k2 + 2(1 + ρ2)± 2

√
k2 + (1 + ρ2)2.

Since k2 +2(1+ρ2) ≥ 2
√
k2 + (1 + ρ2)2, we have Ω2

+ ≥ 0 and Ω2
− ≥ 0 so that P (Ω) admits

four real roots and the background is stable, in agreement with Theorem 1.

3. Algebraic dark solitons and rogue waves

3.1. Bilinear equations for solutions on the nonzero background. To prove Theo-
rem 2, we first rewrite the MTM system (1.2) on the nonzero background (1.5) by using
bilinear equations, as in [5, 8]. We represent the solutions in the form:{

u(x, t) = ρ1e
i(`x−ωt)ũ(x, t),

v(x, t) = ρ2e
i(`x−ωt)ṽ(x, t),

(3.1)
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where `, ω are defined by (1.6) and ρ1, jρ2 are real parameters. Substituting (3.1) into
(1.2) and using (1.6) to eliminate ` and ω, we obtain{

i(ũt + ũx) + ρ2
ρ1

(ṽ − ũ) = ρ2
2 ũ
(
|ṽ|2 − 1

)
,

i(ṽt − ṽx) + ρ1
ρ2

(ũ− ṽ) = ρ2
1 ṽ
(
|ũ|2 − 1

)
.

(3.2)

We are looking for solutions of (3.2) satisfying |ũ(x, t)|, |ṽ(x, t)| → 1 as |x| → ∞ for any
t ∈ R. Using

ũ =
g

f̄
, ṽ =

h

f
, (3.3)

with complex-valued functions f(x, t), g(x, t), and h(x, t), we rewrite (3.2) in the form
i(Dt+Dx)(g·f̄)

f̄ 2 + ρ2
ρ1

(
h
f
− g

f̄

)
= ρ2

2
g
f̄

(
hh̄
ff̄
− 1
)
,

i(Dt−Dx)(h·f)
f2

+ ρ1
ρ2

(
g
f̄
− h

f

)
= ρ2

1
h
f

(
gḡ
f f̄
− 1
)
,

(3.4)

where Dt and Dx are standard Hirota operators. Following [5, 8], the under-determined
system (3.4) can be rewritten as the following over-determined system of four bilinear
equations: 

i(Dt +Dx)(g · f) + ρ2
ρ1

(hf̄ − gf) = 0,

i(Dt −Dx)(h · f̄) + ρ1
ρ2

(gf − hf̄) = 0,

i(Dt +Dx)(f · f̄) + ρ2
2(|f |2 − |h|2) = 0,

i(Dt −Dx)(f̄ · f) + ρ2
1(|f |2 − |g|2) = 0.

(3.5)

The proof of Theorem 2 is obtained by the explicit construction of the algebraic dark
solitons and rogue waves in the system (3.5), based on Propositions 3, 4, and 5.

3.2. Algebraic dark solitons. The following proposition gives the explicit expressions
for the traveling wave solutions (1.9) with the rational functions u±, v± satisfying |u± −
1|, |v± − 1| = O(|x|−1) as |x| → ∞.

Proposition 3. If either ρ1ρ2 < 0 or ρ1ρ2 > 1 and (ρ2
1 + ρ2

2)2 6= 4ρ3
1ρ

3
2, there exist exactly

two solutions of the bilinear equations (3.5) in the form:
f = x− ct+ iαf ,

g = x− ct+ iαg,

h = x− ct+ iαh,

(3.6)

where c = c± takes one of the two admissible values given by

c± =
ρ4

1 − ρ4
2 ± 4ρ2

1ρ
2
2

√
ρ1ρ2(ρ1ρ2 − 1)

(ρ2
1 + ρ2

2)2 − 4ρ3
1ρ

3
2

(3.7)

and αf , αg, αh ∈ R are uniquely defined for each value of c = c±. The two solutions of the
MTM system (1.2) are uniquely defined in the form (1.9) by (3.1), (3.3), and (3.6) modulo
the translational and rotational symmetry transformations.
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Proof. Substituting (3.6) into (3.5) yields the following system of equations:
(1− c)(αg − αf ) + ρ2

ρ1
[i(x− ct)(αh − αg − 2αf ) + (αh + αg)αf ] = 0,

−(1 + c)(αh + αf ) + ρ1
ρ2

[i(x− ct)(αg − αh + 2αf )− (αh + αg)αf ] = 0,

2(1− c)αf + ρ2
2(α2

f − α2
h) = 0,

2(1 + c)αf + ρ2
1(α2

f − α2
g) = 0.

(3.8)

The linear term in the system (3.8) in x − ct is identically equal to 0 if αh = αg + 2αf .
We require αf 6= 0 for a bounded, nontrivial solution. Substituting αh = αg + 2αf into the
constant terms of the first two equations in (3.8), we obtain{

(1− c)(αg − αf ) + 2ρ2
ρ1
αf (αf + αg) = 0,

(1 + c)(αg + 3αf ) + 2ρ1
ρ2
αf (αf + αg) = 0.

(3.9)

The requirement αf 6= 0 implies αf + αg 6= 0. Indeed, if αf 6= 0 and αf + αg = 0, then
the system (3.9) yields a contradiction with two different values c = 1 and c = −1 for the
same parameter c. Hence, αf 6= 0 and αf + αg 6= 0.

A rearrangement of the system (3.9) with αg − αf = (αf + αg)− 2αf and αg + 3αf =
(αf + αg) + 2αf yields(1− c)(αf + αg) + 2αf

[
ρ2
ρ1

(αf + αg)− (1− c)
]

= 0,

(1 + c)(αf + αg) + 2αf

[
ρ1
ρ2

(αf + αg) + (1 + c)
]

= 0.
(3.10)

Multiplying the first equation of the system (3.10) by ρ1
ρ2

(αf +αg) + (1 + c) and the second

equation of the system by ρ2
ρ1

(αf +αg)− (1−c), subtracting one from another, and dividing

by αf + αg 6= 0, we obtain[
(1− c)ρ1

ρ2

− (1 + c)
ρ2

ρ1

]
(αf + αg) = 2(c2 − 1). (3.11)

Now, we turn to the last two equations of the system (3.8). Expressing (αg − αf ) from
the first equation of the system (3.9) and substituting it to the fourth equation of the
system (3.8) yields

(αf + αg)
2 =

c2 − 1

ρ1ρ2

. (3.12)

Expressing αh+αf = αg+3αf from the second equation of the system (3.9) and substituting
it to the third equation of the system (3.8) yields the same equation (3.12), hence, it is a
redundant equation. Substituting (c2 − 1) from (3.12) into the right-hand side of (3.11)
and dividing by αf + αg 6= 0 yields

αf + αg =
(1− c)ρ2

1 − (1 + c)ρ2
2

2ρ2
1ρ

2
2

. (3.13)
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Substituting (3.13) into (3.11) yields a quadratic equation for c:[
(1− c)ρ2

1 − (1 + c)ρ2
2

]2 − 4ρ3
1ρ

3
2(c2 − 1) = 0, (3.14)

The coefficient in front of c2 is nonzero if (ρ2
1 + ρ2

2)2 6= 4ρ3
1ρ

3
2 and two roots exist. The

discriminant of the quadratic equation is simplified to the form:

∆ = 4(ρ4
1 − ρ4

2)2 − 4[(ρ2
1 − ρ2

2)2 + 4ρ3
1ρ

3
2][(ρ2

1 + ρ2
2)2 − 4ρ3

1ρ
3
2]

= 64ρ5
1ρ

5
2(ρ1ρ2 − 1).

Since ∆ > 0 if either ρ1ρ2 < 0 or ρ1ρ2 > 1, there exist two real distinct roots for c = c±,
where c± is given by (3.7).

It remains to find the values of αf , αg, and αh uniquely in terms of c = c±. By
expressing (αf + αg) from (3.13) and substituting the result into the first equation of the
system (3.10) yields the explicit expression for αf :

αf = − (1− c)ρ1[(1− c)ρ2
1 − (1 + c)ρ2

2]

2ρ2[(1− c)ρ2
1 − (1 + c)ρ2

2 − 2(1− c)ρ3
1ρ2]

. (3.15)

The quadratic equation (3.14) can be rewritten in the equivalent form:

0 =
[
(1− c)ρ2

1 − (1 + c)ρ2
2

]2
+ 2ρ3

1ρ2(1− c)
[
2ρ2

2(1 + c)
]

=
[
(1− c)ρ2

1 − (1 + c)ρ2
2

]2
+ 2ρ3

1ρ2(1− c)
[
(1− c)ρ2

1 + (1 + c)ρ2
2 − ((1− c)ρ2

1 − (1 + c)ρ2
2)
]
.

Dividing both sides by (1− c)ρ2
1 − (1 + c)ρ2

2 6= 0, we obtain

(1− c)ρ2
1 − (1 + c)ρ2

2 − 2(1− c)ρ3
1ρ2 = −2ρ3

1ρ2(1− c) [(1− c)ρ2
1 + (1 + c)ρ2

2]

(1− c)ρ2
1 − (1 + c)ρ2

2

. (3.16)

Substituting (3.16) into (3.15) and using (3.14) yields

αf =
[(1− c)ρ2

1 − (1 + c)ρ2
2]2

4ρ2
1ρ

2
2 [(1− c)ρ2

1 + (1 + c)ρ2
2]

=
ρ1ρ2(c2 − 1)

(1− c)ρ2
1 + (1 + c)ρ2

2

. (3.17)

The expression for αg is obtained from (3.13) and the expression for αh is obtained from
αh = αg + 2αf :

αg =
(1− c)ρ2

1 − (1 + c)ρ2
2

2ρ2
1ρ

2
2

− αf =
(1− c)2ρ4

1 − (1 + c)2ρ4
2 − 2ρ3

1ρ
3
2(c2 − 1)

2ρ2
1ρ

2
2[(1− c)ρ2

1 + (1 + c)ρ2
2]

(3.18)

and

αh =
(1− c)ρ2

1 − (1 + c)ρ2
2

2ρ2
1ρ

2
2

+ αf =
(1− c)2ρ4

1 − (1 + c)2ρ4
2 + 2ρ3

1ρ
3
2(c2 − 1)

2ρ2
1ρ

2
2[(1− c)ρ2

1 + (1 + c)ρ2
2]

. (3.19)

These explicit expressions conclude the proof of the assertion. �

Remark 8. The two values of the wave speed c = c± in (3.7) recover (1.11). In the
exceptional case (ρ2

1 + ρ2
2)2 = 4ρ3

1ρ
3
2 for ρ1ρ2 > 1, the coefficient in front of c2 in the
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quadratic equation (3.14) vanishes and there exists only one admissible speed of the linear
equation given by

c =
(ρ2

1 − ρ2
2)2 + 4ρ3

1ρ
3
2

2(ρ2
1 + ρ2

2)(ρ2
1 − ρ2

2)
,

where ρ2 6= ρ1 if ρ1ρ2 > 1 and (ρ2
1 + ρ2

2)2 = 4ρ3
1ρ

3
2. The expressions for αf , αg, and αh

remain the same but with the uniquely defined value of c, which recovers (1.14).

Remark 9. To characterize the spatial profiles of the algebraic dark solitons, we compute
the value of their normalized intensity from (3.3) and (3.6):

|u±(x− ct)|2 + |v±(x− ct)|2 =
2(x− ct)2 + α2

g + α2
h

(x− ct)2 + α2
f

= 2 +
[(1− c)ρ2

1 − (1 + c)ρ2
2]2

2ρ4
1ρ

4
2[(x− ct)2 + α2

f ]

= 2 +
2(c2 − 1)

ρ1ρ2[(x− ct)2 + α2
f ]
,

where we have used (3.18) and (3.19) as well as the quadratic equation (3.14). The nor-
malized total intensity for their spatial profiles is of the elevation type with the maximum
attained at the point of symmetry:

|u±(0)|2 + |v±(0)|2 = 2 +
2(c2 − 1)

ρ1ρ2α2
f

= 2 + 2
[(1− c)ρ2

1 + (1 + c)ρ2
2]2

ρ3
1ρ

3
2(c2 − 1)

= 2 + 2
[(1− c)ρ2

1 − (1 + c)ρ2
2]2 − 4(c2 − 1)ρ2

1ρ
2
2

ρ3
1ρ

3
2(c2 − 1)

= 2 + 8
ρ1ρ2 − 1

ρ1ρ2

,

where we have used (3.17) and again (3.14). This expression recovers (1.10). It is remark-
able that the maximal intensity is independent of the wave speed c and hence, it is identical
for both algebraic dark solitons in Proposition 3.

Next, we prove that the two values (3.7) in Proposition 3 correspond to the end points
of the admissible range of the wave speed c of the exponentially decaying dark solitons.
We consider traveling wave solutions of the system (3.2) in the form:

ũ(x, t) = u(ξ), ṽ(x, t) = v(ξ), ξ = x− ct, (3.20)

subject to the boundary conditions: |u(ξ)|, |v(ξ)| → 1 as |ξ| → ∞. Substituting (3.20) into
(3.2) yields the system of two first-order equations for complex-valued amplitudes:{

i(1− c)u′ + ρ2
ρ1

(v− u) = ρ2
2u(|v|2 − 1),

−i(1 + c)v′ + ρ1
ρ2

(u− v) = ρ2
1v(|u|2 − 1).

(3.21)
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Due to the integrability, the system (3.21) can be solved explicitly by using the exponential
functions [5]. However, the explicit solutions are not the subject of our analysis here.
Instead of solving the system (3.21), we only consider the admissible range of the wave
speed c for fixed ρ1, ρ2 ∈ R. We show that the end points of the admissible range coincide
with the values c+ and c− defined by (3.7). The corresponding result is given by the
following proposition.

Proposition 4. The exponentially decaying solutions of the system (3.21) with the bound-
ary conditions |u(ξ)|, |v(ξ)| → 1 as |ξ| → ∞ exist only if

• c ∈ (c−, c+) for either ρ1ρ2 < 0 or ρ1ρ2 > 1 and 4ρ3
1ρ

3
2 < (ρ2

1 + ρ2
2)2,

or

• c ∈ (−∞, c+) ∪ (c−,∞) for 4ρ3
1ρ

3
2 > (ρ2

1 + ρ2
2)2,

where c± are given by (3.7).

Proof. The system (3.21) can be reduced to the planar Hamiltonian system by using the
polar form u = zue

iθu , v = zve
iθv , with real-valued zu, zv > 0 and θu, θv ∈ R/2πZ. The

system (3.21) is rewritten in the form:
(1− c)z′u + ρ2

ρ1
zv sin(θv − θu) = 0,

−(1− c)θ′u + ρ2zv
ρ1zu

cos(θv − θu)− ρ2
ρ1

= ρ2
2(z2

v − 1),

−(1 + c)z′v + ρ1
ρ2
zu sin(θu − θv) = 0,

(1 + c)θ′v + ρ1zu
ρ2zv

cos(θu − θv)− ρ1
ρ2

= ρ2
1(z2

u − 1).

(3.22)

Multiplying the first equation by 2ρ2
1zu and adding the third equation multiplied by 2ρ2

2zv
shows that there exists a conserved quantity:

(1− c)ρ2
1z

2
u − (1 + c)ρ2

2z
2
v = (1− c)ρ2

1 − (1 + c)ρ2
2, (3.23)

where we have used the boundary conditions: zu(ξ), zv(ξ) → 1 as |ξ| → ∞. In addition,
the vector field of the system (3.22) depends only on the phase difference θ := θv − θu.
Hence, the system (3.22) can be closed as the second-order Hamiltonian system for zu and
θ, whereas zv is expressed from (3.23) and θu + θv is found from integrating an explicit
function of ξ computed from the solution zu(ξ) and θ(ξ).

Equilibrium points of the system (3.22) include the line (zu, zv, θu, θv) = (1, 1, θ0, θ0)
with arbitrary θ0 ∈ R. The exponentially decaying solutions to the system (3.21) with
the boundary conditions |u(ξ)|, |v(ξ)| → 1 as |ξ| → ∞ exist only if the equilibrium point
(zu, zv, θu, θv) = (1, 1, θ0, θ0) is a saddle point of the system (3.22). Linearizing the system
(3.22) at (1, 1, θ0, θ0) and using the linear modes, e.g. zu(ξ) = ẑue

κξ, we reduce the linearized
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system to the characteristic equation given by

0 =

∣∣∣∣∣∣∣∣
(1− c)κ 0 −ρ2

ρ1

ρ2
ρ1

0 −(1 + c)κ ρ1
ρ2

−ρ1
ρ2

−ρ2
ρ1

ρ2
ρ1
− 2ρ2

2 −(1− c)κ 0
ρ1
ρ2
− 2ρ2

1 −ρ1
ρ2

0 (1 + c)κ

∣∣∣∣∣∣∣∣
= κ2

(
κ2(1− c2)2 +

ρ2
1

ρ2
2

(1− c)2 +
ρ2

2

ρ2
1

(1 + c)2 − 2(1− 2ρ1ρ2)(1− c2)

)
.

The double zero eigenvalue of the characteristic equation is associated with the conserved
quantity (3.23) and the uncoupled equation for θu + θv. The two nonzero roots determine
the type of the equilibrium point (zu, zv, θu, θv) = (1, 1, θ0, θ0). The equilibrium point is a
saddle point under the following condition:

ρ2
1

ρ2
2

(1− c)2 +
ρ2

2

ρ2
1

(1 + c)2 − 2(1− 2ρ1ρ2)(1− c2) < 0.

Multiplying by ρ2
1ρ

2
2, we recover

((1− c)ρ2
1 − (1 + c)ρ2

2)2 − 4ρ3
1ρ

3
2(c2 − 1) < 0,

where the left-hand side is the same as in the quadratic equation (3.14). Since roots
of the quadratic equation are given by c± in (3.7) and the c2 term has the coefficient
(ρ2

1 +ρ2
2)2− 4ρ3

1ρ
3
2, we obtain the assertion from the fact that the quadratic curve is convex

for either ρ1ρ2 < 0 or ρ1ρ2 > 1 and 4ρ3
1ρ

3
2 < (ρ2

1 + ρ2
2)2 with c− < c+ and it is concave for

4ρ3
1ρ

3
2 > (ρ2

1 + ρ2
2)2 with c+ < c− . �

Figures 4 and 5 show the spatial profiles of the algebraic dark soliton with c = c− and
c = c+. For the case ρ1 = 0.5, ρ2 = −1 on panels (a), we have c− ≈ −0.87 and c+ ≈ −0.03
and the exponentially decaying solutions may only exist for c ∈ (c−, c+). For the case
ρ1 = 1.5, ρ2 = 1 on panels (b), we have c− ≈ 1.27 and c+ ≈ −4.04 and the exponentially
decaying solutions may only exist for c ∈ (−∞, c+) ∪ (c−,∞) since this case corresponds
to 4ρ3

1ρ
3
2 > (ρ2

1 + ρ2
2)2 in Proposition 4.

3.3. Rogue wave. The general expression for the single rogue wave was obtained in [8]
for N = 1. For reader’s convenience, we recover the explicit expression for the single rogue
wave in the following proposition.

Proposition 5. If 0 < ρ1ρ2 < 1, there exists only one solution of the bilinear equations
(3.5) in the form: 

f = f+f− + 1,

g = (f̄+ − C2 + iD2)(f̄− + C2 + iD2) + 1,

h = (f̄+ − 2)(f̄− + 2) + 1,

(3.24)
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(a) (b)

Figure 4. The total intensity |u|2 + |v|2 versus (x, t) of the algebraic dark
soliton with c = c− for (a) ρ1 = 0.5, ρ2 = −1 and (b) ρ1 = 1.5, ρ2 = 1.

(a) (b)

Figure 5. The same as in Figure 4 but for the algebraic dark soliton with
c = c+ for (a) ρ1 = 0.5, ρ2 = −1 and (b) ρ1 = 1.5, ρ2 = 1.

where {
f+ = (A1 + iB)x+ (A2 − iB)t+ C1 − iD1,

f− = (A1 − iB)x+ (A2 + iB)t− C1 − iD1,
(3.25)

with uniquely defined real coefficients A1, A2, B, C1, D1, C2, D2. The corresponding solution
of the MTM system (1.2) is uniquely defined in the form (1.12) by (3.1), (3.3), (3.24), and
(3.25) modulo the translational and rotational symmetry transformations.
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Proof. We verify that f , g, h given by (3.24) and (3.25) satisfy the four bilinear equations
(3.5). Substituting (3.24) and (3.25) into the first equation of the system (3.5) and gather-
ing coefficients of the powers of x and t, we obtain a system of equations for real coefficients
A1, A2, B, C1, C2, D1, and D2. It follows from the explicit expressions

gt + gx = 2(A1 + A2)(A1x+ A2t+ i(D1 +D2)),

ft + fx = 2(A1 + A2)(A1x+ A2t− iD1),

hf̄ − gf = (1 + f̄+f̄−)(−4− (2− C2)(f̄+ − f̄−)− iD2(f̄+ + f̄−) + C2
2 +D2

2)+

4ig(D1(A1x+ A2t) +BC1(x− t)),

that if(gt + gx)− ig(ft + fx) is quadratic in x and t, whereas hf̄ − gf is cubic in x and t.
For the coefficients of the highest powers x3 and t3, the coefficients are

x3 :
2iρ2

ρ1

(
B2 + A2

1

)
[A1(2D1 −D2) +B(2C1 + C2 − 2)] = 0,

t3 :
2iρ2

ρ1

(
B2 + A2

2

)
[A2(2D1 −D2)−B(2C1 + C2 − 2)] = 0.

Dividing by 2iρ2
ρ1

and adding together, we obtain

(2D1 −D2)(A1 + A2) = 0.

We assume A1 +A2 6= 0 and B 6= 0 for nondegeneracy, after which the previous system of
equations yields the first constraints:

D2 = 2D1, C2 = 2(1− C1). (3.26)

Substituting (3.26) into the constant term of the first equation of the system (3.5), we can
obtain another constraint:

D2
1 = C1(1− C1). (3.27)

After substituting the constraints (3.26) and (3.27) into the first equation of the system
(3.5), the coefficients of x2t and xt2 completely disappear. The coefficients of x2, t2 and xt
can be rewritten with the account of (3.27) in the form:

x2 :
ρ2

ρ1

[
−2D2

1(A2
1 −B2)− 2(2C1 − 1)D1A1B

]
+ (A1 + A2)[D1(A2

1 −B2) + (2C1 − 1)A1B] = 0,

t2 :
ρ2

ρ1

[
−2D2

1(A2
2 −B2) + 2(2C1 − 1)D1A2B

]
+ (A1 + A2)[D1(A2

2 −B2)− (2C1 − 1)A2B] = 0,

xt :
ρ2

ρ1

[
−4D2

1(A1A2 +B2) + 2(2C1 − 1)(A1 − A2)D1B
]

+ (A1 + A2)[2D1(A1A2 +B2)− (2C1 − 1)(A1 − A2)B] = 0,
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where we have divided each equation by the numerical coefficient 8. Adding the three
equations together yields

(A1 + A2)2

[
D1(A1 + A2)− 2ρ2

ρ1

D2
1

]
= 0.

If D1 = 0, then the system of equations for coefficients of x2, t2 and xt imply for A1+A2 6= 0
and B 6= 0 that C1 = 1

2
, which contradicts (3.27). Hence, D1 6= 0 and we have

A1 + A2 =
2ρ2D1

ρ1

, (3.28)

after which the system of equations for coefficients of x2, t2 and xt is satisfied identically.
After the constraints (3.26), (3.27), and (3.28) are used, the coefficients of x and t in the
first equation of the system (3.5) are satisfied identically. Hence, the first equation of the
system (3.5) is satisfied.

Next, we turn to the third equation of the system (3.5). By using the constraints (3.26)
and (3.27), we obtain the coefficients of x2, t2, and xt in the form:

x2 : 2ρ2
2

[
(C1 − 1)(A2

1 −B2)− 2A1BD1

]
+ (A1 + A2)[D1(A2

1 −B2) + 2C1A1B] = 0,

t2 : 2ρ2
2

[
(C1 − 1)(A2

2 −B2) + 2A2BD1

]
+ (A1 + A2)[D1(A2

2 −B2)− 2C1A2B] = 0,

xt : 4ρ2
2

[
(C1 − 1)(A1A2 +B2) + (A1 − A2)BD1

]
+ (A1 + A2)[2D1(A1A2 +B2)− 2C1B(A1 − A2)] = 0.

where we have divided each equation by the numerical coefficient 4. Adding the three
equations together yields

(A1 + A2)2
[
2ρ2

2(C1 − 1) + (A1 + A2)D1

]
= 0.

By using (3.27) and (3.28), this equation can be rewritten in the equivalent form:

2ρ2

ρ1

(A1 + A2)2(1− C1)(C1 − ρ1ρ2) = 0.

Since A1 + A2 6= 0 and C1 6= 1 (due to D1 6= 0), we obtain the constraint:

C1 = ρ1ρ2, (3.29)

after which the system of equations for coefficients of x2, t2 and xt is satisfied identically.
After the constraints (3.26), (3.27), (3.28), and (3.29) are used, the third equation of the
system (3.5) is satisfied identically.

Next, we turn to the fourth equation of the system (3.5). By using the constraints
(3.26) and (3.27), we obtain the coefficients of x2, t2, and xt in the form:

x2 : 2ρ2
1[(A2

1 −B2)(4C1 − 1)(C1 − 1)− 2A1BD1(4C1 − 3)]

+ 2BC1(A1A2 −B2)−D1

[
A2

1(A1 − A2) +B2(3A1 + A2)
]

= 0,

t2 : 2ρ2
1[(A2

2 −B2)(4C1 − 1)(C1 − 1) + 2A2BD1(4C1 − 3)]

+ 2BC1(A1A2 −B2)−D1

[
A2

2(A1 − A2)−B2(A1 + 3A2)
]

= 0,
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xt : 4ρ2
1[(A1A2 +B2)(4C1 − 1)(C1 − 1) +BD1(A1 − A2)(4C1 − 3)]

+ 2BC1(A2
1 + A2

2 + 2B2) + 2D1(A1 − A2)(B2 − A1A2) = 0.

where we have divided each equation by the numerical coefficient 4. Adding the three
equations together yields

(A1 + A2)2 [2ρ2
1(4C1 − 1)(C1 − 1) + 2BC1 −D1 (A1 − A2)

]
= 0.

Since A1 + A2 6= 0, we obtain the constraint:

2ρ2
1(4C1 − 1)(C1 − 1) + 2BC1 −D1 (A1 − A2) = 0. (3.30)

Before solving the constraint (3.30), we obtain the coefficient of the constant term in the
fourth equation in the system (3.5):

4 (1− C1)
[
2ρ2

1(C1 − 1) + 2BC1 +D1 (A1 − A2)
]

= 0,

Since C1 6= 1, this equation yields the constraint:

2ρ2
1(C1 − 1) + 2BC1 +D1 (A1 − A2) = 0. (3.31)

Since C1 6= 0 (due to D1 6= 0), we add (3.30) and (3.31) together, divide by 4C1, and obtain

B = 2ρ2
1(1− C1) = 2ρ2

1(1− ρ1ρ2), (3.32)

where we have used (3.29). Since D1 6= 0, we subtract (3.31) from (3.30), divide by 2D1,
and obtain

A1 − A2 =
2ρ2

1(1− 2C1)(1− C1)

D1

. (3.33)

Combining (3.28) and (3.33), and using (3.27) and (3.29), we obtain the explicit expressions
for A1 and A2:

A1 =
(1− ρ1ρ2)(ρ2

1 + ρ2
2 − 2ρ3

1ρ2)

D1

, A2 =
(1− ρ1ρ2)(ρ2

2 − ρ2
1 + 2ρ3

1ρ2)

D1

. (3.34)

Furthermore, we have from (3.26) that C2 = 2(1− ρ1ρ2) and D2 = 2D1, where D1 is given
by

D1 = ±
√
ρ1ρ2(1− ρ1ρ2), (3.35)

where ρ1ρ2(1 − ρ1ρ2) > 0 due to 0 < ρ1ρ2 < 1. After the constraints (3.32) and (3.34)
are added to the previous constraints (3.26), (3.27), and (3.29), the fourth equation of the
system (3.5) is satisfied identically.

All coefficients of the representation (3.24) and (3.25) are defined. By using these
definitions, we have confirmed that the second bilinear equation of the system (3.5) is
satisfied identically.

It remains to prove that the two signs in (3.35) return exactly the same solution for
(3.24) and (3.25). Transformation D1 → −D1 yields A1 7→ −A1, A2 7→ −A2, B 7→ B,
C1 7→ C1, C2 7→ C2, and D2 7→ −D2. Substituting this transformation into (3.25) yields

f+ 7→ (−A1 + iB)x+ (−A2 − iB)t+ C1 + iD1

= −[(A1 − iB)x+ (A2 + iB)t− C1 − iD1]
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= −f−,
f− 7→ (−A1 − iB)x+ (−A2 + iB)t− C1 + iD1

= −[(A1 + iB)x+ (A2 − iB)t+ C1 − iD1]

= −f+.

This transformation does not change the solution (3.24) since f 7→ f , g 7→ g, and h 7→ h.
Hence, the two signs in (3.35) return only one solution for (3.24) with (3.25). �

In order to address the decay of rogue waves and the maximal intensity (1.13) in
Theorem 2, we rewrite the expressions for f , g, and h in the explicit form:

f = (A1x+ A2t)
2 +B2(x− t)2 − 2i[D1(A1x+ A2t) +BC1(x− t)] + 1− C1,

g = (A1x+ A2t)
2 +B2(x− t)2 + 2i[3D1(A1x+ A2t) +B(3C1 − 2)(x− t)]

+1− (3C1 − 2)2 − 9D2
1,

h = (A1x+ A2t)
2 +B2(x− t)2 + 2i[D1(A1x+ A2t) +B(C1 − 2)(x− t)]

+1− (C1 − 2)2 −D2
1,

(3.36)

where we have used relations (3.26). It follows from (3.36) that

g − f̄ = −4(1− C1) + 4i[D1(A1x+ A2t)−B(1− C1)(x− t)],
h− f = −4(1− C1) + 4i[D1(A1x+ A2t)−B(1− C1)(x− t)],

where we have used relations (3.27). Since A1 +A2 6= 0 and B 6= 0, we immediately obtain
that

|û− 1| = |g − f̄ |
|f̄ |

=
|h− f |
|f |

= |v̂ − 1|

with the algebraic decay given by

|û(x, t)− 1| = |v̂(x, t)− 1| = O((|x|+ |t|)−1) as |x|+ |t| → ∞.
Furthermore, since |f |2, |g|2, |h|2 are quartic polynomials in x and t, the extremal value of
|û(x, t)|2 + |v̂(x, t)|2 occurs at (x, t) = (0, 0), for which we obtain from (3.36) that

(x, t) = (0, 0) :


f = 1− ρ1ρ2,

g = −3(1− ρ1ρ2),

h = −3(1− ρ1ρ2),

where we have used relations (3.27) and (3.29). The maximum intensity is attained at
(x, t) = (0, 0):

max
(x,t)∈R2

(
|û(x, t)|2 + |v̂(x, t)|2

)
= 18.

This expression recovers (1.13). It is remarkable that the maximal normalized intensity is
independent of parameters ρ1, ρ2, which are only needed to satisfy 0 < ρ1ρ2 < 1 for the
existence of the rogue wave in Proposition 5. Figure 6 shows the solution surface and the
density plot of a representative rogue wave solution for ρ1 = 1.2 and ρ2 = 0.8.
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Figure 6. The total intensity |u|2 + |v|2 versus (x, t) of the rogue wave for
ρ1 = 1.2 and ρ2 = 0.8: the solution surface (left) and the density plot (right).

4. Conclusion

Here, we summarize our findings and emphasize the open questions beyond this study.

We developed a comprehensive analysis of the spectral stability of the nonzero wave
background in the MTM system and identified the parameter regions, in which the back-
ground is stable or unstable (Theorem 1). In the case of instability, we found the parameter
regions, where the instability is modulational, or side-band, or full-band. Furthermore, out-
side the modulational instability region, we constructed exactly two algebraically decaying
dark solitons that propagate with two distinct wave speeds, whereas inside the modulational
instability region, we constructed only one distinct fundamental rogue wave (Theorem 2).
We connected the wave speeds of the two algebraically decaying dark solitons with the
end points in the admissible range of the wave speed for the exponentially decaying dark
solitons and pointed out that if the background is spectrally unstable with respect to side-
band or full-band instabilities, then the dark solitons are also spectrally unstable in the
time evolution problem.

It is not clear if the rational solutions for the algebraic dark solitons can be extended
beyond the one-soliton solutions. It seems to be possible to construct a two-soliton rational
solution with each algebraic soliton travelling with one of the two distinct wave speeds.
However, it is an open problem if two-soliton and multi-soliton rational solutions can be
constructed to describe slow interactions of identical dark solitons traveling with the same
wave speed. This question is related to the open question whether multiple eigenvalues
of the spectral problem for the MTM system at the nonzero background may exist in the
same way as they exist for the spectral problem at the zero background [16, 24, 38]. We
note that the hierarchy of multiple rogue wave solutions has already been constructed for
the MTM system at the nonzero background in the modulational unstable regime [8, 18].
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