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We address the existence of global solutions to the derivative nonlinear Schrédinger
(DNLS) equation without the small-norm assumption. By using the inverse scattering
transform method without eigenvalues and resonances, we construct a unique global
solution in H?(R) N H'!(R) which is also Lipschitz continuous with respect to the initial
data. Compared to the existing literature on the spectral problem for the DNLS equation,
the corresponding Riemann-Hilbert problem is defined in the complex plane with the

jump on the real line.

1 Introduction

We consider the Cauchy problem for the derivative nonlinear Schrédinger (DNLS)
equation

U + Uge + 1(ulPu)y =0, t>0,
‘ (i ” (1.1)

Ult—0 = Uo,
where the subscripts denote partial derivatives and u, is defined in a suitable func-
tion space, for example, in Sobolev space H™(R) of distributions with square integrable

derivatives up to the order m.
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5664 D. E. Pelinovsky and Y. Shimabukuro

Local existence of solutions for uy € H¥(R) with s > % was established by Tsut-
sumi & Fukuda [32] by using a parabolic regularization. Later, the same authors [33]
used the first five conserved quantities of the DNLS equation and established the global
existence of solutions for u, € H?(R) provided the initial data is small in the H!(R) norm.

Using a gauge transformation of the DNLS equation to a system of two semi-
linear NLS equations, for which a contraction argument can be used in the space L*(R)
with the help of the Strichartz estimates, Hayashi [15] proved local and global existence
of solutions to the DNLS equation for u, € H!(R) provided that the initial data are small

in the L?(R) norm. More specifically, the initial data u, are required to satisfy
luollz < /27. (1.2)

The space H'(R) is referred to as the energy space for the DNLS equation because its
first three conserved quantities having the meaning of the mass, momentum, and energy

are well defined in the space H!(R):

IO=/|u|2dX, (1.3)
R
I = if(aux — ully)dx — / lu|*dx, (1.4)
R R
2 31’ 2 - - 1 6
L= | |luy|dx + — | |u|*(uty — uyi)dx + = | |u|°dx. (1.5)
R 4 Jr 2 Jr
Using the gauge transformation u = ve 1/ ="®?¥ and the Gagliardo-Nirenberg
inequality [35]
6 4 4 2
lullye < Fllullelluxlle, (1.6)

one can obtain
2 1 6 1 4 2
L = |vkll;2 — EHV”LS >|1- mllVlle lvill2-

Under the small-norm assumption (1.2), the H'(R) norm of the function v (and hence,
the H'(R) norm of the solution u to the DNLS equation) is controlled by the conserved
quantities I, and I, once the local existence of solutions in H'(R) is established.
Developing the approach based on the gauge transformation and a priori energy
estimates, Hayashi & Ozawa[16, 17, 28] considered global solutions to the DNLS equation

in weighted Sobolev spaces under the same small-norm assumption (1.2), for example,
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Existence of Global Solutions 5665

for uy € H™(R) N L2™(R), where m e N. Here and in what follows, L>™(R) denotes the
weighted L?(R) space with the norm

1/2 1/2
lullzm = (/(1 +X2)m|u|2dX) = (/(X)zmIUIZdX> ,
R R

where (x) := (1 + x%)1/2,

More recently, local well-posedness of solutions to the DNLS equation was estab-
lished in spaces of lower regularity, for example, for uy € H°*(R) with s > % by Takaoka
[30] who used the Fourier transform restriction method. This result was shown to be
sharp in the sense that the flow map fails to be uniformly continuous for s < % [4].
Global existence under the constraint (1.2) was established in H*(R) with subsequent
generations of the Fourier transform restriction method and the so-called I-method, for
example, for s > % by Takaoka [31], for s > % and s > % by Colliander et al. [7] and [8],
respectively, and finally for s = ; by Miao et al. [26].

The key question, which goes back to the paper of Hayashi & Ozawa [16], is to find
out if the bound (1.2) is optimal for existence of global solutions to the DNLS equation.
By analogy with the quintic NLS and Korteweg—de Vries (KdV) equations, one can ask if
solutions with the L?(R) norm exceeding the threshold value in the inequality (1.2) can
blow up in a finite time.

The threshold value +/27 for the L?(R) norm corresponds to the constant value
of the L?(R) norm of the stationary solitary wave solutions to the DNLS equation. These

solutions can be written in the explicit form:

u(x, t) = ¢, ()’ ¥ FclbowPdy 4 (x) — /4w sech(Zox), o € R* (1.7)

from which we have | ¢, ;2 = +/27 for every € R*. Although the solitary wave solutions
are unstable in the quintic NLS and KdV equations, it was proved by Colin & Ohta [6] that
the solitary wave of the DNLS equation is orbitally stable with respect to perturbations
in H'(R). This result indicates that there exist global solutions to the DNLS equation (1.1)
in H'(R) with the L?(R) norm exceeding the threshold value in (1.2).

Moreover, Colin & Ohta [6] proved that the moving solitary wave solutions of
the DNLS equation are also orbitally stable in H'(R). Since the L?(R) norm of the mov-
ing solitary wave solutions is bounded from above by 2./, the orbital stability result
indicates that there exist global solutions to the DNLS equation (1.1) if the initial data
uo satisfy the inequality

luollz < 24/7. (1.8)
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5666 D. E. Pelinovsky and Y. Shimabukuro

These orbital stability results suggest that the inequality (1.2) is not sharp for the global
existence in the DNLS equation (1.1). Furthermore, recent numerical explorations of the
DNLS equation (1.1) indicate no blow-up phenomenon for initial data with any large
L%(R) norm [24, 25]. The same conclusion is indicated by the asymptotic analysis in the
recent work [5].

Towards the same direction, Wu [36] proved that the solution to the DNLS equa-
tions with uy € H'(R) does not blow up in a finite time if the L?(R) norm of the initial data
ug slightly exceed the threshold value in (1.2). The technique used in [36] is a combination
of a variational argument together with the mass, momentum and energy conservation
in (1.3)—(1.5). On the other hand, the solution to the DNLS equation restricted on the half
line R* blows up in a finite time if the initial data uy € H*(R*)NL*! (R*) yield the negative
energy I, < 0 given by (1.5) [36]. Proceeding further with sharper Gagliardo-Nirenberg-
type inequalities, Wu [37] proved very recently that the global solutions to the DNLS
equation exists in H'(R) if the initial data u, € H'(R) satisfy the inequality (1.8), which
is larger than the inequality (1.2).

Our approach to address the same question concerning global existence in the
Cauchy problem for the DNLS equation (1.1) without the small L?(R)-norm assumption
relies on a different technique involving the inverse scattering transform theory [2, 3].
As was shown by Kaup & Newell [18], the DNLS equation appears to be a compatibility

condition for suitable solutions to the linear system given by
Wy = [—ir’os +2QWw) | v (1.9)
and
d = [—2ir%05 + 22°Q(w) + ir*|ul’os — Alul*Q(w) + iro3Q(uy) | ¥, (1.10)

where € C? is assumed to be a C? function of x and ¢, A € C is the (x, t)-independent

spectral parameter, and Q(u) is the (x, t)-dependent matrix potential given by

Q(u) = [ 0 u}. (1.11)
T 0

The Pauli matrices that include o3 are given by

[0 1} [0 i] [1 0}
o) = ;O3 = . , 03 = . (1.12)
1 0 i 0 0 -1
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A long but standard computation shows that the compatibility condition 90,y =
9,0, for eigenfunctions ¥ € C*®R x R) is equivalent to the DNLS equation
iU + Uy +1(Jul?u), =0 for classical solutions u. The linear equation (1.9) is usually
referred to as the Kaup—Newell spectral problem.

In a similar context of the cubic NLS equation, it is well known that the inverse
scattering transform technique applied to the linear system (associated with the so-
called Zakharov-Shabat spectral problem) provides a rigorous framework to solve the
Cauchy problem in weighted L? spaces, for example, for uy € H(R) N L% (R) [11, 12, 40]
or for uy € H'(R) N L*$(R) with s > 1 [10]. In comparison with the spectral problem (1.9),
the Zakharov-Shabat spectral problem has no multiplication of matrix potential Q(u) by
A. As a result, Neumann series solutions for the Jost functions of the Zakharov-Shabat
spectral problem converge if u belongs to the space L!(R), see, for example, Chapter 2
in [1]. As was shown originally by Deift & Zhou [12, 40], the inverse scattering problem
based on the Riemann-Hilbert problem of complex analysis with a jump along the real
line can be solved uniquely if u is defined in a subspace of L?!(R), which is continuously
embedded into the space L' (R). The time evolution of the scattering data is well defined
if u is posed in space H'(R) N L* (R) [11, 12].

For the Kaup—Newell spectral problem (1.9), the key feature is the presence of the
spectral parameter A that multiplies the matrix potential Q(u). As a result, Neumann
series solutions for the Jost functions do not converge uniformly if u is only defined
in the space L'(R). Although the Lax system (1.9) and (1.10) appeared long ago and was
used many times for formal methods, such as construction of soliton solutions [18],
temporal asymptotics [19, 34], and long-time asymptotic expansions [38, 39], no rigorous
results on the function spaces for the matrix Q(u) have been obtained so far to ensure
bijectivity of the direct and inverse scattering transforms for the Kaup-Newell spectral
problem (1.9).

In this connection, we mention the works of Lee [20, 21] on the local solvability
of a generalized Lax system with A" dependence for an integer n > 2 and generic small
initial data u, in Schwarz class. In the follow-up paper [22], Lee also claimed existence
of a global solution to the Cauchy problem (1.1) for large u, in Schwarz class, but the
analysis of [22] relies on a “Basic Lemma", where the Jost functions are claimed to be
defined for uy in L%(R). However, equation (1.9) shows that the condition u, € L%(R) is
insufficient for construction of the Jost functions uniformly in A.

We address the bijectivity of the direct and inverse scattering transform for the
Lax system (1.9) and (1.10) in this work. We show that the direct scattering transform for

the Jost functions of the Lax system (1.9)—(1.10) can be developed under the requirement
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up € L'(R) N L*(R) and d,uq € L'(R). This requirement is satisfied if u, is defined in the
weighted Sobolev space H!!' (R) defined by

H"'®R) ={ueLl*®), duel*®)}. (1.13)

Note that it is quite common to use notation H'!(R) to denote H'(R) N L!(R) [12, 40],
which is not what is used here in (1.13).

Furthermore, we show that asymptotic expansions of the Jost functions are
well defined if uy, € H*(R) N H'!(R), which also provide a rigorous framework to study
the inverse scattering transform based on the Riemann-Hilbert problem of complex
analysis. Finally, the time evolution of the scattering data is well defined if uy € H*(R)N
HY(R).

We shall now define eigenvalues and resonances for the spectral problem (1.9)

and present the global existence result for the DNLS equation (1.1).

Definition 1. We say that A € C is an eigenvalue of the spectral problem (1.9) if the

linear equation (1.9) with this A admits a solution in L?(R). (I

Definition 2. We say that A € RU R is a resonance of the spectral problem (1.9) if the
linear equation (1.9) with this A admits a solution in L>(R) with the asymptotic behavior
a,e**e,, x— —o0,

V(x) ~

2
a_et™¥e,, x — 400,

where a, and a_ are nonzero constant coefficients, whereas e; = [1,0]' and
e, = [0, 17 O

Theorem 1. For every u, € H>(R) N H'(R) such that the linear equation (1.9) admits
no eigenvalues or resonances in the sense of Definitions 1 and 2, there exists a unique
global solution u(t,-) € H2(R) N H''(R) of the Cauchy problem (1.1) for every t € R.

Furthermore, the map
H2R)NH" R) 3 up — u e CR; H*(R) N H"'(R))
is Lipschitz continuous. U

Remark 1. A sufficient condition that the spectral problem (1.9) admits no eigenval-

ues was found in [29]. This condition is satisfied under the small-norm assumption
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on the H''(R) norm of the initial data u,. See Remark 5 below. Although we believe
that there exist initial data u, with large H'!(R) norm that yield no eigenvalues in the
spectral problem (1.9), we have no constructive examples of such initial data. Neverthe-
less, a finite number of eigenvalues A € C in the spectral problem (1.9) can be included
by algebraic methods such as the Backliind, Darboux, or dressing transformations
[9, 101 ]

Remark 2. The condition that the spectral problem (1.9) admits no resonance is used
to identify the so-called generic initial data uy. The non-generic initial data uy violating
this condition are at the threshold case in the sense that a small perturbation to u, may

change the number of eigenvalues X in the linear equation (1.9). O

Remark 3. Compared to the results of Hayashi & Ozawa [15-17, 28], where global well-
posedness of the Cauchy problem for the DNLS equation (1.1) was established in H2(R)N
H'(R) under the small L?(R) norm assumption (1.2), the inverse scattering transform

theory is developed without the smallness assumption on the initial data uq. O

Remark 4. An alternative proof of Theorem 1 is developed in [23] by a different version
of the inverse scattering transform for the Lax system (1.9) and (1.10). The results of [23]
are formulated in space H?(R) NL??(R), which is embedded into the space H?(R) NH! (R)
used in our work. The advantage of our work is that global solutions are obtained without

assuming a strong decay condition in L??(R). O

The article is organized as follows. Section 2 reports the solvability results on
the direct scattering transform for the spectral problem (1.9). Section 3 gives equivalent
formulations of the Riemann-Hilbert problem associated with the spectral problem (1.9).
Section 4 is devoted to the solvability results on the inverse scattering transform for the
spectral problem (1.9). Section 5 incorporates the time evolution of the linear equation

(1.10) and contains the proof of Theorem 1.

2 Direct Scattering Transform

The direct scattering transform is developed for the Kaup—Newell spectral problem (1.9),

which we rewrite here for convenience:
Wy = [—ir’os +2QW) ] ¥, (2.1)

where ¢ € C?, A € C, and the matrices Q(u) and o3 are given by (1.11) and (1.12).
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The formal construction of the Jost functions is based on the construction of
the fundamental solution matrices W.(x; 1) of the linear equation (2.1), which satisfy

the same asymptotic behavior at infinity as the linear equation (2.1) with Q(u) = 0:
W, (x; 1) — e %73 a5 x — 400, (2.2)

where parameter A is fixed in an unbounded subset of C. However, the standard fixed
point argument for Volterra's integral equations associated with the linear equation (2.1)
is not uniform in A as |A| - oo if Q(u) € L*(R). Integrating by parts, it was suggested
in [29] that uniform estimates on the Jost functions of the linear equation (2.1) can be

obtained under the condition
llwllgr (lwllizee + 10xullpr) < oo.

Here we explore this idea further and introduce a transformation of the linear equation
(2.1) to a spectral problem of the Zakharov-Shabat type. This will allow us to adopt the
direct and inverse scattering transforms, which were previously used for the cubic NLS
equation [12, 40] (see also [10, 11] for review). Note that the pioneer idea of a transfor-
mation of the linear equation (2.1) to a spectral problem of the Zakharov-Shabat type
can be found already in the formal work of Kaup & Newell [18].

Let us define the transformation matrices for any u € L*(R) and A € C,

1 0 2ih  —u(x)
T, (x;A) = and Ty(x;A) = . (2.3)
|:—E(X) zm} [ 0o 1 ]

If the vector ¢ € C? is transformed by ¥, , = T, ¥, then straightforward computations

show that v , satisfy the linear equations

2
ey = [—irPos + Q1 W)] Y1, Q1(w) = [ |u| “ } (2.4)

1
2i | —2iu, —wlul* —|ul?

and

O¥p = [—ir05 + Qo(W)]| Y2,  Qa(uw) = — (2.5)

1 | |u? —2iuy + ulul?
21 ’

—u —luf?

Note that Q,,(u) € L'(R) if u € L}*(R) N L3(R) and d,u € L'(R). The linear equations
(2.4) and (2.5) are of the Zakharov-Shabat-type, after we introduce the complex variable
z = A%, In what follows, we study the Jost functions and the scattering coefficients for

the linear equations (2.4) and (2.5).
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2.1 Jost functions

Let us introduce the normalized Jost functions from solutions , , of the linear equations
(2.4) and (2.5) with z = A? in the form

my(x;z) = Y1(x;2)e™, ni(x;z) = Ya(x; 2)e”™, (2.6)
according to the asymptotic behavior

m.(x;z) — e,

+(X: 2) ! as x — =oo, (2.7)
ni(X;z) — ey,
where e; = [1,0]" and e, = [0, 1]*. The normalized Jost functions satisfy the following
Volterra's integral equations

X

mi(x;z) = e +/

. |:O eZiZ(X—Y):| Q;(u(y))my(y; z)dy (2.8)

and

X

ni(x;z) = e +/

+oo

e—Ziz(X—y) 0
0 ) Qx(u(y)n(y; z)dy. (2.9)

The next two lemmas describe properties of the Jost functions, which are analogues to
similar properties of the Jost functions in the Zakharov-Shabat spectral problem (see,

e.g., Lemma 2.1 in [1]).

Lemma 1. Let u € L'(R) N L*(R) and d,u € L'(R). For every z € R, there exist unique
solutions m.(-;z) € L*(R) and n.(;z) € L*(R) satisfying the integral equations (2.8)
and (2.9). Moreover, for every x € R, m_(x;-) and n, (x;-) are continued analytically in
C*, whereas m, (x;-) and n_(x;-) are continued analytically in C~. Finally, there exists

a positive z-independent constant C such that
1M 2l + Ine(52) e < C 2 € CF. (2.10)
]

Proof. It suffices to prove the statement for one Jost function, for example, for m_. The

proof for other Jost functions is analogous. Let us define the integral operator K by

1~ |1 0 lu(y)|? u(y)
KF)(x:2) = L ‘ o dy. (211
ENx2)= o /—oo [o ezmx-y)} [—Ziayﬁ(y)—u<y>|u(y)|2 —|u(y)|2}f(y Jdy- @10
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For every z € C* and every x, € R, we have

1 llull? (121 (o0 ,x9)

2 (—00,x
(KF) (5 2) |0 (—o0,xg) < 2 | 210, oex0) I1F (5 2) 11200 (—o0,x0) -
X Ll

3 2
oo F U Ul

The operator K is a contraction from L*(—o00, Xg) to L*(—00, xg) if the two eigenvalues of

the matrix
2
i 1 ||u||L2(7oo’X0) ||u||L1(7OO,X0)
- 3 2
2 | 200Ul gy Ul Nl

are located inside the unit circle. The two eigenvalues are given by

1 1
2
b = U gy % 5 1151 oy U1 gy N5 ),

so that |»_| < |A,|. Hence, the operator K is a contraction if x, € R is chosen so that

1, 1
U2 gy + 5y 1l i U1 gy F Ul ) < 1. (2.12)

By the Banach fixed point theorem, for this x, and every z € C™, there exists a unique
solution m_(-;z) € L*(—00,x,) of the integral equation (2.8). To extend this result to
L*(R), we can split R into a finite number of subintervals such that the estimate (2.12) is
satisfied in each subinterval. Unique solutions in each subinterval can be glued together
to obtain the unique solution m_(-; z) € L*°(R) for every z € C*.

Analyticity of m_(x; ) in C* for every x € R follows from the absolute and uni-
form convergence of the Neumann series of analytic functions in z. Indeed, let us denote

the L' matrix norm of the 2-by-2 matrix function Q as
2
@l =" 10l
ij=1

If u e H'(R), then u € L'R) N L}(R) and d,u € L'(R) so that Q,(u) € L'(R), where
the matrix Q;(u) appears in the integral kernel K given by (2.11). For every f(x;z) €
L*(R x C"), we have

1
IK )l < m”al(u)”ZI I llzee. (2.13)

As a result, the Neumann series for Volterra's integral equation (2.8) for m_ converges

absolutely and uniformly for every x € R and z € C* and contains analytic functions
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Existence of Global Solutions 5673

of z for z € C*. Therefore, m_(x; -) is analytic in C* for every x € R and it satisfies the
bound (2.10). [ |

Remark 5. If u is sufficiently small so that the estimate

1 1 1
Ellullfz + E\/”u”Ll Clloxull + llullfs) < 2 (2.14)

holds on R, then Banach Fixed Point Theorem yields the existence of the unique solution
m_(-;z) € L°(R) of the integral equation (2.8) such that ||m_(-;z) — e;||z~ < 1. This is in
turn equivalent to the conditions that the linear equation (2.1) has no L?(R) solutions for
every A € C and the linear equation (2.1) has no resonances for every A € R U iR in the
sense of Definitions 1 and 2. Therefore, the small-norm constraint (2.14) is a sufficient

condition that the assumptions of Theorem 1 are satisfied. O

Lemma 2. Under the conditions of Lemma 1, for every x € R, the Jost functions
my (x; z) and ny(x; z) satisfy the following limits along a contour in the domains of their

analyticity extended to |[Im(z)| — oc:

lim m.(G2) = mE (e, My i= ok ot (2.15)
and

‘l‘im ni(x;z) = nY(x)e;, nT(x):= e 21 oo U)PAy (2.16)

Z|—> 00

If in addition, u € C'(R), then for every x € R, the Jost functions m.(x;z) and n.(x; z)
satisfy the following limits along a contour in the domains of their analyticity extended

to [Im(z)| — oo:

|1|im z[mi(x;2) —mTx)er | = qP e, + qP (x)e; (2.17)
and
|1|im z[ni(x;z) — nT(x)e;]| = s x)e; +s? (x)ey, (2.18)
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5674 D. E. Pelinovsky and Y. Shimabukuro

where

1 19 X _ 1
qP ) = —L—Left‘fiw‘“(”'zdyf [u(y)3yU(y) + Elu(y)l‘*} dy,
+o0

1 1 rx 2
@ (x) = —a. (T(x)ez S WIPdy
g (x): 2i3X (u(x)ez ),
1 L x 2
ngl)(X) = —z—iax (u(X)e 27 J2oo WD) dy>'
1 _Llx o2 X _ 1
S0 = Ze 2i fio M) dyf [U(Y)ayu(Y) — z—ilu(Y)|4i| dy. 0
+o0

Proof. Again, we prove the statement for the Jost function m_ only. The proof for other
Jost functions is analogous. Let m_ = [m'”, m'”]* and rewrite the integral equation (2.8)

in the component form:

m(x;z) =1+ %/ u(y) [a(y)ym?(y; z) + m?(y; z)| dy (2.19)
and
1 [*
m®x;z) = — f e [(2i0,u(y) + lu@)*ay)mP(y; 2) + lu@)*m® (y; 2)] dy.
(2.20)

Recall that for every x € R, m_(x;-) is analytic in C*. By bounds (2.10) in Lemma 1,
for every u € L'(R) N L*(R) and d,u € L'(R), the integrand of the second equation
(2.20) is bounded for every z € C* by an absolutely integrable z-independent func-
tion. Also, the integrand converges to zero for every y € (—o0,x) as |z| — oo in C*.
By Lebesgue’s dominated convergence theorem, we obtain lim, . m? (x;z) =0, hence

m>(x) := lim; m®Y (x; z) satisfies the inhomogeneous integral equation
o) 1 * 2 00
m>*(x) =1+ % lu(y)I"m=(y)dy (2.21)

with the unique solution m>(x) = ez /4" This proves the limit (2.15) for m_.
We now add the condition u € C!(R) and use the technique behind Watson's
Lemma related to the Laplace method of asymptotic analysis [27]. For every x € R and

every small § > 0, we split integration in the second equation (2.20) for (—oco,x — §) and
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(x — 8,x), rewriting it in the equivalent form:
x—68

m®? (x;z) = /

—00

2y + o) [ eIy
x—38
+ / 4V [¢(y;2) — ¢p(x;2)|dy =T + I +1II, (2.22)
x—38
where

. Fy— 1
¢(x;2) =~

2 [(2i0,u(x) + lu@)*uE)m? (x; 2) + [ux)*m? (x; 2)].
Since ¢ (-; z) € L}'(R), we have

—24T .
1] < e ™Y (; 2) 1.

Since ¢(-; z) € C°(R), we have

1
2Im(z)

| < o (;2) — @ (X; 2) llLoo (x5,

On the other hand, we have the exact value

__L _ A2izé .
II = 2iz[l e’ ¢ (x; 2).

Let us choose § := [Im(2)]~'/2 such that § — 0 as Im(z) — oco. Then, by taking the limit

along the contour in C* such that Im(z) — oo, we obtain

. 1 .. 1 . _ _
lim zm@%(x;z) = —— lim ¢(x;2) = —L—L(Zlaxu(x) + lu@) Pux)m®x), (2.23)

|z]— 00 21 |z|—>o00

which yields the limit (2.17) for m®. On the other hand, the first equation (2.19) can be

rewritten as the differential equation
om0 2) = UG P (6 2) + uGom® (x; 2).
Using m® as the integrating factor,
G o (;2) = S uCoT Com? (x;2),

we obtain another integral equation for m":

mV(x; z) = m>®(x) + %m‘f (X)/ u(y)m>(y)m®? (y; z)dy. (2.24)
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5676 D. E. Pelinovsky and Y. Shimabukuro

Multiplying this equation by z and taking the limit |z| — oo, we obtain

X 1
lim z[m® (x; 2) — m®(x)] = —im?(x) / [u(y)aya(w + 2—i|u(y)|4} dy, (2.25)

|z| =00
which yields the limit (2.17) for m". |

We shall now study properties of the Jost functions on the real axis of z.
First, we note that following elementary result from the Fourier theory. For notational

convenience, we use sometimes ||f(z)||L§ instead of ||f (-)]l 2.

Proposition 1. If w € H'(R), then

sup / 22V y(y)dy < Jm|wle. (2.26)
xeR —00 Lg(R)
and
sup 2iz/ 22V y (y)dy + w(x) < J7|| 0w || 2. (2.27)
xeR —00 L%(]R)

Moreover, if w € L>!(R), then for every x, € R, we have

sup | (x) / e M (y)dy S VTNW 120 Cooxg) s (2.28)
X€(—00,%0) —00 L2(R)
where (x) := (1 + x%)'/2, O

Proof. Here we give a quick proof based on Plancherel’'s theorem of Fourier analysis.

For every x € R and every z € R, we write
X ) 0 )
fx;z) = / e** M (y)dy = / e " w(y +x)dy,

so that
(%) 0 0 .
1% = / / / W(y1 + OW (s + 06 Y%Ay, dy,dz
0 X
:71/ |lw(y +X)|2dy=71/ lw(y)|*dy. (2.29)

Bound (2.26) holds if w € L2(R).
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Ify <x <0,wehave 1l +y?> 1+ x?%, so that equation (2.29) implies

T X
If (x; 117 < 572 / a +y)lw(y)Pdy < 11221 oy

—14x2

which yields the bound (2.28) for any fixed x, € R™.
To get the bound (2.27), we note that if w € H'(R), then w € L*(R) and w(x) — 0

as |x| — oo. As a result, we have

X

2izf (x;2) + w(x) = / e?* 1y w(y)dy.

—00

The bound (2.27) follows from the computation similar to (2.29). |

Subtracting the asymptotic limits (2.15) and (2.16) in Lemma 2 from the Jost
functions m. and n. in Lemma 1, we prove that for every fixed x € R*, the remainder
terms belongs to H!(R) with respect to the variable z if u belongs to the space H'!(R)
defined in (1.13). Moreover, subtracting also the O(z™!) terms as defined by (2.17) and
(2.18) and multiplying the result by z, we prove that the remainder term belongs to L2(R)
if u € H*(R) N H''(R). Note that if u € H''(R), then the conditions of Lemma 1 are
satisfied, so that u € L'(R) N L3(R) and d,u € L'(R). Also if u € H>(R) N H'*(R), then the

additional condition u € C'(R) of Lemma 2 is also satisfied.
Lemma 3. If u € H"'(R), then for every x € R*, we have
mi(x;-) —mT(x)e; € H'(R), ni(x;:) —nT(x)e; € H'(R). (2.30)

Moreover, if u € H2(R) N H'!(R), then for every x € R, we have

z[my(x;2) — mT(x)e; | — (@Y ®)e; + q? (x)ey) € LL(R) (2.31)

and
z[n.(x;2) — n¥(X)e;] — sV x)er +s& (x)e,) € LI(R). (2.32)
O

Proof. Again, we prove the statement for the Jost function m_. The proof for other Jost

functions is analogous. We write the integral equation (2.8) for m_ in the abstract form

m_=e +Km_, (2.33)
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5678 D. E. Pelinovsky and Y. Shimabukuro

where the operator K is given by (2.11). Although equation (2.33) is convenient for ver-
ifying the boundary condition m_(x;z) — e; as x — —oo, we note that the asymptotic
limit as |z| — oo is different by the complex exponential factor. Indeed, for every x € R,

the asymptotic limit (2.15) is written as

1 rx 2
m_(x;z) > m>(x)e; as |z| —> oo, where m>®(x) := ez /WA

Therefore, we rewrite equation (2.33) in the equivalent form
(I—-K)(m_ —m%e,) = hey, (2.34)
where we have used the integral equation (2.21) that yields e; — (I — K)m®~e; = he, with

h(x;z) = / 22Ny (y)dy, wi(x) = —dy (ﬁ(x)e%fi‘oo'uwzf‘Y). (2.35)

(o8]

If u e H"'(R), then w € L?!(R). By the bounds (2.26) and (2.28) in Proposition 1, we have
h(x; z) € L(R; L2(R)) and for every x, € R, the following bound is satisfied:

1
sup [(x) h(x; 2)ll;z, < ﬁ(llaxullml + E”u3“L2'1>

x€(—00,x0)

< Cllullga + luli, (2.36)

where C is a positive u-independent constant and the Sobolev inequality |uljze <
%HuHHl is used.

By using estimates similar to those in the derivation of the bound (2.13) in Lemma
1, we find that for every f(x; z) € L (R; L2(R)), we have

1
I(K"f)(x; 2) |l por2 < m”al(u)”;ll If (x; 2) |l e 2- (2.37)

Therefore, the operator I — K is invertible on the space L (R; LZ(R)) and a bound on the

inverse operator is given by

o0 1 y
10 = K) Mlgergggerz = 3 — 101 @)y = &', (2.38)
n=0
Moreover, the same estimate (2.38) can be obtained in the norm L ((—o0, Xo); LZ(R)) for
every xo € R. By using (2.34), (2.36), and (2.38), we obtain the following estimate for every
Xg € R™:

sup [[(x) (m_(x;2) — m*(x)ey) |

xe(—00,x0)

< €' (Jlufl g + 1wl ). (2.39)

LZ®) = H11
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Next, we want to show 3,m_(x;z) € L((—00,Xp); LZ(R)) for every x, € R™. We
differentiate the integral equation (2.33) in z and introduce the vector v = [vV, v®@]

with the components
v (x;z) = 9,mY(x;z) and v@(x;z):=9,m?(x;z) — 2ixm? (x; z).
Thus, we obtain from (2.33):
(I —K)v = h,e; + hye, + hsey, (2.40)
where

hi(x;z) = / yu(y)m?®(y; z)dy,

o0

hy(x;z) = / ye** 21U, () + lu(y) Pay) (mP (v; 2) — m*(y)dy,

o0

hi(x;z) = f ye*e eV 21w, (y) + luy) Pu(y))m™(y)dy.

o]

For every x, € R™, each inhomogeneous term of the integral equation (2.40) can be

estimated by H6lder's inequality and the bound (2.26) of Proposition 1:

. 2) (5
sup (1% 2) 2 < lully sup [{x) m? & 2)ll 2,
z(®) z (R)

x€e(—00,x0) xe(—00,x0)
. 3 1 .
sup [|ha(x;2) 2 < (210:ullp + [Ullln) sup | (x) (mP(x;2) — m‘i°(X))||Lg(R),
xe(—00,x0) xe(—00,x0)
. 3
sup | ha(x; 2) 2 < V7 (200xullz21 + [U?]l21).
xe(—00,x0)

The upper bounds in the first two inequalities are finite due to estimate (2.39) and the
embedding of L*!(R) into L!(R). Using the bounds (2.38), (2.39), and the integral equation
(2.40), we conclude that v(x; z) € L ((—00, Xo); LZ(R)) for every x, € R™. Since xm? (x; z) is
bounded in L ((—00, X¢); L2(R)) by the same estimate (2.39), we finally obtain 9,m_(x; z) €
L((—00, Xp); L2(R)) for every x, € R™. This completes the proof of (2.30) for m_.

To prove (2.31) for m_, we subtract the O(z!) term as defined by (2.17) from the
integral equation (2.34) and multiply the result by z. Thus, we obtain

(I —K)[z(m- —mZe) — (qVe; +q?e;)] = zhe, — I — K)(qVes + q?ey), (2.41)
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where the limiting values g’ and g'* are defined in Lemma 2. Using the integral equation

(2.24), we obtain cancelation of the first component of the source term, so that
zhe, — (I — K)(qVer + q?e,) = he,
with
T (e ¥ 2iz(x~y) 1
h(x;z) =z e w(y)dy + EW(X)
1/~ .. e _

i | @iy + awlum P 6) + luy)Fe? v dy,
where w is the same as in (2.35). By using bounds (2.26) and (2.27) in Proposition 1, we
have h(x;z) € L (R; L2(Z)) if w € H'(R), that is, if u € H*(R) N H'!(R). Inverting (I — K)
on L¥(R; L%(Z)), we finally obtain (2.31) for m_. [ ]

The following result is deduced from Lemma 3 to show that the mapping

H'"'(R) > u — [mi(x;2) — mT(x)e,, ni(x;z) — nT(x)] € L°(R*; H! (R)) (2.42)

is Lipschitz continuous. Moreover, by restricting the potential to H*(R) N H"''(R), sub-
tracting O(z™!) terms from the Jost functions, and multiplying them by z, we also have

Lipschitz continuity of remainders of the Jost functions in function space L (R; L2(R)).
Corollary 1. Let u, i € H''(R) satisfy ||u|gi1,||Tllz11 < U for some U > 0. Denote
the corresponding Jost functions by [m., n.] and [, 1n.] respectively. Then, there is a
positive U-dependent constant C(U) such that for every x € R*, we have

Imi(x;-) — mEx)er — me(x; ) + mEX@ellm < CU)llu — Ul (2.43)
and

Ins(x;) —nTX)e; — nu(x;-) + T X)ezllm < CW)llu — Ullga. (2.44)

Moreover, if u, &t € H?(R) NH'(R) satisfy ||ulgzng11, | @llgzag11 < U, then for every x € R,

there is a positive U-dependent constant C(U) such that

175 (%5 ) — M (% )z + 1e(x; ) — e (X ) 2 < CA) U — Tl gz (2.45)
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where
A . o . .S _ (A (2)
M (x; 2) 1= z[mi(x; 2) — mT(0er]| — (qF X)e; + q2 ()ey),

fi(x;2) ==z [nu(x;2) — nT(x)e;] — s (x)e; +sP (x)e,). O

Proof. Again, we prove the statement for the Jost function m_. The proof for other Jost

functions is analogous. First, let us consider the limiting values of m_ and m_ given by
1 rx 2 - 1 rx ~ 2
m>®(x) := ez JZoo luy)|#dy me(x) 1= ez JZoo luy)|#dy
Then, for every x € R, we have

~ 1 rx 2_7y 2
|mi°(X) _ mi°(X)| — lez JE o um*—lay)|©)dy _ 1

= CI(U)/ (lu@)? = luy)|*Hdy
<20C,(U)lu — 2, (2.46)

where C;(U) is a U-dependent positive constant. Using the integral equation (2.34), we

obtain

(m_—m>e,) — (h_ —m™e,) = (I — K) ‘he, — (I — K) ‘he,
=(I-K)'(h—he,+[I-K) ' —I-K) e,

=(I-K) '(h—he,+I—-—K) " K—-—K)(J-K) ‘he,, (247

where K and h denote the same as K and h but with u being replaced by @. To estimate
the first term, we write

X

h(x;z) — h(x; z) = / e** V) [w(y) — w(y)] dy, (2.48)

—00

where

By using (2.46), we obtain ||w — W21 < Cy(U)|lu — @||z1,1, where C,(U) is another
U-dependent positive constant. By using (2.48) and Proposition 1, we obtain for every

Xg e R™:

sup

xe(—00,x0)

) (R 2) — hx; 2))

= JTC ()| u — @i (2.49)

LZ(R
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This gives the estimate for the first term in (2.47). To estimate the second term, we
use (2.11) and observe that K is a Lipschitz continuous operator from L (R; LZ(R)) to
L (R; LZ(R)) in the sense that for every f € L (R; L%(R)), we have

1K = B)f lygerg < Co@lu — Bl If ez, (2.50)

where C3(U) is another U-dependent positive constant that is independent of f. By using
(2.36), (2.38), (2.47), (2.49), and (2.50), we obtain for every x, € R™:

= CO)lu — llgr.

sup | (x) (m_(x; ) — m>(@)e; — m_(x; ) + ME@)er) | 2,

x€(—00,x0)
This yields the first part of the bound (2.43) for m_ and m_. The other part of the bound
(2.43) and the bound (2.45) for m_ and m_ follow by repeating the same analysis to the
integral equations (2.40) and (2.41). |

2.2 Scattering coefficients

Let us define the Jost functions of the original Kaup-Newell spectral problem (2.1).
These Jost functions are related to the Jost functions of the Zakharov-Shabat spectral
problems (2.4) and (2.5) by using the matrix transformations (2.3). To be precise, we
define

L (x;0) =T X Oma(x;2),  ¢u(x;0) = T, (x; Mna(x; 2), (2.51)

where the inverse matrices are given by

T*l(x—,\)—L 20,0 nd T*l(x')\)—L I ul) (2.52)
T 200 ) 1 @ 2T 2iv 0 2in | '

It follows from the integral equations (2.8) and (2.9) and the transformation (2.51) that

the original Jost functions ¢, and ¢. satisfy the following Volterra’'s integral equations

x 1 0
pL(X; 1) = e +/\/ [ )} Q(u(y))es(y; Mdy, (2.53)

2
100 |0 €HFOY

and

X

—Zixz(x—y) O
QL(X;A) = ey + k/ [e 0 J Q(u(y)¢+(y; Mdy. (2.54)

+oo
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The following corollary is obtained from Lemma 1 and the representations (2.51) and
(2.52).

Corollary 2. Let u € L*(R) N L®(R) and d,u € L'(R). For every A? € R\{0}, there exist
unique functions ¢, (; A) € L°(R) and ¢+(-; 1) € L*(R) such that

X;\) — ey,

vt e 1 s x5t (2.55)
¢i(X; )") — €y,

Moreover, ¢\’ (x;1) and ¢ (x;1) are even in A, whereas ¢ (x;1) and ¢’ (x;1) are

odd in A. a

Proof. To the conditions of Lemma 1, we added the condition u € L>°(R), which ensures
that Tlle (x; A) are bounded for every x € R and for every A € C\{0}. Then, the existence
and uniqueness of the functions ¢.(;A) € L®(R) and ¢.(-; 1) € L*(R), as well as the
limits (2.55) follow by the representation (2.51)—(2.52) and by the first assertion of Lemma
1. The parity argument for components of ¢.(x;A) and ¥.(x;A) in A follow from the
representation (2.51) and (2.52) and the fact that m..(x; z) and n.(x; z) are even in X since
z =A% [ |

Remark 6. There is no singularity in the definition of Jost functions at the value
A = 0. The integral equations (2.53) and (2.54) with » = 0 admit unique Jost functions

¢+(x;0)=e; and ¢.(x; 0) = e,, which yield unique definitions for m.(x; 0) and n.(x; 0):

1 —u(x)
mi(x;0)=[_a(x)}, ni(x;0)=[ ) }

which follow from the unique solutions to the integral equations (2.8) and (2.9)
atz=0. O

Remark 7. The only purpose in the definition of the original Jost functions (2.51) is
to introduce the standard form of the scattering relations, similar to the one used in
the literature [18]. After introducing the scattering data for A € R U iR, we analyze their

behavior in the complex z-plane, instead of the complex A-plane, where z = A2 O

Analytic properties of the Jost functions ¢.(x;-) and ¢.(x;-) for every x € R are

summarized in the following result. The result is a corollary of Lemmas 1 and 3.
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Corollary 3. Under the same assumption as Corollary 2, for every x € R, the Jost
functions ¢_(x;-) and ¢, (x; -) are analytic in the first and third quadrant of the A plane
(where Im(A?) > 0), whereas the Jost functions ¢, (x;-) and ¢_(x;-) are analytic in the
second and fourth quadrant of the A plane (where Im(1?) < 0). Moreover, if u € H"'(R),

then for every x € R*, we have

PP (x; 1) — mP(x), 2irpP(x;0) — u)mMT(x), 2P (x; 1) € H (R) (2.56)
and

Ao, 200l (x;2) —u)nT (%), ¢ (x; 1) — nT(x) € H; (R), (2.57)
where m$ and ny® are the same as in Lemma 2. O

Proof. By chain rule, we obtain

As a result, the analyticity result for the Jost functions ¢, and ¢, follows from the
corresponding result of Lemma 1. With the transformation (2.51) and (2.52) and the
result of Lemma 3, we obtain (2.56) and (2.57) for ¢\, 2¢'?, 2¢{", and ¢?.

It remains to consider A¢® and 1 '¢{". Although the result also follows from
Remark 6, we will give a direct proof. We write explicitly from the integral equation
(2.53):

2P h) = —/

+o0

X X

XU (y)mT (y)dy — / e a(y) (M (v; 2) — mT(v)) dy,
- (2.58)
where m® = e2i /2 WP and 7 — A% as the same as in Lemma 3. By using Proposition 1
in the same way as it was used in the proof of Lemma 3, we obtain AP (x;0) € H}(R)
for every x € R*. The proof of A 1¢{" (x; 1) € H!(R) is similar. [ |

We note that ¥ (x) := ¢.(x; Ve ¥ and ¥(x) = ¢.(x; )e*’* satisfies the Kaup—
Newell spectral problem (2.1), see asymptotic limits (2.2) and (2.55). By the ODE theory
for the second-order differential systems, only two solutions are linearly independent.
Therefore, for every x € R and every A? € R\{0}, we define the scattering data according

to the following transfer matrix

[w (x; A)} [ a(n) b(x)emz"} [wx; A)}
- . _ (2.59)
o | |eme @ dny ||
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By Remark 6, the transfer matrix is extended to 2 = 0 with a(0) = d(0) = 1 and b(0) =
c(0) = 0.

Since the coefficient matrix in the Kaup—Newell spectral problem (2.1) has zero
trace, the Wronskian determinant, denoted by W, of two solutions to the differential
system (2.1) for any X € C is independent of x. As a result, we verify that the scattering

coefficients a, b, ¢, and d are independent of x:

a(h) = W(p_(x; e ™, ¢, (x; V™) = W(p_(0; 1), ¢+ (0; 1)), (2.60)
() = Wip, (x; e, p_(x; 1)e™*™) = W(p,(0; 1), ¢ (0; 1)), (2.61)
where we have used the Wronskian relation W(¢,,¢,) = 1, which follows from the

boundary conditions (2.55) as x — +oc.

Now we note the symmetry on solutions to the linear equation (2.1). If ¢ is a
solution for any A € C, then 0,03V is also a solution for » € C, where o, and o; are Pauli
matrices in (1.12). As a result, using the boundary conditions for the normalized Jost

functions, we obtain the following relations:
Pu(x; M) = 010394 (X; 1),

where ¢.(x;A) means that we take complex conjugation of ¢. constructed from the
system of integral equations (2.53) for A. By applying complex conjugation to the
first equation in system (2.59) for A, multiplying it by 0,03, and using the relations
0103 = —o30; and o = o7 = 1, we obtain the second equation in system (2.59) with

the correspondence
c() = —b@), d()=a() »eRUIR (2.62)

From the Wronskian relation W(¢_, ¢_) = 1, which can be established from the boundary
conditions (2.55) as x — —oo, we verify that the transfer matrix in system (2.59) has the

determinant equals to unity. In view of the correspondence (2.62), this yields the result
a(Ma() +bMb() =1, reRUIR. (2.63)

We now study properties of the scattering coefficients a and b in suitable

function spaces. We prove that

a0) = au, = e5 R a5 31 S oo, (2.64)
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5686 D. E. Pelinovsky and Y. Shimabukuro

whereas a(l) — a, Ab(A), and A7'b(1) are H} (R) functions with respect to z if u belongs
to H''(R) defined in (1.13). Moreover, we show that Ab(}) is also in L*!(R) if u € H*(R) N
HY(R).

Lemma 4. If u € H''(R), then the function a(}) (and respectively, a(})) is continued

analytically in C* (and respectively in C~) with respect to z = A2, and, in addition,
a(\) — as, Ab(L), A7'b(A) € HI(R), (2.65)
where a., = e2 =& Moreover, if u € H*(R) N H'(R), then
Ab(V), A7'b(L) € L2 (R). (2.66)
U

Proof. We consider the integral equations (2.53) and (2.54). By taking the limit x — 400,
which is justified due to Corollary 2 and Remark 6 for every A € R U iR, and using the

scattering relation (2.59) and the transformation (2.51) and (2.52), we obtain

a(x) =1 +A/u(X)go(_2)(X; 2dx (2.67)

R

and
a)=1-1 / a(x)pP (x; 1)dx. (2.68)
R

It follows from the representations (2.67) and (2.68), as well as Corollary 3, that a(}) is
continued analytically in C* with respect to z, whereas ﬁ is continued analytically in
C~ with respect to z. Using limits (2.15) in Lemma 2 and transformation (2.52), we obtain
the following limit for the scattering coefficient a(1) along a contour in C* extended to

Im(z)| — oo:

lim a(\) =1+ zlf |u(X)|ze% o lumPdy 45 — ag; JrluoPdx _. ..
LJr

|z|— 00

In order to prove that a(A) — a. is a H!(R) function, we use the Wronskian

representation (2.60). Recall from the transformation (2.51) and (2.52) that

(x2) =mP(x;2) and ¢ (x; 1) =nP(x;2).
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Subtracting the limiting values for a and the normalized Jost functions m. and n., we

rewrite the Wronskian representation (2.60) explicitly

a(r) — ax = (m?(0; z) — m>(0))(n'?(0; z) — nT(0)) + m>(0)(n{?(0; z) — nT(0))

+nT(0)(m™(0; z) — m>(0)) — ¢'?(0; 1)¢{" (0; 1). (2.69)

By (2.30) in Lemma 3, all but the last term in (2.69) belong to HZI(]R). Furthermore,
A 19?(0;1) and 2irgl (0;4) — u(0)nF(0) also belong to H!(R) by Corollary 3. Using
the representation (2.69) and the Banach algebra property of H}(R), we conclude that
a(h) — an € H(R).

Next, we analyze the scattering coefficient b. By using the representation (2.51)

and (2.52) and the Wronskian representation (2.61), we write
2ixb(n) = m'Y(0; 2ym®(0; z) — m'?(0; 2)m™(0; 2). (2.70)

By (2.30) in Lemma 3 (after the corresponding limiting values are subtracted from
m'(0; z)), we establish that Ab()) € H}(R). On the other hand, the same Wronskian

representation (2.61) can also be written in the form
A7) = mP(0; 24 9? (0; 1) — mP(0; 2)27 9P (0; 1). (2.71)

Recalling that 2'¢{?(0; 1) belongs to H!(R) by Corollary 3, we obtain A 'b()) € H}(R).
The first assertion (2.65) of the lemma is proved.

To prove the second assertion (2.66) of the lemma, we note that A7'b()) € LZ'(R)
because zA"'b(A) = Ab(X) € H}(R). On the other hand, to show that Ab(A) € LZ*(R), we

multiply equation (2.70) by z and write the resulting equation in the form

2irzb(L) = m(0; z) (zm®(0; z) — ¢*(0)) — m™(0; z) (zm? (0; z) — ¢'?(0))

+@2(0) (m(0; 2) — mT(0)) — g2 (0) (MM (0; 2) — m™(0)), (2.72)

where we have used the identity q(,z) (0)m(0) — q(f) (0)m®>(0) = 0 that follows from limits
(2.15) and (2.17). By (2.30) and (2.31) in Lemma 3, all the terms in the representation (2.72)
arein L2(R), hence Ab(%) € L>!(R). The second assertion (2.66) of the lemma is proved. H

We show that the mapping

H'"' (R) > u — a(A) — as, Ab(V), A7 'b(1) € H} (R) (2.73)
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5688 D. E. Pelinovsky and Y. Shimabukuro

is Lipschitz continuous. Moreover, we also have Lipschitz continuity of the mapping
H*R)NH" (R) > u — Ab(A), A 'b(}) € L2 (R). (2.74)
The corresponding result is deduced from Lemma 4 and Corollary 1.

Corollary 4. Let u, it € H''(R) satisfy |u||zi1, |@tll11 < U for some U > 0. Denote the
corresponding scattering coefficients by (a, b) and (&,13), respectively. Then, there is a

positive U-dependent constant C(U) such that

la(d) — ax — a(d) + acollyy + IADQ) — AE(X)HH; + A7 'b() — Nll;()»)llel < CO)lu— llgr.
(2.75)
Moreover, if u,t € H2(R) N H''(R) satisfy | ullgzngi1, |Gllgzngit < U, then there is a

positive U-dependent constant C(U) such that
IAb(L) — MS(A)HLEJ + IA7'b() — ﬂl}(x)uLgl < CU)||u — il g2rgin - (2.76)
U

Proof. The assertion follows from the representations (2.69)-(2.72), as well as the

Lipschitz continuity of the Jost functions m. and n. established in Corollary 1. |

Another result, which follows from Lemma 4, is the parity property of the scat-
tering coefficients a and b with respect to A. The corresponding result is given in the

following corollary.

Corollary 5. The scattering coefficients a and b are even and odd functions in 2,

respectively, for A € R U iR. Moreover, they satisfy the following scattering relation

la@)> +bM)I* =1, reR,

. (2.77)
la))? = |1bMW))> =1, i eiR.

O

Proof. Because a(}) and A~'b()) are functions of z = A2, as follows from Lemma 4, we
have a(—A) = a(}) and b(—1) = —b() for all A € RUiR. For A € R, the scattering relation
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(2.63) yields the first line of (2.77). For A = iy with y € R, the parity properties of a and
b imply

a() =a(—iy) =al@y) =a(y) and b() = b(—iy) = —b(iy) = —~b(h).

Substituting these relations to the scattering relation (2.63), we obtain the second line
of (2.77) [ |

3 Formulations of the Riemann-Hilbert Problem

We deduce the Riemann-Hilbert problem of complex analysis from the jump condi-
tion for normalized Jost functions on R U iR in the A plane, which corresponds to
R in the z plane, where z = A2. The jump condition yields boundary conditions for
the Jost functions extended to sectionally analytic functions in different domains
of the corresponding complex plane. In the beginning, we derive the jump condi-
tion in the A plane by using the Jost functions of the original Kaup—-Newell spectral
problem (2.1).

Let us define the reflection coefficient by

b

——, AreRUIR. (3.1)
a(L)

r(A):

Each zero of a on R U iR corresponds to the resonance, according to Definition 2. By the
assumptions of Theorem 1, the spectral problem (2.1) admits no resonances, therefore,

there exists a positive number A such that
laM)| >A >0, XeRUIR. (3.2)

Thus, r(1) is well-defined for every A € R U iR.
Under the condition (3.2), the scattering relations (2.59) with (2.62) can be

rewritten in the equivalent form:

p-(x;4)

Gy ern = r()e ¢, (x; 1) (3.3)
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5690 D. E. Pelinovsky and Y. Shimabukuro

and

PN 4 xih) = —re g, (x; 1), (3.4)

a(x)

where A € RUiR.

By Lemma 4, a(i) is continued analytically in the first and third quadrants of
the A plane, where Im(A2?) > 0. Also a(A) approaches to a finite limit a,, # 0 as |A| — oo.
By a theorem of complex analysis on zeros of analytic functions, a has at most finite
number of zeros in each quadrant of the A plane. Each zero of a corresponds to an
eigenvalue of the spectral problem (2.1) with the L?(R) solution ¥ (x) decaying to zero
exponentially fast as |x| — oo. Indeed, this follows from the Wronskian relation (2.60)
between the Jost functions ¢_ and vy, extended to the first and third quadrant of the A
plane by Corollary 3. By the assumptions of Theorem 1, the spectral problem (2.1) admits

no eigenvalues, hence the bound (3.2) is extended to the first and third quadrants of

o (x;2)

the A plane. Therefore, the functions e

and ¢;%” are analytic in the corresponding
domains of the A plane.

From the scattering relations (3.3) and (3.4), we can define the complex functions

D, (x; 1) 1= [m,¢+(x;k):|, d_(x; M) == (p#XM),gX_;A) . (3.5)
a) a(h)

By Corollary 3, Lemma 4, and the condition (3.2) on a, for every x € R, the function
®, (x;-) is analytic in the first and third quadrants of the A plane, whereas the function
®_(x;-) is analytic in the second and fourth quadrants of the A plane. For every x € R

and A € RUIR, the two functions are related by the jump condition

D (x;4) —D_(x;0) = DP_(x;1)S(x; M), (3.6)
where
2 O a—2ik2x
Sx; ) = |r(k)! ) rie LeR (3.7)
r()\)ezm X 0
and
_ 2 L e—2ir%x
Sx; \) = |r(k?|2 r(e A € IR, (3.8)
r()\')eZIA X 0
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Note that r(—1) = —r(1) by Corollary 5, so that r(0) = 0. By Corollary 3, the functions
d, (x; 1) satisfy the limiting behavior as |A| — oo along a contour in the corresponding

domains of their analyticity in the A plane:
DL (x; 1) = Poo(x) = [e%iffw‘“(y>'2dyel, e’z%ffoo‘”(”)'zdyez] as |A| — oo. (3.9)

The jump conditions (3.6) and the boundary conditions (3.9) set up a Riemann—
Hilbert problem to find sectionally analytic functions ®(x;-) for every x € R. It is quite
remarkable that the matrix S is Hermitian for A € R. In this case, we can use the theory
of Zhou [41] to obtain a unique solution to the Riemann-Hilbert problem (3.6), (3.7),
and (3.9). However, the matrix S is not Hermitian for A € iR. Nevertheless, the second

scattering relation (2.77) yields a useful constraint:

1
1—|rW))?* = >c2>0 AeiR, (3.10)
la)z = °

where ¢;' := sup, ;; |a(})|. The constraint (3.10) will be used to obtain a unique solution
to the Riemann-Hilbert problem (3.6), (3.8), and (3.9).

We note that only the latter case (3.8), which is relevant to the imaginary values
of A, was considered in the context of the Kaup-Newell spectral problem by Kitaev &
Vartanian [19], who studied the long time asymptotic solution of the derivative NLS
equation (1.1), also in the case of no solitons. The smallness condition (3.10) does not
need to be assumed a priori, as it is done in Lemma 2.2 in [19], but appears naturally
from the second scattering relation (2.77). The Hermitian case of real values of A was
missed in [19].

We also note that the scattering matrix S(x; 1) is analogous to the one known for
the focusing NLS equation if A € R and the one known for the defocusing NLS equation
if » € iR. As a result, the inverse scattering transform for the derivative NLS equation
combines elements of the inverse scattering transforms developed for the focusing and
defocusing cubic NLS equations [11, 12, 40].

In the rest of this section, we reformulate the jump condition in the z plane and
introduce two scattering coefficients r., which are defined on the real line in the function
space H'(R) N L?>!(R). The scattering coefficients r. allow us to recover a potential u in
the function space H*(R) N H'!(R) (in Section 4).
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3.1 Reformulation of the Riemann-Hilbert problem (3.6)

Using transformation matrices in (2.51) and (2.52), we can rewrite the scattering relations

(3.3) and (3.4) in terms of the z-dependent Jost functions m. and n.:

m_(x; z) 2iab()) ey,

2ty —m,(x;z) = at) L(x;2) (3.11)
and
IL_;Z) —pi(x;2) = — b&e‘Zizxm+(X; z), (3.12)
a() 2ira(r)

where z € R, m, are defined by Lemma 1, and p. are given explicitly by

1 u(x)

1 1
pi(x;2) = —T1(X MT, (x; Mna(x; z) = 4z |:_a(x) —lu(x)|* — 4z

i| ny(x;z). (3.13)

Properties of the new functions p. are summarized in the following result.

Lemma 5. Under the conditions of Lemma 1, for every x € R, the functions p.(x; z)
are continued analytically in C* and satisfy the following limits along a contour in the

domains of their analyticity extended to [Im(z)| — oc:
11m pi(X z) = nT(x)ey, (3.14)
where ng are the same as in the limits (2.16). O

Proof. Theasymptoticlimits (3.14) follow from the representation (3.13) and the asymp-
totic limits (2.16) for n.(x;z) as |z| — oo in Lemma 2. Using the transformation (2.51)

and (2.52), functions p. can be written in the equivalent form
pi(x;z) = n?(x; z)e, + o [ x )} P (x; 1), (3.15)
—u

where both n? (x; z) and A '¢\" (x; 1) are continued analytically in C* with respect to z

by Lemma 1 and Corollary 3. From the Volterra integral equation (2.54), we also obtain
el (x0) =f e 2=y (y)n@(y; z)dy, (3.16)
+o0

therefore, p. (x; 0) exists for every x € R. Thus, for every x € R, the analyticity properties

of p.(x;-) are the same as those of n.(x;-). [ |
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Let us now introduce the new scattering data:

b(L) 2iAb())
= — , ' = ’ R 17
r+(2) 2000’ | @) a(L) € (3.17)
which satisfy the relation
r_(z) =4zr.(z), zeR. (3.18)

It is worthwhile noting that

r.(@r-(2) = IrMP?, zeR", XreR,

(3.19)
T (@r_(2)=—rW)?, zeR-, ireiR.

The scattering data r. satisfy the following properties, which are derived from the

previous results.

Lemma 6. Assume the condition (3.2) on a. If u € H''*(R), then r. € H'(R), whereas if
u € H*(R) N H''(R), then ry € L?!(R). Moreover, the mapping

H2R)NH" (R) > u — (ry, 1) € H'(R) N L* (R) (3.20)
is Lipschitz continuous. O
Proof. The first assertion on r. follows from Lemma 4. To prove Lipschitz continuity

of the mapping (3.20), we use the following representation for r_ and 7_ that correspond

to two potentials u and @,

. 2iMb-—Db) 2ib . . 2i0b
r.—r_= b — b) + l~b[(a — Q) — (@ —ax)] + —l~b(aoc — Q). (3.21)
a aa aa

Lipschitz continuity of the mapping (3.20) for r_ follows from the representation (3.21)
and Corollary 4. Lipschitz continuity of the mapping (3.20) for r, is studied by using a

representation similar to (3.21). |

Remark 8. By Corollary 5, a(—A) = a(r) for every A € R U iR. Therefore, when we
introduce z = A% and start considering functions of z, it makes sense to introduce
a(z):=a(}) for every z € R. In what follows, we drop the bold notations in the definition
of a(z). O
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For every x € R and z € R, we define two matrices P, (x; z) and P_(x; z) by

m_(x; z)

22 (3.22)

P, (x;z):= [

’ p+(X’Z)] P_(x;2) = [m+(x; z), M}

a(z)

By Lemmas 1, 4, and 5, as well as the condition (3.2) on a, the functions P.(x; -) for every
x € R are continued analytically in C*. The scattering relations (3.11) and (3.12) are now
rewritten as the jump condition between functions P.(x; z) across the real axis in z for

every x € R:

LD (2) Ti(2)e7

P, (x;z) — P (x;z) =P _(x;2)R(x;2), R(x;z):= [ .
ri(z)emzx 0

] z e R. (3.23)
By Lemmas 2, 4, and 5, the functions P.(x;-) satisfy the limiting behavior as |z| — oo

along a contour in the domain of their analyticity in the z plane:
P.(x;z) > O (x) as |z| - oo, (3.24)

where @, is the same as in (3.9). The boundary conditions (3.24) depend on x, which
represents an obstacle in the inverse scattering transform, where we reconstruct the
potential u(x) from the behavior of the analytic continuations of the Jost functions
P.(x;-) for x € R. Therefore, we fix the boundary conditions to the identity matrix by

defining new matrices
Mio(x;2) = [Po(X)] ' Pi(x;2), x€R, zeC: (3.25)

As aresult, we obtain the Riemann-Hilbert problem for analytic functions M. (x; -) in C*,

which is given by the jump condition equipped with the uniform boundary conditions:

(3.26)

M, (x;z) —M_(x;z) = M_(x;2)R(x; z), z e R,
Mi(x;z) > 1 as |z| — oo.

The scattering data ry € H*(R) N L*!(R) are defined in Lemma 6.

Figure 1 shows the regions of analyticity of functions &, in the A plane (left) and
those of functions M, in the z plane (right).

The scattering matrix R in the Riemann-Hilbert problem (3.26) is not Hermitian.
As a result, it is difficult to use the theory of Zhou [41] in order to construct a unique
solution for M. in the Riemann-Hilbert problem (3.26) without restricting the scatter-

ing data r. to be small in their norms. On the other hand, the original Riemann-Hilbert
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Fig.1. Blue (dark) and red (bright) regions mark domains of analyticity of ®. in the A plane (left)
and those of M in the z plane (right).

problem (3.6) in the A plane does not have these limitations. Therefore, in the follow-
ing subsection, we consider two equivalent reductions of the Riemann-Hilbert problem
(3.26) in the z plane to those related with the scattering matrix S instead of the scattering

matrix R.

3.2 Two transformations of the Riemann-Hilbert problem (3.26)

For every A € C\{0}, we denote

1 0 2in)7t o
T1(A) = ] )= (3.27)
0 2ix 0 1

and observe that
t{l(A)R(X; z)t1(A) = t{l(k)R(x; z)1,(A) =S(x;1), zeR, XeRUIR,

where S(x; 1) is defined in (3.7) and (3.8), whereas R(x; z) is defined in (3.23). Using these
properties, we introduce two formally equivalent reformulations of the Riemann-Hilbert
problem (3.26):

Giip(xX;0) — Go12(x; 1) = G_12(x; M)S(x; 1) + Fio(x;4), A e RUIR,

limm—mo Giipx;0) =0,

(3.28)

where

Gi12(X; 1) i=My(X;2)T12(A) — 112(A), Fro(x;A) := 112(A)S(x; ). (3.29)
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T1 72

G G
+1 2 +2

Fig.2. A useful diagram showing transformations of the Riemann-Hilbert problems.

The functions G, .(x; 1) are analytic in the first and third quadrants of the A plane,
whereas the functions G_;,(x; 1) are analytic in the second and fourth quadrants of
the A plane. Although the behavior of functions M, (x; z)7; »(1) may become singular as
A — 0, we prove in Corollary 6 below that G., »(x; A) are free of singularities as . — 0.
Figure 2 summarizes on the transformations of the Riemann-Hilbert problems.
Solvability of the Riemann-Hilbert problem (3.28) is obtained in Section 4.1. Then, in
Section 4.2, we show that the solution to the two related Riemann-Hilbert problems
(3.28) can be used to obtain the solution to the Riemann-Hilbert problem (3.26). In Section
4.3, we show how this procedure defines the inverse scattering transform to recover the

potential u of the Kaup—-Newell spectral problem (2.1) from the scattering data r..

4 Inverse Scattering Transform

We are now concerned with the solvability of the Riemann-Hilbert problem (3.26) for
the given scattering data r,,r_ € H'(R) N L?>!(R) satisfying the constraint (3.18). We are
looking for analytic matrix functions My (x; -) in C* for every x € R. Let us introduce the

following notations for the column vectors of the matrices M. as

M. (x;z) = [ux(x; 2), n+(X; 2)]. (4.1)

Before we proceed, let us inspect regularity of the reflection coefficient r(1) as a function

of z on R.

Proposition 2. If r.(z) € H}(R) N L% (R), then r(x) € L2'(R) N L (R). O
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Existence of Global Solutions 5697

Proof. Since r. € L?*'(R) and |r(A)|? = sign(z) 7,.(2)r_(z) for every z € R, we have
r(1) € L*'(R) by Cauchy-Schwarz inequality.

To show that r(1) € L°(R), we notice that r(1) can be defined equivalently from
(3.17) in the following form:

r(/\):{ —2iary(z) Al <1
iV (z) |Al > 1.

Since ry € L™(R) as it follows from r. € H'(R), then we have r(1) € L>°(R). |

Remark 9. We do not expect generally that r(1) belongs to H} (R). For instance, if

hOW A 5
W T
then Ah(1), A'h(}) € H(R) N L2 (R), h(x) € L' (R) N LE(R) but k(L) ¢ H! (R). O

We also note another useful elementary result.
Proposition 3. If r_(z) € H}(R) N L% (R), then [|Ar_(2)llze < I7-llg1nz21. O

Proof. The result follows from the representation
zr_(z)? = / (r_(2)* + 2zr_(2)r’ (2)) dz
0

Using Cauchy-Schwarz inequality for r_(z) € H}(R) N L2!(R), we obtain the desired
bound. [ ]

4.1 Solution to the Riemann-Hilbert problems (3.28)

Let us start with the definition of the Cauchy operator, which can be found in many
sources, e.g., in [12]. For any function h € LP(R) with 1 < p < oo, the Cauchy operator
denoted by C is given by

S—2

C(h)(z) == —f RS 45, zeC\R. (4.2)

The function C(h) is analytic off the real line such that C(h)(-+1iy) is in LP(R) for each y #
0. When z approaches to a point on the real line transversely from the upper and lower

half planes, that is, if y — 40, the Cauchy operator C becomes the Plemelj projection
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5698 D. E. Pelinovsky and Y. Shimabukuro
operators, denoted respectively by P*. These projection operators are given explicitly

by

N o L/ h(s)
P=(h)(z) = 161&)1 i ). Py ZLed ds zeR. (4.3)

The following proposition summarizes the basic properties of the Cauchy and projection

operators.

Proposition 4. Forevery h € L?(R), 1 < p < oo, the Cauchy operator C(h) is analytic off
the real line, decays to zero as |z| — oo, and approaches to P*(h) almost everywhere,
when a point z € C* approaches to a point on the real axis by any non-tangential contour

from C*.If 1 < p < oo, then there exists a positive constant C, (with C,_, = 1) such that
1Pl < Cplihlize. (4.4)

If h € L'(R), then the Cauchy operator admits the following asymptotic limit in either
CtorC:

lim zC(h)(z) = —L, / h(s)ds. (4.5)
|z|—o00 271 Jp
O

Proof. Analyticity, decay, and boundary values of C on the real axis follow from Theo-
rem 11.2 and Corollary 2 on pp. 190-191 in [14]. By Sokhotski-Plemelj theorem, we have

the relations
P*(h)(z) = :t%h(z) - %H(h)(z) zeR, (4.6)

where H is the Hilbert transform given by

H(h)(z) = %ligl (/z_é +/oo) sh(s)zds zeR.
€ —00 Z+e -

By Riesz's theorem (Theorem 3.2 in [13]), H is a bounded operator from L?(R) to LP(R)
for every 1 < p < oo, so that the bound (4.4) holds with C;, =1 and C, - +ococasp — 1

and p — oo. Finally, the asymptotic limit (4.5) is justified by Lebesgue’s dominated

convergence theorem if h € L' (R). [ |

We recall the scattering matrix S(x;A) given explicitly by (3.7) and (3.8). The
following proposition states thatif (1) is bounded and satisfies (3.10), then the quadratic
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form associated with the matrix I + S(x; 1) is strictly positive for every x € R and every
A € RUIR, whereas the matrix I + S(x; A) is bounded. In what follows, || - || denotes the

Euclidean norm of vectors in C2.

Proposition 5. For every r(1) € L(R) satisfying (3.10), there exist positive constants

C_ and C, such that for every x € R and every column-vector g € C?, we have

Reg'I+Sx;A)g>C_g'g reRUIR 4.7)

and
T+ S&; ) gl < Ciligh, 2 e RUIR. (4.8)
]

Proof. For A € R, we use representation (3.7). Since I + S(x; 1) is Hermitian for every

x € Rand 2 € R, we compute the two real eigenvalues of I + S(x; A) given by

aG) = 1+ 2IrGIP £ 1rI 1+ oo = (/14 2 1rG) 12 £ 21r())] o
2 4 4 2 '

Note that

1

Ao Sh® S S A+IrGD, reR.

It follows from the above inequalities that the bounds (4.7) and (4.8) for A € R hold with

1 2
>0 and C,:=(1+sup|r(h)])® < oc.

C_ .=
(1 +sup, g [r(M)])? heR

For A € iR, we use representation (3.8). Since I + S(x; A) is no longer Hermitian,

we define the Hermitian part of S(x; A) by

1 1, —lr()> 0
Sa(X) == ES(X; A) + §S (x;2) = 0 ol

where the asterisk denotes Hermite conjugate (matrix transposition and complex con-

jugate). It follows from (3.10) that sup, ; [7(1)[?* <1 —c2 < 1 so that the diagonal matrix
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5700 D.E. Pelinovsky and Y. Shimabukuro
I+ Sy()) is positive definite for every A € iR. The bound (4.7) for A € iR follows from this
estimate with C_ := 1 — sup, ;z [r(1)|* > ¢2 > 0. Finally, estimating componentwise

1@+ 56 glP < (1 + FOPIgI + F0I (rigVg® +7ghg®)

1
<(1+rm?) <1 + 5|"0~)|2> lgli?,
we obtain the bound (4.8) for A € iR with C, := (1 + sup, . [r(M)|?) < occ. ]

Thanks to the result of Proposition 5, we shall prove solvability of the two related
Riemann-Hilbert problems (3.28) by the method of Zhou [41]. Dropping the subscripts,
we rewrite the two related Riemann-Hilbert problems (3.28) in the following abstract

form

G.(x;1) — G_(x; 1) = G_(x; MS(x; M) + F(x; ), *eRUIR,

Gi(x,A)—> 0 as |A| — oo.

(4.9)

If r. € H}(R)NL*'(R), then Proposition 2 implies that S(x; 1) € LLR)NLI(R) and F(x; A) €
L2(R) for every x € R. We consider the class of solutions to the Riemann-Hilbert problem

(4.9) such that for every x € R,

e G.(x;A) are analytic functions of z = A% in C*

e Gi(x;)) € LA(R)

¢ The same columns of G.(x; 1), G_(x;1)S(x; 1), and F(x; 1) are either even or
odd in A.

By Proposition 4 with p = 2, for every x € R, the Riemann-Hilbert problem (4.9)

has a solution given by the Cauchy operator
Gi(x;A) =C(G_(x;M)S(x; 1) + F(x; 1)) (z), zeC* (4.10)
if and only if there is a solution G_(x; A) € L2(R) of the Fredholm integral equation:
G.x; ) =P (G_(x;M)S(x;A) +F(x; 1) (z), zeR. (4.11)

Once G_(x; 1) € L2(R) is found from the Fredholm integral equation (4.11), then G, (x; 1) €

L2(R) is obtained from the projection formula

G.(x; 1) =P (G_(x; \)S(x; L) + F(x; 1) (z), zeR. (4.12)
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Remark 10. The complex integrals in C and P* over the real line z = A% can be
parameterized by A on RT UiR*. Extensions of integral representations (4.10)—(4.12) for
A € R™UIiIR™ is performed with the account of parity symmetries of the correspond-
ing columns of G.(x;A), G_(x; A)S(x; 1), and F(x; 1). See Proposition 6, Corollary 7, and
Remark 11 below. O

The following lemma relies on the positivity result of Proposition 5 and states
solvability of the integral equation (4.11) in L2(R). For simplicity of notations, we drop

dependence of S, F and G.. from the variable x.

Lemma 7. For every r(x) € L2(R) N L °(R) satisfying (3.10) and every F(i) € L2(R), there

is a unique solution G(1) € LZ(R) of the linear inhomogeneous equation
(I—-Ps)G(A) =F(), AreRUIR, (4.13)
where Pg G := P~ (GS). O

Proof. TheoperatorI—7Pg is known to be a Fredholm operator of the index zero [2, 3, 41].
By Fredholm's alternative, a unique solution to the linear integral equation (4.13) exists
for G(1) € LA(R) if and only if the zero solution to the homogeneous equation (I—Pg5)g = 0
is unique in LZ(R).

Suppose that there exists nonzero g € L%(R) such that (I — Pg)g = 0. Since
S(») € LA(R) N LI(R), we define two analytic functions in C \ R by

91(2) :=C(gS)(2) and g.(2) :=C(9S)"(2),

where the asterisk denotes Hermite conjugate. We multiply the two functions by each
other and integrate along the semi-circle of radius R centered at zero in C*. Because g,

and g, are analytic functions in C*, the Cauchy-Goursat theorem implies that
0= %gl(z)gz(z)dz.

Because g(}), S(x) € L2(R), we have g(A)S(») € LL(R), so that the asymptotic limit (4.5)

in Proposition 4 implies that g, ,(z) = O(z™!) as |z| — oc. Therefore, the integral on arc
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5702 D. E. Pelinovsky and Y. Shimabukuro

goes to zero as R — oo, so that we obtain
0= /Rgl(z)gz(z)dz
~ [ Pr@9) P @s1dz
— [ [P @5 +os]1P @sI1az,

where we have used the identity Pt — P~ = I following from relations (4.6). Since
P~(gS) = g, we finally obtain

0= /g(I + S)g*dz. (4.14)
R

By bound (4.7) in Proposition 5, the real part of the quadratic form associated with the
matrix I + S is strictly positive definite for every z € R. Therefore, equation (4.14) implies

that g = 0 is the only solution to the homogeneous equation (I — Py)g = 0in LZ(R). W

As a consequence of Lemma 7, we obtain solvability of the two related Riemann-—
Hilbert problems (3.28).

Corollary 6. Letr. € H'(R) N L% (R) such that the inequality (3.10) is satisfied. There
exists a unique solution to the Riemann-Hilbert problems (3.28) for every x € R such

that the functions
GiipX; X)) i=Mi(X;2)T12(A) — 11,2(2)
are analytic functions of z in C* and G4, ,(x; A) € L2(R). O

Proof. For every x € R, the two related Riemann-Hilbert problems (3.28) are rewritten
for G4y, and F,, given by (3.29) in the form (4.9). By Proposition 2, we have S(x; 1) €
LYR) NLP(R) and F»(x; 1) € L2(R), hence P~ (F,,) € L2(R). By Lemma 7, equation (4.11)
admits a unique solution for G_, »(x; A) € L2(R) for every x € R. Then, we define a unique
solution for G, ,(x;1) € L2(R) by equation (4.12). Analytic extensions of Gi;,(x;1) as
functions of z in C* are defined by the Cauchy integrals (4.10). These functions solve the

Riemann-Hilbert problem (4.9) by Proposition 4 with p = 2. |

For further estimates, we modify the method of Lemma 7 and prove that the
operator (I —Pg)~! in the integral Fredholm equation (4.13) is invertible with a bounded

inverse in space LZ(R).
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Lemma8. Foreveryr(i) € L2(R)NLE(R) satisfying (3.10), the inverse operator (I—Pg) !
is a bounded operator from L%(R) to LZ(R). In particular, there is a positive constant C

that only depends on ||r(1) ||, such that for every row-vector f € LZ(R), we have
I =Ps) ' fllz < Clifll2- (4.15)
]

Proof. We consider the linear inhomogeneous equation (4.13) with F € L%(R). Recalling
that P* — P~ =1, we write G = G, — G_, where G, and G_ satisfy the inhomogeneous

equations
G_.—P (G.S) =P (F), G.—P (G.S) =P (F). (4.16)

By Lemma 7, since P*(F) € L2(R), there are unique solutions to the inhomogeneous
equations (4.13) and (4.16), so that the decomposition G = G, — G_ is unique. Therefore,
we only need to find the estimates of G, and G_ in L2(R).

To deal with G_, we define two analytic functions in C \ R by
g1(2) :=C(G_S)(z) and g,(z):=C(G_S+F)*(2),

similarly to the proof of Lemma 7. By Proposition 4, g,(z) = O(z™') and g,(z) — 0 as
|z| — o0, since F € L(R), G_ € L%(R), and S(}) € L2(R) N L (R). Therefore, the integral on
the semi-circle of radius R > 0 in the upper half-plane still goes to zero as R — oo by
Lebesgue’s dominated convergence theorem. Performing the same manipulations as in

the proof of Lemma 7, we obtain
0= %gl(z)gz(z)dz
_ /R PH(G_S) [P (G_S+F)] dz
_ /R [P~(G_S)+G_S][P(G.S+F)] dz
— [R[G_ — P (F)+ G_S]|G*dz,

where we have used the first inhomogeneous equation in system (4.16). By the bound

(4.7) in Proposition 5, there is a positive constant C_ such that

CIG-I <Re [

R

G_(I+S)G*dz = Re/P*(F)G*_dz < IFlz21G-lIg2,
R
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where we have used the Cauchy-Schwarz inequality and bound (4.4) with C,_, = 1. Note
that the above estimate holds independently for the corresponding row-vectors of the
matrices G_ and F. Since G_. = (I — Py) 'PF, for every row-vector f € L%(R) of the
matrix F € L%(R), the above inequality yields

I =P P fllz < CMIf Nz (4.17)

To deal with G,, we use Pt — P~ = I and rewrite the second inhomogeneous

equation in system (4.16) as follows:
G.I+S)—PHG.S) =P (F). (4.18)
We now define two analytic functions in C \ R by
g1(2) :=C(G,S)(z) and g2(z) :=C(G,S+F)*(2)

and integrate the product of g; and g, on the semi-circle of radius R > 0 in the lower

half-plane. Performing the same manipulations as above, we obtain
0= yggl(z)gz(z)dz
= fR P=(G.S)[P*(G.S+F)] dz
= fR [G+ = PT®]IG.U + 9" dz,

where we have used equation (4.18).
By the bounds (4.7) and (4.8) in Proposition 5, there are positive constants C, and
C_ such that

C.1G- I <Re [

Gi(I+98)Gidz= Re/7’+(F)(I +8)°Gidz < Ci||Fll2[1G+ |52,

R R

where we have used the Cauchy-Schwarz inequality and bound (4.4) with C,_, = 1.
Again, the above estimate holds independently for the corresponding row-vectors of the
matrices G, and F. Since G, = (I — Py) 'P'F, for every row-vector f € LZ(R) of the

matrix F € L%(R), the above inequality yields
- 7’5)_177+f||L§ = C:IC+||f||L§' (4.19)

The assertion of the lemma is proved with bounds (4.17), (4.19), and the triangle
inequality. |
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4.2 Estimates on solutions to the Riemann-Hilbert problem (3.26)

Using Corollary 6, we obtain solvability of the Riemann-Hilbert problem (3.26). Indeed,
the abstract Riemann-Hilbert problem (4.9) is derived for two versions of G. and F.

given by (3.29). For the first version, we have
Gii(x;0) = Mo(x;2)11(A) — 1 (L) = [pe(x;2) — 1, 2ih (+(X; 2) — €3) ] (4.20)
and
Fi(x; M) :=11(M)S(x; M) = R(x; 2)t1 (V). (4.21)
By Corollary 6, there is a solution G, (x; A) € LZ(R) of the integral Fredholm equations
Gi1(x;0) = PT(G_1(x; M)S(x; M) + Fi(x; 1)) (z), z€eR. (4.22)
Using equation (4.22) for the first column of G., we obtain
we(x;z) —e = P*(M_(x; )R(x; )V (2), zeR, (4.23)
where we have used the following identities:
(G_1S+F)Y = M_1,9)Y = M_Rr)Y = M_R)V.
For the second version of the abstract Riemann-Hilbert problem (4.9), we have
Gz (X; 1) 1= My (x; 2)T2 (M) — T2 (1) = [(200) 7! (= (x; 2) — e1), 1+(x; 2) — €] (4.24)
and
Fy(x; M) :=12(M)S(x; M) = R(x; 2)T2()). (4.25)

Again by Corollary 6, there is a solution G.,(x; A) € L2(R) of the integral Fredholm equa-
tions (4.22), where G, and F; are replaced by G., and F,. Using equation (4.22) for the

second column of G.,, we obtain
ne(x;2) — e, = P* (M_(x; )R(x; )? (2), zeR. (4.26)
where we have used the following identities:

(G2S +F)? = (M_1,8)® = (M_Rtp)” = (M_R)"?.
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Equations (4.23) and (4.26) can be written in the form
M.(x;z) =1+ P* (M_(x; )R(x;-)) (z), z€R, (4.27)

which represents the solution to the Riemann-Hilbert problem (3.26) on the real line.

The analytic continuation of functions M. (x;-) in C* is given by the Cauchy operators
M,(x;z) =I+C(M_(x;)R(x;-) (z), zeC* (4.28)

The corresponding result on solvability of the integral equations (4.27) is given by the

following lemma.

Lemma 9. Letr. € H'(R) NL?>!'(R) such that the inequality (3.10) is satisfied. There is
a positive constant C that only depends on ||r.|z~ such that the unique solution to the

integral equations (4.27) enjoys the estimate for every x € R,
My (x; ) — Iz < C(llrellz + lIr-lz2). (4.29)
O

Proof. By Proposition 2, if r. € H'(R) N L*'(R), then r(x) € L*(R) N L2°(R). Under these
conditions, it follows from the explicit expressions (4.21) and (4.25) that R(x; z)7; 2(})
belong to L2(R) for every x € R and there is a positive constant C that only depends on

7+ |lzo®) such that for every x € R,
IR 2)T12M) ;2 = CIrllzz + Ir-lz2)- (4.30)

By derivation above, the integral equation (4.27) for the projection operator P~ is
obtained from two versions of the integral equation (4.13) corresponding to F; »(x; A) :=
P~ (R(x; 2)112(1)) (2). Therefore, each element of M_(x; z) enjoys the bound (4.15) for the
corresponding row vectors of the two versions of F;,(x;z). Combining the estimates
(4.15) and (4.30), we obtain the bound (4.29). [ |

Before we continue, let us discuss the redundancy between solutions to the two
versions of the Riemann-Hilbert problems (3.28). By using equation (4.22) for the second

column of G.;, we obtain

20h (n+(x; 2) — ) = P* (2iL (M_(x; )R(x;))?) (2), z€R. (4.31)
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By using equation (4.22) for the first column of G.,, we obtain
(i) (ne(x;2) — e) = P+ ((2i0) 7 (M- (x; )R(x;)V) (2), zeR. (4.32)

Unless equations (4.31) and (4.32) are redundant in view of equations (4.23) and (4.26),
the two versions of the Riemann-Hilbert problems (4.11) may seem to be inconsistent.

In order to show the redundancy explicitly, we use the following result.
Proposition 6. Let f(1) € LL(R) NLP(R) be even in A for all A € RUiR. Then

Paven A (V)) (M) = APy (M), A € RUIR, (4.33)
where

Paven ) 1= (f / f /_w) T GEi0) =PEF ). (4.34)

Similarly, let g(1) € LL(R) N L2(R) be odd in A for all » € RUiR. Then

PLL(Ag()) (W) = APE,(@)(), A€ RUIR, (4.35)
where
N . —ioo g(k Nda/ _ ot 2
PEL@G) = ( / / / / ) s =P een. (@30
O

Proof. First, we note the validity of the definition (4.34) if f(—1) = f(}):

oo _ [ Loz
PEF())(32) = / =2 Li0)

+o0 i0 ) 1 1 - X
B </o +/;ioc>f(k) [)»’ — (A £i0) * N4+ i0)1| d1 =: Poyen ().

Then, relation (4.33) is established from the trivial result

400 i0 —00 0
</ +/ +/ +/ >f(x’)d)u -0,
0 +ioco 0 —100

which is justified if f(1) € LL(R) and even in 1. The relation (4.35) is proved similarly,
thanks to the changes in the definition (4.36). [
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Im(\) Im(\)

Fig.3. The left and right panels show the direction of contours used for PL_ and Puidd,

even

respectively.

Figure 3 shows the contours of integration used in the definitions of P£_ and

even

P4 1n (4.34) and (4.36). The following corollary of Proposition 6 specifies the redundancy

Of

between the two different versions of the Riemann-Hilbert problems (3.28).

Corollary 7. Consider two unique solutions to the Riemann-Hilbert problems (3.28) in

Corollary 6. Then, for every x € R, we have
G4 (x; 1) = 2iasign(M)Gia(x; 1), A € RUIR, (4.37)
where the sign function returns the sign of either real or imaginary part of A. O

Proof. We note the relation 7, '(1)7;(A) = 2iAI, where I is the identity 2-by-2 matrix.
From here, the relation (4.37) follows for A € Rt UiR". To consider the continuation of
this relation to A € R~ UiR~, we apply Proposition 6 with the explicit parametrization of
the contours of integrations as on Figure 3. We choose the even function f and the odd

function g in the form

FO) == (M_(x;2)Rx; 2H)?, g == i) (M_(x; 22)R(x; 19)) .

Then, equation (4.31) follows from equation (4.26), thanks to the relation (4.33), whereas
equation (4.23) follows from equation (4.32) thanks to the relation (4.35). Thus, the rela-
tion (4.37) is verified for every A € RUIR. To ensure that the integrations (4.34) and (4.36)
returns P* for Af (1) and Ag()), the sign function is used in the relation (4.37). [ |

Remark 11. Corollary 7 shows that the complexintegration in the z plane in the integral
equations (4.22) has to be extended in two different ways in the A plane. For the first

vector columns of the integral equation (4.22), we have to use the definition (4.36) for odd
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functions in A, whereas for the second vector columns of the integral equation (4.22), we

have to use the definition (4.34) for even functions in A. O

Next, we shall obtain refined estimates on the solution to the integral equations
(4.27). We start with estimates on the scattering coefficients r, and r_ obtained with the

Fourier theory.

Proposition 7. For every x, € R and every r. € H'(R), we have

sup [y P* (720672 | 2 < Il (4.38)
X€(x(p,00
and
sup | (x)P~ (r-(2)e*™) |, < Ir-llm, (4.39)
xe(x(,00) z

where (x) := (1 + x?)'/2. In addition, we have

_ . 1
SXSHI; ”7)+ (r+(z)e—2wx) ||L2° < E”m”m (4.40)
and
- izx 1
sup [P~ (r-@e*) |, < T3l (4.41)
Furthermore, if r. € L*'(R), then
sup | P* (27 (2)e )| ;5 < llzr (@2, (4.42)
x€eR Z
and
sup | P~ (zr_(2)e”™)| 2 < lzr_(2) |2 (4.43)
XeR Z
O

Proof. Recall the following elementary result from the Fourier theory. For a given
function r € L?(R), we use the Fourier transform 7 € L?(R) with the definition 7(k) :=

-~ [, r(z)e"*dz, so that

2 )
7l = 27172
L L
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5710 D.E. Pelinovsky and Y. Shimabukuro

Then, we have r € H*(R) if and only if 7 € L*!(R). Similarly, r € L?*(R) if and only if
T e H[R).

In order to prove (4.38), we write explicitly

F+(S)ef2isx
s—(z+1ie)

l(k 2x)s
— / 7, (k) (hm/ PR T—— s) dk

= / 7, (k)el207 g, (4.44)
2x

P (e ) () = o tim [

271 €l

where the following residue computation has been used:

1 [ eist20 e=20 if k—2x >0
o = x(k — 2x) (4.45)

im — —ds = lim
€l0 27l Jp S — i€ €l0 if k—2x <0

with x being the characteristic function. The bound (4.38) is obtained from the bound
(2.28) of Proposition 1 for every x, € R:

< V2|7l = e llg.

sup

X€(x(,00)

<X) / F’:—(k)ei(k—zx)zdk
2x

12

Similarly, we use the representation (4.44) and obtain bound (4.40) for every x € R:

_ ; ~ o~ 1
IP* (Fr(2)e™) (@)l < 17+ (®)ly < V7 7 (oll21 < Ellnllm- (4.46)

The bounds (4.39) and (4.41) are obtained similarly from the representation

3 . 1 . r. (s)eZiSX —2x . )
2 2izx | =" ds= — ~ L(k+2x)zd )
P~ (ro(2)€"™) (2) 7 3&’1/& P — s [m (ke k
The bounds (4.42) and (4.43) follow from the bound (4.4) with C,_, = 1 of Proposition 4.
u

We shall use the estimates of Lemma 9 and Proposition 7 to derive useful
estimates on the solutions to the Riemann-Hilbert problem (3.26). By Lemma 9, these
solutions on the real line can be written in the integral Fredholm form (4.27). We only
need to obtain estimates on the vector columns i —e; and 1, —e,. From equation (4.23),

we obtain

p-(x;z) — e =P~ (r_(2)e*”n,(x;2)) (2), z€eR, (4.47)
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where we have used the following identities
(M,R)(l) — q);ol (P,R)(l) — r,(Z)GZiZX(D;olij — ri(z)GZiZXMLZ),

which follow from the representations (3.17), (3.22), and (3.25), as well as the scattering

relation (3.12). From equation (4.26), we obtain
. (x;2) — e = P* (Fr(2)e " u_(x;2)) (2), z€R, (4.48)
where we have used the following identities
(M _R)? =0 (P.R)? =7, (2)e **d'm, =7, (2)e ** M"Y,

which also follow from the representations (3.17), (3.22), and (3.25).

Let us introduce the 2-by-2 matrix
Mx;z) =[u_(x;2z) —e;, n.(x; z)— el (4.49)
and write the system of integral equations (4.47) and (4.48) in the matrix form
M —P"(MR,) —P (MR_)=F, (4.50)

where

7 —2izx
R,(x;2) = |:g r+(z)0e j|, R (x;z) = |: 0 0:| (4.51)

r (Z) ezizx 0
and
F(x;2) == [e;P™ (r_(2)e*™), e/P*(Fi(z)e ™). (4.52)

The inhomogeneous term F given by (4.52) is estimated by Proposition 7. The following

lemma estimates solutions to the system of integral equations (4.50).

Lemma 10. For every x, € R* and every ry € H!(R), the unique solution to the system

of integral equations (4.47) and (4.48) satisfies the estimates

sup [(x)n? (x;2)|,5 < Clir-llm (4.53)

X€(x0,00)
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5712 D. E. Pelinovsky and Y. Shimabukuro

and

sup [ (x)n{ (x:2) ;2 < Clirslim, (4.54)

+
X€(x(,00)

where C is a positive constant that depends on |r.|~. Moreover, if r. € H*(R) N L*!(R),
then

sup [ 652) 3 < € U lteuzs + 17 anyz) (4.55)
and

sup |9:0 x; 2)| 2 < C Ursllmozzs + Il r2) (4.56)
where C is another positive constant that depends on |7 z. O

Proof. Using the identity P+ — P~ =1 following from relations (4.6) and the identity
R;+R_=(I—-R})R,

which follows from the explicit form (3.23), we rewrite the inhomogeneous equation

(4.50) in the matrix form
G—P (GR) =F, (4.57)

where G := M (I — R,) is given explicitly from (4.49) and (4.51) by

(4.58)

@) . _ 1) /o _ —2izx 1)/, _
G(X;Z):[u_ x:2)—1 P (x;2) — 7 (2)e 22 (1 (x; 2) 1)}

P2y Pz -1 -7 (2e > u? x; z)

From the explicit expression (4.52) for F(x;z), we can see that the second row
vector of F(x; z) and F (x; z)1, () remains the same and is given by [P~ (r_(z)e?#), 0]. From

the explicit expressions (4.58), the second row vector of G(x; z)7;(A) is given by
[W® (x5 2), 2ir (0P (x;2) = 1 = Fo(2)e 22 1? (x; 2))].

Using bound (4.15) for the second row vector of G(x;z)t;(A), we obtain the following

bounds for every x € R,

1@ G 2, < CIP~(r_(2)e?™)] (4.59)
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and
128 (0P (x;2) — 1 = P (2)e 1 ? (x;2)) |2 < CIP™(r_(2)e*™) |l 2, (4.60)

where the positive constant C only depends on ||ry||z~. By substituting bound (4.39) of
Proposition 7 into (4.59), we obtain bound (4.53). Also note that since |2iA7,(2)| = |r(})]
and r(x) € L(R), we also obtain from (4.59) and (4.60) by the triangle inequality,

1282 (1P (x;2) — 1) [z < CIIP™(r-(2)e*™)]| 2, (4.61)

where the positive constant C still depends on |7, |z~ only.
Similarly, from the explicit expression (4.52) for F(x; z), we can see that the first
row vector of F(x; z) and F(x; z)7,(1) remains the same and is given by [0, P* (7, (z)e2#¥)].

From the explicit expressions (4.58), the first row vector of G(x; z)72()) is given by
[@in " (WD x2) — 1), 1P x2) — 7 (@e ™ (uh (x;2) - D]

Using bound (4.15) for the first row vector of G(x; z)7,(A), we obtain the following bounds

for every x € R,

I2in) " (n (x; 2) — Dllz = C||73+(7_"+(Z)e_2izx)||Lg (4.62)

and
I (x; 2) = Py (e (u(x; 2) = Dz < CIPT(Fe(2)e7) 52, (4.63)
where the positive constant C only depends on |ri|~. Since |2iAr, (2z)] = |r(3)| and

r(») € LP(R), we also obtain from (4.62) and (4.63) by the triangle inequality,

I e 2)l,2 < 1QiMTF(@)e 2 2in) ! (WP (x;2) = Dz + CIPT (7 (2)e )|
< CIP*(F (2 ) 2, (4.64)
where the positive constant C’ still depends on ||+ |z~ only. By substituting bound (4.38)
of Proposition 7 into (4.64), we obtain bound (4.54).

In order to obtain bounds (4.55) and (4.56), we take derivative of the inhomoge-

neous equation (4.50) in x and obtain

0,M — P* (3,M)R, — P~ (3;M)R_ =F, (4.65)
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where

F = 0,F + P*Mo,R, + P Md,R._
=21 [ezpf(zr_(z)eZizx)l eIP+(_ZF+(Z)efziZX)]

+2i zr- (@ (G 2)e™ —zr () (u (X 2) — De
zr @mPx2) — D™z (@uPx et |

Recall that Ar_(z) € LP(R) by Proposition 3. The second row vector of F(x;z)t(1) and
the first row vector of F(x; z)7,(1) belongs to LZ(R), thanks to bounds (4.42) and (4.43)
of Proposition 7, as well as bounds (4.29), (4.61), and (4.62). As a result, repeating the
previous analysis, we obtain the bounds (4.55) and (4.56). |

4.3 Reconstruction formulas

We shall now recover the potential u of the Kaup—Newell spectral problem (2.1) from the

matrices M, which satisfy the integral equations (4.27). This will gives us the map
H'®)NL*[R) > (r_,r.) — u e H*R) NH"'(R), (4.66)

where r_ and r, are related by (3.18).

Let us recall the connection formulas between the potential u and the Jost func-
tions of the direct scattering transform in Section 2. By Lemma 2, if u € H*(R) N H'(R),
then

3, (a(x)e% fi‘oo‘ww‘de) = 2i lim zm®?(x; ). (4.67)

|z| =00

On the other hand, by Lemma 2 and the representation (3.13), if u € H2(R) NH'(R), then

u(x)e~ 2 Moo Py —4‘1‘im zpV(x; z). (4.68)

We shall now study properties of the potential u recovered by equations (4.67)
and (4.68) from properties of the matrices M.. The two choices in the reconstruction
formulas (4.67) and (4.68) are useful for controlling the potential u on the positive and

negative half-lines. We shall proceed separately with the estimates on the two half-lines.
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4.3.1 Estimates on the positive half-line
By comparing (3.22) with (4.1), we rewrite the reconstruction formulas (4.67) and

(4.68) for the choice of m'? and p'" as follows:
Oy (ﬂ(x)e%fi{wm(y”zdg — 2ie2i [ )Idy ‘Zl‘ig;ozuﬂz)(x; z) (4.69)
and
u(x)e~ 2 fio WPy — _ ge7 [ioo IPdy hm znV(x; 2) (4.70)

Since r. € H'(R) N L?>*(R), we have R(x; ) € L'(R) N L?(R) for every x € R, so that the
asymptotic limit (4.5) in Proposition 4 is justified since M_(x;-) — I € L?(R) by Lemma 9.
Therefore, we use the solution representation (4.28) and rewrite the reconstruction

formulas (4.69) and (4.70) in the explicit form

ez i Py g (a(x)e%fi‘xluwzdy) _ __/r (2)6%7 [n? (x; 2) + F. (2)e” %% 1@ (x; 2)] dz
= ——/r (z)e*n? (x; z)dz (4.71)
and
u(x)et s luwi?dy %/ﬁ(z)e’”zxuﬂ”(x; z)dz, (4.72)
R

where we have used the jump condition (3.26) for the second equality in (4.71).
If r,,r_ € H'(R), then the reconstruction formulas (4.71) and (4.72) recover u in

class H''(R*). Furthermore, if r,,r_ € L*!(R), then u is in class H2(R").

Lemma 11. Let ry € H'(R) N L?'(R) such that the inequality (3.10) is satisfied. Then,
u e H2(R") N HY (R") satisfies the bound

lullgzetynmr @y < C U llgagza + 17— llgiagz1), (4.73)
where C is a positive constant that depends on |7y | z1721. O
Proof. We use the reconstruction formula (4.72) rewritten as follows:
e zd 2 _ 2
ux)e ity — = 5 (7)e727x g

+3, / i (2)e 2 [uP (x; z) — 1] dz. (4.74)
Tl R
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The first term is controlled in L?!(R) because 7, is in H'(R) and its Fourier transform

7.is in L2 (R). To control the second term in L2!(R*), we denote

I(x) == /w rr(2)e 2™ [uP (x; z) — 1] de,

o0

use the inhomogeneous equation (4.47), and integrate by parts to obtain
I(x) = — / r_(2)n'" (x; 2)e**P* (F(z)e *) (2)dz.
R

By bounds (4.38) in Proposition 7, bound (4.54) in Lemma 10, and the Cauchy-Schwarz

inequality, we have for every x, € R¥,

sup |(x)’I(x)] < Ir-l= sup 1x)nPx 2z sup [P (Fi(2)e )|,

X€(x0,00) Xe(x0,00) Xe(x0,00)

2

S C||r+||le

where the positive constant C only depends on ||r|;~. By combining the estimates for

the two terms with the triangle inequality, we obtain the bound
lwllz1 @y < €+ Irellg) 174 llg (4.75)
On the other hand, the reconstruction formula (4.71) can be rewritten in the form
e [l My g (a(x)e% ffoc\uwnzdy) __1 / r ()% dz
T Jr
—% / r_(z)e* [n?(x;z) — 1]dz.  (4.76)
R

Using the same analysis as above yields the bound

<CA+ 7 llg) 7, (4.77)

Ox (L_Lezii S \u(y)\zdy>

121 R+)

where C is another positive constant that depends on ||r4|/z~. Combining bounds (4.75)

and (4.77), we set v(x) := u(x)e" 2 1o ¥’ and obtain

VIt e+ < CAIrellg + Ir-lg), (4.78)
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where C is a new positive constant that depends on |ry| . Since |v(x)| = |u(x)| and
H'(R) is embedded into L8(R), the estimate (4.78) implies the bound

lullgiiesy = CAIrllg + Ir-lig), (4.79)

where C is a positive constant that depends on |7y ;1.
In order to obtain the estimate u in H?(R*) and complete the proof of the bound
(4.73), we differentiate I in x, substitute the inhomogeneous equation (4.47) and its x

derivative, and integrate by parts to obtain

o]

I'(x) = —2i/ zr, (2)e ** [uV(x;z) — 1] dz —i—/ 7. (z2)e 223, 1V (x; z)dz

[e°] —00

=2 / r_(z)n' (x; 2)e* P (zF, (z)e **)(z)dz

—2i / zr_(z2)n" (x; 2)e** P (F, (z)e **)(z)dz

[e°]

- [ r@aa o d e i @)z,
Using bounds (4.38), (4.40), and (4.42) in Proposition 7, bounds (4.54) and (4.56) in Lemma

10, as well as the Cauchy-Schwarz inequality, we have for every x, € R,

sup [(x0)I' (0| < 2lIr-ll= sup [x)n' X 2)lz sup [P (2Fs(2)e )],

x€(x0,00) x€(x0,00) X€(x0,00)

2lar-llz sup 102l sup [P @e )]

Xe(xq,00) X€e(xq,00

Hr_llze sup (8P (x;2)]z sup H( YP* (7 (2062

H 12
Z
X€(x(,00) Xxe(x(,00)

< Cllir_lmnar2a 1T llgrazzr Al llgiazza + 17—l giazze),

where C is a positive constant that only depends on |ri|z~. This bound on
Sup, g+ |(x)I'(x)|is sufficient to control I’ in L?*(R*) norm and hence the derivative of (4.74)
in x. Using the same analysis for the derivative of (4.76) in x yields similar estimates.
The proof of the bound (4.73) is complete. [

By Lemma 11, we obtain the existence of the mapping
H'®)NL*'(R) > (r_,ry) — u e H*R") nHY (R"). (4.80)

We now show that this map is Lipschitz.
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Corollary 8. Letr., 7. € H'(R)NL* (R) satisfy ||rillgiozzt, IFsllgiaz1 < p for some p > 0.
Denote the corresponding potentials by u and @ respectively. Then, there is a positive

p-dependent constant C(p) such that

lu — Gllgz@rynmi @+ < C(p) (||7'+ = Fillgingzn + llr- — f?”HlnLZrl)' (4.81)

Proof. By the estimates in Lemma 11, if ry € H'(R) N L%} (R), then the quantities
| x i - x
v(x) = ux)eFx MOPY  and  wi(x) = <8Xu(x) + §|u(x)|2u(x)> el i lunPdy

are defined in function space H' (R*) NL*! (R*). Lipschitz continuity of the corresponding
mappings follows from the reconstruction formula (4.74) and (4.76) by repeating the same

estimates in Lemma 11. Since |v| = |u|, we can write
U—1ii= (v — e fixvwlPdy g (e—ifi‘oo vy _ g=ifs |0<y>\2dy>.

Therefore, Lipschitz continuity of the mapping (r,,r_) — v € H'(R*) N L*}(R") is trans-
lated to Lipschitz continuity of the mapping (r,,r_) — u € H'(R*) N L*!(R*). Using a
similar representation for d,u in terms of v and w, we obtain Lipschitz continuity of the
mapping (4.80) with the bound (4.81). |

4.3.2 Estimates on the negative half-line

Estimates on the positive half-line were found from the reconstruction formulas
(4.69) and (4.70), which only use estimates of vector columns x_ and n,, as seen in (4.71)
and (4.72). By comparing (3.22) with (4.1), we can rewrite the reconstruction formulas
(4.67) and (4.68) for the lower choice of m® and p® as follows:

e (@0ed "o 0P ) = g WP Tim 2 ® (x; 2) (4.82)
|z|— 00
and
u(X)e—%ffoolu(y)\de — —48% Jieo Iuw)\zdyaoo lim znV (x; z), (4.83)

|z|— 00

where a, := lim, ., a(z) = e2i Je " 1f we now use the same solution representation
(4.28) in the reconstruction formulas (4.82) and (4.83), we obtain the same explicit expres-

sions (4.71) and (4.72). On the other hand, if we rewrite the Riemann-Hilbert problem
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(3.26) in an equivalent form, we will be able to find nontrivial representation formu-
las for u, which are useful on the negative half-line. To do so, we need to factorize the
scattering matrix R(x; z) in an equivalent form.

Let us consider the scalar Riemann—-Hilbert problem

{8+(z) —8_(2) =T (2)r_(2)6_(2), z€R, (4.84)

6+(z) > 1 as |z| — oo,

and look for analytic continuations of functions §. in C*. The solution to the scalar
Riemann-Hilbert problem (4.84) and some useful estimates are reported in the following

two propositions, where we recall from (3.19) that

1+7.(2r-(2) =1+ [r(W)* = 1, z € RY,
147, (@r(2)=1—|rW)|*>c2 >0, zeR",

where the latter inequality is due to (3.10).

Proposition 8. Letry € H'(R)NL?*!(R) such that the inequality (3.10) is satisfied. There

exists unique analytic functions 8. in C* of the form

8(z) = eClo8t+m+r) -z  CF, (4.85)
which solve the scalar Riemann—Hilbert problem (4.84) and which have the limits

84(z) = eP logU+T4r) 5 R (4.86)
as z € C* approaches to a point on the real axis by any non-tangential contour in C*. [
Proof. First, we prove that log(l +7.r_) € L'(R). Indeed, since ry € LZ'(R) N L*(R), we
have 7. r_ € L'(R). Furthermore, it follows from the representation (3.17) as well as from
Propositions 2 and 3 that

1
(Z)[r()] < [r()] + EI)»IIT‘—(Z)I <C, zeR,

where C is a positive constant. Therefore,

log(1+|r(W)|?) <log(1+C%*z)"%), zeR", reR,
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so that log(1 + 7,r_) € L}*(R"). On the other hand, it follows from the inequality (3.10)
that

[log(1 = [rM)*)| < —log(1 = C*(z)™®), zeR, ieR,

so that log(1 +7,r_) € LIY(R").

Thus, we have log(l + 7,r_) € L'(R). It also follows from the above estimates
that log(1 +7,.r_) € L*(R). By H6lder inequality, we hence obtain log(1 +7,.r_) € L2(R).
By Proposition 4 with p = 2, the expression (4.85) defines unique analytic functions in
C*, which recover the limits (4.86) and the limits at infinity: lim, .., §+(z) = 1. Finally,

since Pt — P~ =1, we obtain
8,(2)8" (z) = elo8HT+@r-@) — 1 4 7 (2)r_(z), z€R,
so that §. given by (4.85) satisfy the scalar Riemann-Hilbert problem (4.84). |

Proposition 9. Letr. € H'(R) NL*'(R) such that the inequality (3.10) is satisfied. Then,
8,8_r. € H(R) NL*\(R). 0

Proof. We first note that P* + P~ = —i’H due to the projection formulas (4.6), where H

is the Hilbert transform. Therefore, we write

5+5 — e—iHlOg(l+7+r_)

Since log(1+7,r_) € L*(R), we have Hlog(1 +7,r_) € L?(R) being a real-valued function.
Therefore, |6, (2)5_(z)| = 1 for almost every z € R. Then, §,6_r. € L*'(R) follows from
r. € L' (R).

It remains to show that 9,8, 8_r. € L2(R). To do so, we shall prove that 3, log(1+
7.r_) € L:(R). Due to Parseval’s identity and the fact ||Hf ;2 = ||f ||,z for every f € L?(R),

we obtain
0, H1log(1 + 7,1 )|z = |19, 1log(1 + 7y r_)|l2.

The right-hand side is bounded since 9,log(1 + 7,r.) = %222 ¢ [2(R) under the

1+74r—
conditions of the proposition. The assertion 9,8,8_r. € L2(R) is proved. ]

Next, we factorize the scattering matrix R(x; z) in an equivalent form:

0 0 5:(2) 8.(2)8_(2)r_(z)e?#* 14+ 7. (2)r_(2)

—1 - —2izx
|:8_(z) 0 i|[I+R(X;z)] [5+ z 0 ] _ [ 1 85_(2)8.(2)T, (2)e ]
8- (2)
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where we have used §-'5;' = §_8,.. Let us now define new jump matrix

T —2ixz
Rs(x; ) = |: 0 r,s(2)e :|,

r 52 T (@) 5(2)

associated with new scattering data
r1s(2) 1= 8,(2)5_(2)r:(2).

By Proposition 9, we have r. ; € H'(R) N L*! (R) similarly to the scattering data r.

By using the functions M. (x; z) and §.(z), we define functions

(4.87)

-1
M. 5(x; z) := M+ (x; 2) [‘E (zy 0 }

0 4.2

By Proposition 8, the new functions M. s;(x; -) are analytic in C* and have the same limit
I as |z| — oo. On the real axis, the new functions satisfy the jump condition associated

with the jump matrix R;(x; z). All together, the new Riemann-Hilbert problem

M, s5(x;2z) — M_;(x;2) = M_;(x; 2)Rs(x;2), z€R,

limy, oo My s5(x;2) =1,

(4.88)

follows from the previous Riemann-Hilbert problem (3.26). By Corollary 6 and analysis
preceding Lemma 9, the Riemann-Hilbert problem (4.88) admits a unique solution, which

is given by the Cauchy operators in the form:
M, s(x;z) =1+ C(M_;s(x; )R;(x; ) (2), zeC*. (4.89)

Let us denote the vector columns of M. s by My s = [jt+s, n+s]. What is nice in the

construction of M, ; that

lim zu%(x;2z) = lim zu®(x;z) and lim zn(x;2) = lim zp"(x; 2).

|z| =00 ! |z| =00 |z| =00 ! |z| =00

Since r., € H'(R) N L*'(R), we have Rs(x;-) € L'(R) N L?(R) for every x € R, so
that the asymptotic limit (4.5) in Proposition 4 is justified for the integral representation
(4.89). As a result, the reconstruction formulas (4.82) and (4.83) can be rewritten in the

explicit form:

e%ffooluW)\deaX (a(X)e% ffoo\u(y)lde) = —l / r_(z)eZiZXn(_z)a(X; z)dz (4.90)
7-[ IR !
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and

. ox 2 . .
u(X)eleroo lu(y)|?dy == / F+,<S (Z)e—Zzzx I:M(_l)(S (x;2) +7_s (Z)elexn(_l’)(S (x; Z)] dz

2 ]
== / ry5(2)e 2= )V (x; 2)dz, (4.91)
Tl R

where we have used the first equation of the Riemann-Hilbert problem (4.88) for the
second equality in (4.91).

The reconstruction formulas (4.90) and (4.91) can be studied similarly to the
analysis in the previous subsection. First, we obtain the system of integral equations
for vectors u, ;s and n_ ; from projections of the solution representation (4.89) to the real

line:

Iis(X;2) = e + PT (r_ ;65 n_s5(x; ) (2), (4.92)

N-s(X;2) =e; +P~ (7'+,aefziZXM+,5 x; ) (2). (4.93)
The integral equations above can be written as
Gs — P (GsR;) = Fs, (4.94)

where

1 0
Gs(x; 2) == [15(X; 2) — €1, 1_5(x; 2) — €3] [ r_(z)e%= J
—r-5

and
Fs(x;z) = |:62'P‘*'(r._yéS (Z)eZiZX), eP” (7-#,5 (z)e—ZiZX)] )

The estimates of Proposition 7, Lemma 10, Lemma 11, and Corollary 8 apply to the
system of integral equations (4.92) and (4.93) with the only change: x, € R™ is replaced
by xo € R~ because the operators P and P~ swap their places in comparison with the
system (4.57). As a result, we extend the statements of Lemma 11 and Corollary 8 to the

negative half-line. This construction yields existence and Lipschitz continuity of the

mapping

H'® NL*[R) > (r_,r) — ue H*R)H)NH"R). (4.95)
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Lemma 12. Let r. € H'(R) N L>'(R) such that the inequality (3.10) is satisfied. Then,
u e H>(R™) N HY (R") satisfies the bound

lullgz-nmri@—H < C (||r+,8||HlﬂL2r1 + ||7!,8||H10L2r1), (4.96)
where C is a positive constant that depends on |7y s||g1az21- O

Corollary 9. Letr., 7. € H'(R)NL?>'(R) satisfy ||7y|lgtqp2t, |Fellgiazr < p for some p > 0.
Denote the corresponding potentials by u and @ respectively. Then, there is a positive

p-dependent constant C(p) such that

lu = tllgz@-nm1i@- < C(p) (||r+ = Tillgigzr +Ir- — 7 ”Hlﬂszl)' (4.97)

5 Proof of Theorem 1

Thanks to the local well-posedness theory in [32, 33] and the weighted estimates in
[16, 17], there exists a local solution u(t,-) € H2(R) N H'*(R) to the Cauchy problem (1.1)
with an initial data uq € H*2(R) N H'"'(R) for t € [0, T] for some finite T > 0.

For every t € [0, T], we define fundamental solutions
Yt x; 1) 1= e PG (8,30 0)
and
Y, x;0) = e (¢, x;0)

to the Kaup—Newell spectral problem (1.9) and the time-evolution problem (1.10) asso-
ciated with the potential u(t, x) that belongs to C([0, T1, H2(R) N H'"*(R)). By Corollaries
2 and 3, the bounded Jost functions ¢.(t,x; ) and . (t,x; A) have the same analytic

property in A plane and satisfy the same boundary conditions

p(t, X;A) — e
oL(t, X; M) — e

as x — +oo

for every t € [0,T]. From linear independence of two solutions to the Kaup-Newell

spectral problem (1.9), the bounded Jost functions satisfy the scattering relation

0 (£, 3:0) = a(V)gy (t, x; 1) + b()e2 ity (¢ x:2) xeR, ieRUIR, (5.1)
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where the scattering coefficients a(1) and b(A) are independent of (¢,x) due to the fact
that the matrices of the linear system (1.9) and (1.10) have zero trace. Indeed, in this

case, the Wronskian determinants are independent of (¢, x), so that we have

a(h) = W(p_(t,x; e 205 6 (¢, x; 0)eZ" %) = W(p_(0,0; 1), $,(0,0; 1)),

b(h) = W, (t, x; 1)e 202 o (¢ x:3)e 2 =02%) — W (0, (0,0; 1), ¢_(0,0; 1)).

By Lemma 4 and assumptions on zeros of a in the A plane, we can define the time-
dependent scattering data
b(3)e"t 200b(1)e "

r(tz)=—, zeR, (5.2)

rli2) = =ty a0y

so that the scattering relation (5.1) becomes equivalent to the first scattering relation in
(2.59). Thus, we define

ro(t; z) = r4.(0; z)e*”™, (5.3)

where r.(0; -) are initial spectral data found from the initial condition u(0,-) and the
direct scattering transform in Section 2. By Lemma 4 and Corollary 4, under the condition
that up € H*(R)NH'!(R) admits no resonances of the linear equation (1.9), the scattering
data r4(0; -) are defined in H'(R) N L%!(R) and are Lipschitz continuous functions of u,.

Now the time evolution (5.3) implies that r.(¢;-) remains in H'(R) N L*!(R) for

every t € [0, T]. Indeed, we have
I7+(t; ) llz2a = Ir<(0; )z and  [|9,7+(¢; ) + 4itzre(t; )2 = [19,7(0; )l 2.

Hence, r(t;-) € H'(R) N L% (R) for every t € [0, T]. Moreover, the constraint (3.10) and the
relation (3.18) remain valid for every t € [0, T1.

The potential u(t, -) is recovered from the scattering data r.(¢; -) with the inverse
scattering transform in Section 4. By Lemmas 11, 12 and Corollaries 8, 9, the potential
u(t,-) is defined in H2(R) N H''(R) for every t € [0, T] and is a Lipschitz continuous
function of r(¢; -). Thus, for every t € [0, T) we have proved that

lu(@ lazama < Co (I (& ) larngzn + 17 (& ) llaz2n)
= G (1m0 )l azzr + 1170 ) llg1az21)

< Cslluollgzngra, (5.4)
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Lipschitz e tEr
uo() —re(z)
u tv, T : 1422t :

(&) Lipschitz er(fzf)? o

Fig.4. The scheme behind the proof of Theorem 1.

where the positive constants C;, C,, and C; depends on ||r(t; ) | g1az2.1, (T, 172(0; )l g1az2.1),
and (T, |uollgzng11) respectively. Moreover, the map H?2(R) N H*'(R) 3 uy — u €
C([0, T],H?(R) N H''(R)) is Lipschitz continuous.

Since ||r(t; -)|l;1 may grow at most linearly in ¢ and constants C;, C», C; in (5.5)

depends polynomially on their respective norms, we have
lu(t, Illazrmn < C(D)lluollgzagrr, t€[0,T], (5.5)

where the positive constant C(T) (that also depends on ||ugl/z2nz11) may grow at most
polynomially in T but it remains finite for every T > 0. From here, we derive a con-
tradiction on the assumption that the local solution u € C([0, T], H2(R) N H'*(R)) blows
up in a finite time. Indeed, if there exists a maximal existence time T, > 0 such that
limy 7, lU(t; ) lg2ag11 = 00, then the bound (5.5) is violated as ¢ + T, which is impossi-
ble. Therefore, the local solution u € C([0, T], H*(R) N H''!(R)) can be continued globally
in time for every T > 0. This final argument yields the proof of Theorem 1.

Figure 4 illustrates the proof of Theorem 1 and summarizes the main ingredients

of our results.
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