THE DERIVATIVE NLS EQUATION: GLOBAL EXISTENCE WITH SOLITONS
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ABSTRACT. We extend the global existence result for the derivative NLS equation to the case when the
initial datum includes a finite number of solitons. This is achieved by an application of the Béacklund
transformation that removes a finite number of zeros of the scattering coefficient. By means of this
transformation, the Riemann—Hilbert problem for meromorphic functions can be formulated as the one
for analytic functions, the solvability of which was obtained recently.

1. INTRODUCTION

We consider the Cauchy problem for the derivative nonlinear Schrédinger (DNLS) equation
(1.1) { iy + ugg + i(Julu)y =0, teER,

U‘t:o = Uuo,
where the subscripts denote partial derivatives and wug is defined in H?(R) N H%'(R). Here H™(R)
denotes the Sobolev space of distributions with square integrable derivatives up to the order m, H%!(R)
denotes the weighted Sobolev space given by

HY(R) = {u e L*'(R), due L*(R)},
and the weighted space L*!(R) is equipped with the norm

Jull g2 = </R(x>2]u2dx> 1/2, (z) := (1 +2*)Y2.

Global well-posedness of the Cauchy problem (1.1) for ug in H2(R) was shown for initial datum with
small H!(R) norm in the pioneer works of Tsutsumi & Fukuda [23, 24]. Hayashi [9], and Hayashi &
Ozawa [10] extended the global well-posedness for ug in H'(R) with small L?(R) norm. The critical
L?(R) norm corresponds to the stationary solitary waves of the DNLS equation. The question of
whether global solutions for initial datum with large L?*(R) norm exist in the Cauchy problem (1.1)
was addressed very recently by using different analytical and numerical methods.

Wu [25, 26] combined the mass, momentum and energy conservation with variational arguments and
pushed up the upper bound on the L?(R)-norm of the initial datum required for existence of global
solutions. By adding a new result on orbital stability of algebraically decaying solitons [13], this upper
bound is pushed up even higher, but still within the range of the L?(R) norm of the travelling solitary
waves of the DNLS equation.

Orbital stability of one-soliton solutions was shown long ago by Colin & Ohta [2]. More recently,
the orbital stability of multi-soliton solutions was obtained in the energy space, under suitable as-
sumptions on the speeds and frequencies of the single solitons [14]. Variational characterization of the
DNLS solitary waves and further improvements of the global existence near a single solitary wave were
developed in [18]. Orbital stability of a sum of two solitary waves was obtained from the variational
characterization in [19] (see also [22] for similar results for the generalized DNLS equation).
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Numerical simulations of the DNLS equation (1.1) indicate no blow-up phenomenon for initial data
in H'(R) with any large L?(R) norm [16, 17]. The same conclusion is confirmed by means of the
asymptotic analysis of the self-similar blow-up solutions [3].

Since the DNLS equation (1.1) is formally solvable with the inverse scattering transform method [12],
one can look at other analytical tools to deal with the same question. Lipschitz continuity of the direct
and inverse scattering transform in appropriate function spaces was established very recently [15, 20]
and this result suggests global well-posedness of the Cauchy problem (1.1) without sharp constraints on
the L?(R) norm of the initial datum. The solvability of the inverse scattering transform was achieved
by using the pioneer results of Deift & Zhou [6, 28] but extended from the Zakharov-Shabat (ZS) to
the Kaup—Newell (KN) spectral problem. Simplifying assumptions were made in [15, 20] to exclude
eigenvalues and resonances in the KN spectral problem. Excluding resonances is a natural condition
to define so-called generic initial data ug with a preserved number of eigenvalues in the perturbation
of ug. On the other hand, eigenvalues are usually excluded if the initial datum satisfies the small-norm
constraint, and it is not obvious if there exist the initial datum ug with a large L?(R) norm that yield
no eigenvalues in the KN spectral problem.

The goal of the present paper is to extend the result from [20] to the case of a finite number of
eigenvalues in the KN spectral problem. Working with the Béacklund transformation, similarly to
the work [4, 5] for the ZS spectral problem, we are able to develop the inverse scattering transform
technique for the initial datum with a finite number of solitons. By using the solvability result from
[20] and the invertibility of the Bécklund transformation proved here, we are able to extend the global
well-posedness result for the Cauchy problem (1.1) to arbitrarily large initial data in H?(R) N HY1(R).

The main algebraic tool used in this paper is definitely not new. Imai [11] used the multi-fold
Béacklund transformation to obtain multi-solitons and quasi-periodic solutions of the DNLS equation.
Steudel [21] gave a very nice overview of the construction of the multi-solitons with the same technique.
More recent treatments of the Backlund transformations for the DNLS equation can be found in further
works [8, 27]. What makes this present paper new is the way how the Bécklund transformation can
be applied in the rigorous treatment of the inverse scattering transform and the global well-posedness
problem.

The DNLS equation appears to be a compatibility condition for C? solutions to the KN spectral
problem

(1.2) Opth = [—iX03 + AQ(u)] ¢
and the time-evolution problem
(1.3) O = [—2iN a3 + 203Q(u) + iN|uPos — Mu*Q(u) + iAa3Q(uz)] ¥,

where )\ € C is the (¢, z)-independent spectral parameter, 9 (¢, ) is the C? vector for the wave function,
and Q(u) is the (¢, x)-dependent matrix potential given by

(1.4) aw = o

The Pauli matrices that include o3 are given by

s B B [ B )

A long but standard computation shows that the compatibility condition 9;0,v¢ = 0,0;¢ for C? solu-
tions of system (1.2) and (1.3) is equivalent to the DNLS equation it + uz, +i(|Ju|?u), = 0 for classical
solutions wu.

The following theorem presents the main result.

Theorem 1. For every ug € H*(R) N HYY(R) such that the KN spectral problem (1.2) admits no
resonances in the sense of Definition 1 and only simple eigenvalues in the sense of Definition 2, there
exists a unique global solution u(t,-) € H*(R) N HYL(R) of the Cauchy problem (1.1) for every t € R.
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The organization of the paper is as follows. Section 2 contains the review of Jost functions and
scattering coefficients from [20]. Section 3 presents the Béacklund transformation for the KN spectral
problem in the form suitable for our analysis. Section 4 adds the time evolution for the Bécklund
transformation according to the DNLS equation. Section 5 gives an example of the Backlund transfor-
mation connecting the one-soliton and zero-soliton solutions. Section 6 completes the proof of Theorem
1. Appendix A lists useful properties of operators used in the definition of the Backlund transformation.
Appendix B gives a technical result on the regularity of Jost functions for the KN spectral problem.

2. REVIEW OF THE DIRECT SCATTERING TRANSFORM

We introduce Jost functions for the KN spectral problem (1.2) under some conditions on the potential
u. In this section, we freeze the time variable ¢ and drop it from the argument list of the dependent
functions. The following two propositions were proved in the previous work (see Lemma 1, Corollary
2, and Corollary 3 in [20]). Here e 2 are standard basis vectors in R.

Proposition 1. Let u € L'(R) N L®(R) and d,u € LY(R). For every \*> € R, there exist unique
solutions g+ (z; N)e™ ™ and ¢ (z; N)e™’™ to the KN spectral problem (1.2) with p+(-;\) € L®(R) and
¢+ (3 A) € L*(R) such that

or(x;N) — ey,
(2.1) b (25 \) = e, } as x — %oo.
Proposition 2. Under the same assumption on u as in Proposition 1, for every x € R, the Jost
functions p_(x;-) and ¢4 (x;-) are analytic in the first and third quadrant of the A\ plane (where
Im(A\?) > 0), whereas the functions @ (x;-) and ¢_(x;-) are analytic in the second and fourth quadrant
of the X plane (where Im(\?) < 0). Furthermore, for every A with Im(A\?) > 0 and for all u satisfying
llullLinpee + [|0zul|r < M there exists a constant Cyp which does not depend on w, such that

(2:2) o= (3 M) lzee + [+ (5 A) o < Chur

The two sets of Jost functions [¢(a; A), th (23 A)]e 7537 at the right and left infinity as z — %00
are linear independent from each other. Therefore, there exists the transfer matrix S(\) that connects
the two sets as follows:

(2.3) o= (23 0), ¢ (23 N)]e™™ 757 = [ (a3 0), 6 (m; N)]e N 528()), A € RUIR,
where x € R is arbitrary. Thanks to the symmetry relations
(2.4) P+ (7;A) = g1030+ (3 N),

the transfer matrix S has the structure

(25 SO = L&) ((3)] |

defined by the two scattering coefficients a(\) and b(\). Since the determinant of the transfer matrix
S(A) is equal to unity for every A € RU R, we have the following relation between a(X) and b(\):

(2.6) a(Na(h) +bANbN) =1, A eRUIR.

Furthermore, scattering coefficients a(A) and b(\) can be written in terms of Jost functions by using
the Wronskian determinant W (n, &) = m&s — &1m2 defined for n, & € C2:

(2.72) aN) = Wloo(mNe ™, gy (as N)e ),
(2:7b) b)) = Wlpw(a e ™ (a3 e ).

The coefficient b(\) is expressed by the Jost functions whose analytic domains in the A plane are
disjoint. As a result, b(\) cannot be continued into the complex plane of A\. On the other hand, a())
can be continued analytically into the complex plane of A, according to the following result (see Lemma
2 in [20]).
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Proposition 3. Under the same assumption on u as in Proposition 1, the scattering coefficient a(\)
can be continued analytically into {\ € C : Im(A\?) > 0} with the limit

oo = lim a()) = ez iz,
[A| =00
Similarly, ﬁ is continued analytically into {\ € C: Im(\?) < 0} with the limit
¢ |>\\1£>nooa( )=e

1
_E”“”2L2_

Since an # 0 if u € L2(R), the following corollary holds by a theorem of complex analysis on zeros
of analytic functions.

Corollary 1. Under the same assumption on u as in Proposition 1, the scattering coefficient a(\) has
at most finite number of zeros in {\ € C : Im(A\?) > 0}.

If a potential u is sufficiently small, then one can easily deduce that a(\) has no zeros in the domain
of its analyticity. As is explained in Remark 5 in [20], a()\) # 0 for every Im(\?) > 0 if

72 + \/HuHLl(QHaxUHLl +lullgs) < 1.

However, for sufficiently large u, the spectral coefficient a()\) may have zeros for some Im(\?) > 0. We
distinguish two cases, according to the following definitions.

Definition 1. If a(Ag) = 0 for Ao € RUIR, we say that Ao is a resonance of the spectral problem (1.2).

Definition 2. If a(Ag) =0 for A\g € C; := {Re(A) >0, Im(A\) > 0}, we say that N is an eigenvalue
of the spectral problem (1.2) in C;. An eigenvalue is called simple if a’(Ag) # 0.

Remark 1. By the symmetry of the KN spectral problem (1.2), if a(Ao) = 0 for N\g € Cj, then
a(—)\o) = 0.

Remark 2. If u € HYY(R), then the assumption of Propositions 1, 2, and 3 are satisfied so that
u € LY(R) N L®(R) and O,u € L*(R). To enable the inverse scattering transform, we will work with u
in H2(R) N HYL(R).

The main assumption of Theorem 1 excludes resonances but includes simple eigenvalues. Thanks to
Corollary 1, the number of eigenvalues is finite under the assumptions in Proposition 1. Therefore, the
initial datum ug of the Cauchy problem (1.1) in H?(R) N H*!(R) may include at most finitely many
solitons.

Let Zy be a subset of H?(R) N HY1(R) such that a(\) has N simple zeros in the first quadrant C;.
Zeros of a(A) are assumed to be simple in order to simplify our presentation. This is not a restricted
assumption because the union of {Zx}yen is dense in space H2(R) N HY1(R) thanks to the classical
result of Beals & Coifman [1]. Indeed, as is known from [12] (see also [20]), the Kaup-Newell spectral
system (1.2) can be transformed to the Zakharov-Shabat spectral system by the transformation

- 5 [2° lu(y)|?dy
€2t Jx 0 ]. O
Y@ = [ 0 e~ Jo lu()Pdy ] [ —(z) 20\ ] (@),

where 1; satisfies

oS PN [ VN 0 e I lutw) Py
28) Oy = [_M 73 +Q(“)} bR =g [ (201, + T[uf2)el [ )y 0 '

Eigenvalues of the spectral problems (1.2) and (2.8) coincide and the potential Q(u) is now defined in
L'(R) under the assumption that u € H%!(R). Proposition 2.30 in [1] yields the following result.

Proposition 4. The subset Z := |JX_; Zn is dense in H*(R) N HY(R).
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Let v € Zn and a(\) vanishes at some A\; € Cr, j € {1,2,..., N}. It follows from the definition of
a(A) in (2.7a) that the Jost functions ¢_(x; )\j)e_i’\gm and ¢4 (x; )\j)ei’\ix are linearly dependent. This
implies that there is a norming coefficient ; € C such that

(29) (p*(xv )‘j)eii)\?x = ’Y](l)+(1‘7 Aj)ei/\?a% YIS R> ] € {1>2> 7N}

Since ¢_(x; )\j)e_i/\? ¥ and ¢4 (z; )\j)ei’\? ¥ are uniquely determined by Proposition 1, the norming coef-
ficient ~; is determined uniquely.

iX2x

Remark 3. Because \j € Cy, the Jost functions p_(x; /\j)efi)‘iz and ¢4 (x; Aj)e"3" in (2.9) decay to
zero as |x| — oo exponentially fast. Hence, they represent an eigenvector of the spectral problem (1.2)
for the simple eigenvalue \j € Cy.

3. BACKLUND TRANSFORMATION

In order to define the Bécklund transformation in the simplest form, let us introduce the bilinear
form dy that acts on C? for a fixed A € C. If p = (n1,m2)! and € = (&1,£1)! are in C2, then

(3.1) da(n, &) == A&y + Ao
We further introduce

(3.2) Gl = B g Sy() = 20 — B2

dx(n,n) dx(n,m)
Useful algebraic properties of dy, G, and Sy are reviewed in Appendix A.
The Bécklund transformation can be expressed by using operators GG and Sy. Let us first give an
informal definition of the Backlund transformation and then make it precise.
Suppose that u is a smooth solution of the DNLS equation and 7 is a smooth solution of the
KN spectral problem (1.2) associated with the potential u for a fixed A € C\{0}. The Bécklund
transformation B (n) is given as

(3.3) Bi(n)u := GA(n)[=Ga(n)u + Sx(n)]-
We intend to show that B (n)u is another smooth solution of the DNLS equation. Note that
Ga(n) =—1 and Si(n) =0 if XAeRUIR,

which implies B (n)u = —u in this case. Therefore, it makes sense to use the Bécklund transformation
(3.3) for a value of A outside the continuous spectrum located on R U iR, e.g. for A € Cj.

The transformation (3.3) has been derived by a constructive algorithm in [27], where it is called
the 2-fold Darboux transformation. It must be noted that, since n depends on u via the KN spectral
problem (1.2), the transformation (3.3) is nonlinear in u. The function B)(n)u depends on variables ¢
and x, whereas the value of \ is fixed. The quantities u, 1, as well as A € C\{0} affect By (n)u, e.g.,
depending on 7 and A, the transformation can be used to obtain different families of solutions from the
same solution wu.

Let u(t,-) € H?(R)N H“*(R) be a local solution of the Cauchy problem (1.1) defined for t € (=T, T)
for some T" > 0. Such solutions always exist by the local well-posedness theory [10]. Assume that
u(t,-) € Z; which means that the solution to the DNLS equation contains a single soliton related to
a simple eigenvalue A; € C; of the KN spectral problem (1.2). By using the Bécklund transformation
(3.3) with A = Ay and 1 being an eigenvector of the KN spectral problem (1.2) for the same A;, we
define u(!) = By, (n)u as a function of (t,z). We would like to show that
(i) vV € H*(R) N HM(R);

(ii) uM) € Z,, that is, the new solution does not contain solitons;
(iii) By, () has the (left) inverse so that u = [By, (n)] " u(V;
(iv) uD(t,-) = By, (n(t, -))u(t,-) is a solution of the DNLS equation for t € (=T, T).
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Properties (i) and (iii) are shown in Lemma 1. Property (ii) is shown in Lemma 6. Property (iv) is
shown in Lemma 9.

In order to obtain the global well-posedness of the Cauchy problem (1.1), we want to extend an
existence time T' of the solution u(t,-) € Z; to an arbitrary large number. Importantly, the global
existence of the solution u"(t,-) € Zy is known from the previous works [15, 20].

Let By, (7)) be the inverse of By, (n) for some function 7V, that is, By, (nV)u™) = u. Although
the choice of n(!) is generally not unique, we will show in Lemmas 2 and 7 that n") can be fixed as
a unique linear combination of Jost functions of the KN spectral problem (1.2) associated with the
potential u(V). By analyzing the Bécklund transformation (3.3), we obtain from Lemma 8 the global
estimate in the form

(3-4) lu(t, M mzamms = 1Ba (1 (&, )uD () | r2amis < O,

for every uM(t,-) satisfying ||u™ (¢, )| g2amr: < M, where the constant Cp; depends on M but does
not depend on u(Y). Since ||u (¢, -)|| grzrp11 is finite for all times ¢ € R (but may grow as [t| — o) by
the previous results [15, 20], the bound (3.4) yields the proof of Theorem 1 in the case of one soliton. By
using recursively the Backlund transformation (3.3), the result for any number of solitons follows from
the result for one soliton. Thus, the proof of Theorem 1 relies on the proof of the properties (i)—(iv),
the unique construction of n(!) for the inverse Bicklund transformation By, (1M (t,-)) = [By, (n)]

and the estimate (3.4). In the rest of this section, we prove properties (i)—(iii).

3.1. Transformation of potentials. The following lemma shows that the transformation (3.3) can
be defined as an invertible operator from u to u(!) in the same function space H*(R)NH ! (R). Since we
only use the KN spectral problem (1.2) here, we drop the time variable ¢ from all function arguments.

Lemma 1. Fiz A\, € C;. Given a potential u € H2(R)NHYL(R), define n(z) := p_(z; A1)e %, where
@_ is the Jost function for the KN spectral problem (1.2) in Propositions 1 and 2. Then, ") = By, (n)u
belongs to H?(R) N HY1(R). Moreover, the left inverse of By, (n) ewists.

Proof. First, we notice that dy, (n,n) = 0 if and only if = 0 because Re(A1) > 0. However, if n(xo) = 0
at a point 2o € R, then the system (1.2) suggests that 1’(xg) = 0 so that n(x) = 0 for every z € R. Since
¢_(xz; M) satisfies the nonzero asymptotic limit (2.1) as  — —oo, then n(z) = ¢_(z; A )e" M7 £ 0
and dy, (n,n) # 0 for every finite z € R.

In order to deal with the limits as © — £o00, we note that Gx(n) = G(¢—) and Sx(n) = Sx(¢-) by
properties (A.4) and (A.5) of Appendix A. Therefore, it is sufficient to consider dy, (p—_,¢_) instead
of dy, (n,n). If a(\1) # 0, we claim that there exists 9 > 0 such that

(3.5) |dy, (o=, p—)| > €0, forall zeR.

Indeed, since dy, (p—,p—) — A1 as © — —oo and thanks to the arguments above, dy,(¢—,p—) may
only vanish in the limit x — 4o00. However, it follows from the representation (2.7a) that the limit
¢4 (x; A1) = eg as & — 400, and the fact that ¢_(-; A1) € L*°(R) imply that ¢_ 1(x; A1) — a(A1) as
x — 400 so that dy, (p—, p—) - 0 as © — +o00. Therefore, the claim (3.5) follows.

By using the triangle inequality, the bounds (B.1)—(B.2) of Appendix B, the bound (3.5), and
|G, (n)| =1, we obtain

IN

lull 21 + 153, ()l
_ ~2 —
lullgza + 255 1N = X1 |- a (o A)e—2C )|, < oo

] 2.

(3.6)

IN

The norms ||0,uM|| 2.1 as well as ||02u(D|| 2 are estimated similarly with the bounds (B.1)-(B.2) of
Appendix B and the bound (3.5).

If a(A1) = 0, the uniform bound (3.5) is no longer valid because dy, (¢—,p—) — 0 as z — +o00. The
estimate (3.6) can only be proved on the interval (—oo, R) with arbitrary R > 0. In order to extend the

estimate (3.6) on the interval (R, 00), we use (2.9) and write n(z) = o_ (2; A )e "M% = 510 (23 Ay )M,
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so that u(!) = By, (¢_)u can be rewritten as u) = By, (¢4 )u. Since dy, (1, d1) — A\ as & — 400,
we repeat the same estimates on the interval (R, c0) by using the equivalent representation of u®,
Next, we show the existence of the left inverse for By, (n)u. Let n* be a vector function and define

u(2) = B/\1 (U*)B/\l (n)u
= -Gy, (77*>2[_G>\1 (U)QU + G, (77)5/\1 (77)] + G, (77*>S>\1 (77*)

=Gy, (77*)2G/\1 (77)2u + Gy, (77*) [_G)\l (W*)GM (77)5/\1 (77) + S\ (77*)]
Then, By, (n*) is the left inverse of By, (n)u if n* satisfies

(3'7) G/\1 (77*)2G)\1 (77)2 =1

and

(3.8) =G (") G (M) Sx () + Sy, (n*) = 0.
System (3.7) and (3.8) is satisfied either for

(39) G)q (77*) = G)xl (77)7 S>\1 (77*) = S)q (77)
or for

(310) Gz\l (77*) = _G)q (77)7 S)\l (77*) = _S/\1 (77)

Let us show that the choice (3.10) is impossible if A\ € Cj.
Since n(x) = ¢_(x; )\1)6_”‘%“3, we have Gy, () — A\1/A1 as © — —oo. Writing

A |7716|2 X

1 |7]§|2 + A

GM (77*) = = FHE )
A1 |7I%|2 + )\1

we realize that |n]|/|n5| - 0 as © — —o0, as it would contradict to the first equation in (3.10) with
A1 # 0. From the second equation in (3.10), we can see that Sy, (n*) — 0 as x — —oo because
Sy, (n) — 0 as x — —oo. Since |nf|/|n3] - 0 as x — —oo, the limit Sy, (n*) — 0 as x — —oo implies
that |n3|/|nf| — 0 as ¥ — —oo. This implies that G, (n*) — A1/A1 as ¥ — —oo, or in view of the
first equation in (3.10), we obtain Re(\}) = 0. Since A\; € Cy, then arg(\;) = 7/4. Finally writing
AL = [A1|e”/* and using the first equation in (3.10) yields

i Pl + |3 [ |* = 0,
which cannot be satisfied with n* 0. This contradiction eliminates possibility of the choice (3.10).
Thus, we only have the choice (3.9) to define n* and to satisfy system (3.7) and (3.8). Since A\; € Cry,
the condition Gy, (n*) = G, (n) is equivalently written as

m i1 = a3,
so that there exists a positive number k£ such that
(3.11) Intl = klnal,  |mal = klm].

On the other hand, the condition Sy, (n*) = Sy, (n) yields

miz _ Aalm | + Mfnef?
M Ml + M)

which transforms after substitution of (3.11) to

. 2 N s |2
Mz Axlmel? + Arlm[?
where the right-hand side is of modulus one. Combining (3.11) and (3.12), we obtain the most general
solution of the system (3.9) in the form

(313) 771( = klﬁQ? 77; = kQﬁlv
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where k1, ko € C satisfying |k1| = |k2| = k. Thus, By, (n*) with n* given by (3.13) is the left inverse of
the transformation By, (7). O

In the following lemma, we specify a unique choice for the function n* constructed in the proof of
Lemma 1 and show that n* is a solution of the KN spectral problem (1.2) associated with the new
potential «(!) = By, (n)u and the same value \;.

Lemma 2. Under the same assumption as in Lemma 1, let nV) be given by

1 2 (1) it
3.14 gV=->r O N
(8:14) Lod(n) P dy ()

Then, nY is the solution of the KN spectral problem (1.2) associated with the potential u") = By, (n)u
and the same value \1.

Proof. We recall that 7 is a solution of

(3.15) 0z = [—iXjo3 + MQ(u)n,

as follows from the KN spectral problem (1.2) for A = \;. By using system (3.15), we obtain
2\ 1 — . ~

(3.16) Budy, (n,m) = (AT = A1) [uigye — ida|m|® + idalna[?] .

By using (3.14), (3.15), and (3.16), we obtain

<2
. 1 - 2. (A2 — XDy ¢ . ~
Oy (1)—|—z/\2 M — = | Nu +i(N2 =X\ L AR, — A 240N 2
m M ) [ 1umy + (AT 1)772} NCE [uigy e — @A |m| 1lm2?]
A7

. -9 _
m [—udxl (n,m) + 2@(/\% — )\1)771772} — Alu(l)nél)'
1 9

Similarly, we obtain

2

- 1 T = T2\ W=D o~ 2
8D —ix2p = Xumy — i(AT = X)) | + 5o [umy + ida|m|® — i
P —idtn? = g [N —i08 = X0m] + G [ + b = i e
A1)y _ 2 Y2\ —(1),(1)
=~ | Tudx (0,n) + 20 — ATz | = —Aut gy
[dxl(’r]a 77)]2 [ 1( ) ( 1 1) ] 1
Thus, we have proven that 77(1) satisfies the KN spectral problem (1.2) with the potential 1™ and the
same value A = \1. O

In the construction of Lemmas 1 and 2, the Jost function ¢_ was used in the choice for 1. The
following lemma shows that the same potential u) can be equivalently obtained from all four Jost

functions of the KN spectral problem (1.2) if A; is selected to be a root of the scattering coefficient
a(A).

Lemma 3. Assume that \; € Cy is chosen so that a(\1) = 0. Given a potential u € H*(R)N H"'(R),
it is true that

(3.17a) u(@) = By, (o (@ )e ™)u(z)

(3.17b) = By, (¢4 (23 2™ u(x)

(3.17¢) — By, (o (@ M)e M%)u(a)

(3.17d) = By, (6 (a3 M) u(z),

where the four Jost functions to the KN spectral problem (1.2) are given in Propositions 1 and 2.
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Proof. Representation (3.17a) was defined in Lemma 1. If a()\;) = 0, the representation (3.17b)
was also obtained in Lemma 1, thanks to the invariance of G and Sy under a multiplication by a
nonzero complex number a in properties (A.4) and (A.5) of Appendix A and the relation (2.9) between
o_(z: M)e" M7 and ¢ (23 A1)eM®. In order to establish (3.17¢), we use the symmetry relation (2.4)
as well as properties (A.6) and (A.7) of Appendix A and obtain

Gy (- (50) = Gy, (1039 (5 M) = Gy, (- (@3 3-)) = Gy, (6- (w3 3-)

and

S (- (@3 M) = =Sn, (130 (@:21) = =Sy, (0- (5 \) ) = Sy, (6 (23 2)).
The transformation formula (3.3) yields (3.17¢). Finally, the representation (3.17d) is obtained from
the relation between <,0+(:10;X1)e_isz and <Z>_(:U;X1)eiﬁ‘” in the case a(A1) = 0 that corresponds to
a(M\1) = 0. O
3.2. Transformation of Jost functions. For values of A € C\{x\}, Jost functions of the KN

spectral problem (1.2) associated with the new potential u") = By, ()u can be constructed from the
old Jost functions by using the transformation matrix

M1 RGN P —gSam) ]
M AZ— A2 25, () =N*G, () + [\ [?
The following lemma presents the new Jost functions of the KN spectral problem (1.2) associated

with the new potential u™"). Since u") € H?(R) N H“!(R) by Lemma 1, the new Jost functions exist
according to Proposition 1.

(3.18) Mn, A, M =

Lemma 4. Under the same assumption as in Lemma 1, let us define for A € C\{£\1, £\1},

(3.19a) PN (@A) = Mlp_ (23 M)e M X Ao (23 \),
(3.19b) “)( N = Mlps (s a)e ™%\ Mg (a5 M),
(3.19¢) Was)) = —Mlpy(w: \)e™7 N Mgy (230),
(3.19d) ¢<”<m N = =M (w3 )e™ T\ Mo (w5 )).

Then, {(pil)(a:; /\)e_i’\2x,¢$)(a}; N)eN* TV are Jost functions of the KN spectral problem (1.2) associated
with the potential ") = By, (n)u.

Proof. First, we prove that the transformations (3.19a)—(3.19d) produce solutions of the KN spectral
problem associated with the potential u(!). Tt is sufficient to consider the first Jost function in (3.19a).
Therefore we shall verify that

(3.20) Da (W (; N)e™¥'7) = [_i)‘fos + QM) | oM (@ A)e =2,

Denoting entries of M[p_(x; )\1)67“‘%1, A, A1) by M;j for 1 < 4,7 < 2 and using the KN spectral problem

(1.2) for p_(x; )\)e_"vx, we obtain the four differential equations:
(3.21a) Op My — NuMyy = A My

(3.21D) O My + MMy = Au Moy — 2iN2 M,
(3.21¢) Oy Moy — NuMay = —XuV) My + 202 My,
(3.21d) Oy Mag + MuMyy = —Mu'M My,

By using equation (3.16), we obtain

A2 N . —2 L _
(3.22) 8:G, () = 7%1(77 3]2 2i(A] — AP Im2l? — dx, (0, n)umm, — dx (n,n)umnz| ,
1 b
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from which we verify equation (3.21a) as follows:
AN NN
A2 = A [dn, (m, )]

The proof of (3.21d) is based on the complex conjugate of equation (3.22) and similar computations.
Equation (3.21b) is equivalent to

0:(Sx, (m)) = —2i(u + uM)[ A,
This equality holds by means of the following two explicit computations:

2i(A3 — A}) 201, 4 4 L2,
(323) aacsz\l (77) - [d/\ (77 77)]2 [_u‘)\l‘ (‘771‘ - |772| ) - 2Z|A1’ 771772dX1 (77777):|
1 )

Op My — XubMio =

. <2 _
5 [QZ(X‘{ = XD PIn2l* = dx, (n,mumyne | = Al Myy.

and

(3,20 W)y MR = XDl mal?) | 2OF = X)mads, (,1)

[dh (n, 77)]2 [d>\1 (n, 77)]2
Hence, we have proven (3.21b). Equation (3.21c) is obtained from complex conjugation of (3.23) and
(3.24) as well as similar computations.

Thus, the function go(_l) (z; )\)e_i)‘% satisfies equation (3.20), that is, it is a solution of the KN spectral
problem (1.2) associated with the potential u() = By, (n)u. Similar computations hold for the other
functions gogrl)(x; A)e~iN*% and ¢5$)(x; A)eiN*® given by (3.19b)—(3.19d) are solutions of the KN spectral
problem (1.2) associated with the potential u") = By, (n)u. Since G, (1) and Sy, (1) are bounded in

x for all considered choices for 7, the functions <p$ )(a:; A) and ¢$ )(:L'; A) are bounded functions of z for
every A € C\ {1, £\ }.

It is left to check the boundary conditions (2.1) in Proposition 1. The boundary conditions follow
from properties (A.8) and (A.9) in Appendix A as follows:

(325) M[ela >‘a )\1]81 = €1, M[627 )\> )\1]62 = —e€2.
Since u(!) € H2(R) N HY1(R) satisfies the assumption of Proposition 1, the four functions (3.19a)-
(3.19d) are the unique Jost functions of the KN spectral problem (1.2) associated with u(%). O

Since the definitions (3.19a)-(3.19d) with the transformation matrix (3.18) are singular as A —
{£X1,£)\1}, we show that the singularity is removable, so that the definitions (3.19a)—(3.19d) can
be extended in the domains of analyticity of the Jost functions ¢4 (z;A) and ¢4 (x; \) according to
Proposition 2.

Lemma 5. Let o1 (2: ) and ¢ (z;\) be defined by (3.19a)~(5.19d). Then, A = +X; and X = £\
are removable singularities in the corresponding domains of analyticity of gag)(x; A) and Qﬁg)(x; A).

Proof. Tt is sufficient again to consider the first Jost function go(_l)(ac; A) represented by (3.19a). By

M _ (oM,

using the notations p_ = (¢_1,¢_2)" and ¢ 90_71,@_72)'5 for the 2-vectors and dropping the

dependence on z, we obtain for A € C;UCrr \{£\1}

A ()\2dxl(<ﬂ—7 p-) — [MPdy, (-, 90—>> po1(A) = AN - X?)80—,1()\1)90—,2(/\1)%7—,2()\)

)
=5 V=3 oy (o)
A =AMl i) Pe-a (V) + F(V
DY (A2 = A2) dy, (o, ) ’
where

F(N) = (A = 2D Alp— 2(0)Po—1(A) = A3 = ADe—1(A)p—2(0) - 2(A).
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Since ¢_1(A) is even in A and ¢_2(A) is odd in A [20], we obviously have F()\l)

F(=X1) = 0.
), where F' is

Furthermore, F is analytic in C; U Cy;; by Proposition 2, hence F()\) = (A2 — A\)F F(\
analytic in C; U Cjyr7. Thus, we obtain

_ A Adlpoa (M) Pe-i (M) + F()\)
A dx, (o, p-)

)

so that £\ are removable singularities of gp&l’)l(A). Similar calculations show that £X; are also remov-

able singularities of @97)2(A). O

3.3. Transformation of scattering coefficients. We next transform the scattering coefficients a(\)
and b(\) given by (2.7a) and (2.7b) and show that the new potential u(!) belongs to Zy c H?(R) N
HY1(R) if the old potential u belongs to Z; C H?(R) N HY1(R) and the value A\; € C is chosen to be
the root of a(A) in C;. The following lemma gives the corresponding result.

Lemma 6. Let u € Z) and A\ € Cy such that a(A\y) = 0. Let n(z) = ¢_(x; A\ )e" ™7, where ¢_ is the
Jost function of the KN spectral problem (1.2) given in Propositions 1 and 2. Then, u") = By, (n)u
belongs to Zy.

Proof. In order to show that u(Y) € Zy, we show that if the only simple zero a(A\) = W (@_(:; \), ¢4 (-; \))
in C; is located at A = A1, then aM()\) := W(go(_l)(-; )\),qbg_l)(-; A)) has no zero in Cy, where go(_l) and
¢(+1) are given by (3.19a) and (3.19¢) in Lemma 4. This follows from the direct computation as follows:

oW (@; 1), 6 (23 0))

3.26a) aV(\) = W(
(M- (5 A)e™ 8% X Al (25 ), =M (25 M), 0 M by (25 A)
(

(
(3.26b) = W
(3.26¢) = W(M[p—(2; A1), A, M]o—(2;A), =M[p— (23 A1), A, Ai]d (23 X))
(3.26d) = —a(A) det (M]p—(z; A1), A\, A1)
(3.26e) = —a(\)det (M[e1, \, \1])
A2 A2 X
(3.26f) = a()\))\Q/\Q A%,

where we have used (3.19a) and (3.19¢) to get (3.26b), (2.9), (A.4), and (A.5) to get (3.26¢), (2.7a) to
get (3.26d), the limit x — —oo to get (3.26e), and (A.5), (A.8) and (A.9) to get (3.26f). Since A is
the only simple zero of a()\) in Cy, then (Y (\) has no zeros for X in Cj. O

Remark 4. For completeness, we also give transformation of b(\) to b () as follows:

BN = W (e 2V (@ 0), oM (2;0)
= W (e 270 (@3 0), Mlp_ (a3 M)e ™A, M- (25 0))
= W (e (1), Mgy (1 M), A M la(N) gy (3 4) + €270 by (5 M)])

= b()\)W(el, M[eg, )\, /\1]62)
—b(),

where the term with a(\) vanishes in the limit © — 400 because W (e1,e1) = 0 and we have used the
following limits as x — +o0

2
M4 (3 A1), X\, Al (3 0) = Mlea, A, Mer = S —"12¢
1

and LpSLl)(x; A) = eq.
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By Lemmas 1, 2, and 6, we have shown the existence of a sequence of invertible Backlund transfor-
mations Z1 — Zy — Z1 given by
u— By, (n) = u) = By, (nV) — w.
Next, we express (1) in Lemma 2 in terms of the new Jost functions cp$ ) and ngEl ) associated with ()
in Lemma 4.

Lemma 7. Fiz \; € C; such that a(A\1) = 0 and a/(\) # 0. Let n and nV) be given as in Lemmas 1
and 2. Then, nV is decomposed as
1 ixZe (1) 1
=——¢¢ "M (M) =———
T WG I WAOTIW
o))

where the new Jost functions >’ and ¢$) are constructed in Lemmas 4 and 5, v1 # 0 is the norming
constant in (2.9), and aV(\1) # 0 as in Lemma 6.

Proof. We use notations n(t) = (ngl),nél))t and ¢_ = (¢_1,¢—2)" for the 2-vectors. Components of

nM given by (3.14) are rewritten explicitly by

(3.27) W (z) eMe gl (@3 0),

iX2x iX2x
(1) eMTp_ o(x; M) (1) eMTp_ (x5 M)
3.28 n (x) = , My () = .
(3:28) L) = e @) T e @) e (@)
Since li}r_n w_(x; A1) = e1, we have
. 1 1

3.29 lim e MTpM(p) = — o) = —¢,.
(3.29) Lo n(x) dy (e, 1) 2 ¥ 2

By using the relation (2.9) with the norming coefficient 1, components of nM can be rewritten in
the equivalent form:

=N Y Y
3.30 (W p) = ¢ "bral@iM) X
(3-30) m (@) mdx (64 (23 A1), D4 (25 A1) "

Since lim ¢4 (z;A1) = ez, we have
r—r-+00

(2) = e~ M7 (25 M)
Y1d5, (¢4 (23 A1), (25 M1))

. 1 1
3.31 lim 7y (z) = ep = —er.
(3.31) oo (@) y1dy, (€2, €2) | TAL '

By Lemma 2, (1) is a solution of the KN spectral problem (1.2) associated with the new potential

uM for X\ = A;. By Lemmas 4 and 5, the two new Jost functions go(_l)(x; A) and ¢S_1)(x; A) are analytic
at A\1. Any solution of the second-order system is a linear combination of the two linearly independent
solutions, so that we have

nM(x) = 61Q0(_1)(x; )\1)6*“‘% + 62(]55:)(33; /\1)60\%17

where ¢1, ¢ are some numerical coefficients. Thanks to the boundary conditions (2.1) and the repre-
sentation (2.7a), we obtain the boundary conditions

(3.32) lim e_iA%xn(l)(:B) = coaM(\)ea, m eiA%xn(l)(x) = craM (\)ey,

li
——00 T—+00

where we have recall that A\ € C;. Since a(l)()\l) =% 0 by Lemma 6, ¢; and ¢ are found uniquely from
(3.29), (3.31), and (3.32) to yield the decomposition (3.27). O

Remark 5. Instead of the decomposition (3.27), we can write

because the Backlund transformation (3.8) is invariant if 77(1) 1s multiplied by a nonzero constant.
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Lemma 8. Under the same conditions as in Lemma 7, for every ut) € H2(R) N HYY(R) satisfying
|uW|| gr2npra < M for some M > 0, the transformation By, (nM)u™) € H2(R) N HY1(R) satisfies

(3.34) 1B, (1)ul | gz < O,
where the constant Chy does not depend on u).

Proof. By the representation (2.7a), we have
W) = )( M (23 \)e M 4 ¢$7)1($;A1)6iA%x> ¢(1) (3 A )&
= (s A)e ™M 4y 9 (e M) ) 6 (w5 Ay e
< 16 G Al (oD @) + eXenl ()] )

Since a™™(\1) # 0 by Lemma 6 and |dx(1,7) > [Re(A)|(|n1]? + |m2]?), it follows from (2.2) that there
is a constant Cy; > 0 independently of ") such that

1
- - <C for all x € R.
ldx, (X2 (z), eMonM (z)] = M

By using he same argument, we also obtain

- —ix2z, (1 —ix2z, (1
a0 < e A e (Jem ¥ (@) + e (@)

such that
1

’d)\l (e—ikfzn(l)(x)7 e—i)\fm,r](l) (x)|
As a consequence, by using the bound

o) (5 A1)y (5 00) f il 160 (@3 A1)y (a3 M)
EN (ei)\%rn(l)7ei>\%zn(1))| 1 Idy, (e ZiNg (1) ¢ —in2 T D))

10D (@ 2)6 W, (3 )]+ 160 (@5 3) Wy (@5 )|
|dx, (0, nM)] ’

<(Cp forallx e R.

77% )= (1)

dx, (n ()777(1))

+[71]

and the bounds (B.1)—(B.2) of Appendix B, we obtain
153 (n)u V| 2 < Car.

Similar to the proof of Lemma 1, this implies by the triangle inequality that
1B, (0 )uV] 21 < Cor.

The norms ||, (B, (n™M)uM)|| 21 and [|02(By, (n™M)uD)|| 2 can be estimated similarly with the use
of estimates (B.1)—(B.2) of Appendix B, so that the proof of the bound (3.34) is complete. O

4. TIME EVOLUTION OF THE BACKLUND TRANSFORMATION

Here we will prove property (iv) claimed in Section 3. In other words, extending the Jost function
w_(t,z;\) to be time-dependent according to the linear system (1.2) and (1.3), we will prove the
following lemma, which is a time-dependent analogue of Lemma 1.

Lemma 9. Fiz A\; € C;. Given a local solution u(t,-) € H*(R)N HY(R), t € (=T, T) to the Cauchy
problem (1.1) for some T > 0, define n(t,z) := @_(t, 3 \1)e "OTT2X0) where o_ is the Jost function
of the linear system (1.2) and (1.3). Then, uM)(t,-) = By, (n(t,-))u(t,-) belongs to H*(R) N HY-Y(R)
for every t € [0,T) and satisfies the Cauchy problem (1.1) for u(l)(O, ) =B, (1(0,-))u(0,-).
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One way to prove Lemma 9 is to show that the time-dependent versions of the transformations
(3.192)(3.19d) satisfy the time evolution equation (1.3) associated with the potential u()(t,-) =
By, (n(t,))u(t,-). By compatibility of the linear system (1.2) and (1.3) as well as smoothness of
the new Jost functions and the new potential u(!), it then follows that u(")(¢,z) is a new solution of
the DNLS equation du; + ugzy + i(|ulu), = 0.

However, the proof of the above claim is straightforward but enormously lengthy. Therefore we will
avoid the technical proof and instead make use of the inverse scattering transform for the soliton-free
solutions to the Cauchy problem (1.1), which was developed in the recent works [15, 20]. We explain
the idea for the case of one soliton and then extend the argument to the case of finitely many solitons.

Let u(t,-) € Zy € H*(R) N HY(R) be a local solution of the Cauchy problem (1.1) on (=7, T) for
some T > 0. For every fixed time ¢t € (=T, T') we find a new potential of the KN spectral problem (1.2)
by means of the Bicklund transformation u()(t,-) = By, (n(t,-))u(t,-). If \; € C; is taken such that
a(A) = 0, then uM(t,-) € Zy. On the other hand, let %u(t,-) € Zy be a solution to the Cauchy problem
(1.1) starting with the initial condition %(0,-) = u"(0,:) € Zy. Since assumptions of [20, Theorem
1.1] are satisfied, the solution u(t,-) € Zy exists for every ¢ € R, in particular, for ¢t € (=7,7T). The
following diagram illustrates the scheme.

u(0,-) € Z3 u(0,-) € Zy

DNLS
DNLSl \
?

u(t,) € Z uD(t,) € Zg~—1lt,) € Z, te (=T,T).

Thus, the proof of Lemma 9 in the case of one soliton will rely on the proof that (t,-) = uM(¢,-) for
every t € (=T,T). To show this, we will first prove that the two functions have the same scattering
data.

Lemma 10. For everyt € (=T, T), the potentials u(t, ) and uM(t,-) produce the same scattering data.

Proof. We know that both functions %(t, -) and u(?) (¢, ) remain in Zy for every ¢t € (=T, T). Hence the
scattering data consist only of the reflection coefficient which is introduced in [20]. For the potential
u(t,-) € Zy with t € (=T,T), we have r(t,\) = b(t,\)/a(t,\) for A € RUiR. Let us denote by
rM () = bW (¢, A)/aV (¢, \) the reflection coefficient of u)(¢t,-) € Zy for t € (=T, T). Lemma 6 and
Remark 4 tell us how the old and the new reflection coefficient are connected:

A2 A2 N
(4.1) (A = —r(t N33y ACRUR, te (L)
AN T

If we take into account the time evolution of the reflection coefficient when the associated potential is
a solution to the DNLS equation (see [20, Eq. (5.2)]) we find

r(t, \) = r(0, ! te (-T,T),
which implies by virtue of (4.1) that
(4.2) rD(t,A) = rD(0, Nt e (=T,T).

For the reflection coefficient 7 of the potential % we know (1) (0, ) = 7(0, \) since u()(0,-) = (0, -).
By using the trivial time evolution of the reflection coefficient [20] and the expression (4.2), we obtain

(4.3) F(t, A) = 7(0, N = (0, N =y (D (¢, \), te (-T,T).
The assertion of the lemma is proved. Il

Corollary 2. The potential uV)(t,-) = By, (n(t,))u(t,-) is a new solution of the DNLS equation for
te (-1,7T).
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Proof. In [15, 20], existence and Lipschitz continuity of the mapping
LY (RUIR) D X 57 u € Zy C H*(R) N HY(R)
was established by means of the solvability of the associated Riemann—Hilbert problem (see [15, 20] for
details on X). Therefore, the mapping is bijective and (t,-) = uV(t, ) for every t € (=T, T) follows
from Lemma 10. Since ¥ is a solution of the DNLS equation, so does u(). O
The proof of Lemma 9 in the case of finitely many solitons relies on the iterative use of the argument

above. For a given u € Zy, k € N, we remove the distinct eigenvalues {\1,...\;} in C; by iterating the
Bicklund transformation k times. We set u(®) = v and

u =By, (Y, (<1< k),

such that eventually u®) € Z;. The arguments of Lemma 10 and Corollary 2 apply to the last
potential u®). As a result, we know that the k-fold iteration of the Bécklund transformation of a
solution u(t,-) € Z of the Cauchy problem (1.1) for ¢ € [0,T) produces a new solution u(*)(t,-) of the
Cauchy problem (1.1) for u(¥)(0,-). Thus, the following diagram commutes.

u(0,-) € Zy —=u1(0,.) € Zy_1 — - —=u)(0,.) € Z
DNLSl \LDNLS
u(t,-) € Zy Hu(l)(u NE Ly —> - Hu(k)(t, ) € Zy, te (=T,T)

Remark 6. We do not prove here that every step in the chain u — v — -« — u®) yields a solution
of the DNLS equation. Although this claim is likely to be true, the proof would require the inverse
scattering theory of [15, 20] to be extended to the cases of eigenvalues.

5. AN EXAMPLE OF THE BACKLUND TRANSFORMATION

Let us give an example of the explicit Backlund transformation that connects the zero and one-soliton
solutions of the DNLS equation. In order to find the one-soliton solution in the explicit form, we assume
that we start with a potential uy, -, (¢,2) € Z; with eigenvalue A\; € C; and norming constant v; # 0,
for which the Bécklund transformation (3.3) in Lemma 1 yields exactly the zero solution:

(5.1) u) = B, (n)uhfh =0.
For the zero solution, we know that the Jost functions of the linear system (1.2) and (1.3) are given by
¢$)(t7x; ) = efi()\21+2)\4t)61’ ¢$)(t,x; A) = ei(A2x+2)\4t)62'
Hence, a(Y(\) = 1 and b (\) = 0. Now we set
(5.2) DD (t,z) = 1 -2y iei(vmww)@_
'71)\1 )\1

By Lemma 7, the potential uy, ,, which we started with, can be recovered by means of the inverse
Backlund transformation

(5.3) Uy = By (77(1))0'
Explicit calculations with (5.2) and (5.3) yield the explicit expression
—2i(A\2z+2X%t) X1|,yl|—1‘e—i(>\%m+2>\‘llt)|2 + >\1|,Y1||6i()\%x+2)\‘11t)|2

. ~2 V]_ (&
5.4 t,x) = 2i(A\f — X))+ =
(54)  ux (@) 1Ay 1) |71] ‘e—i()\%m+2)\‘llt)’2 ()\1|,yl|—1’e—i(,\fx+2,\‘llt)|2 + )\1|,yl|‘ei(,\§:p+2>\‘11t)‘2)2’

which coincides with the one-soliton of the DNLS equation in the literature (see e.g. [12]).

Remark 7. It is less straightforward to find the explicit expressions for the Jost functions of the linear
system (1.2) and (1.3) with the one-soliton potential uy, -, because the expressions (3.19a)-(8.19d) can

only be used in one way from {o+, P} to {gog_Ll), ¢$)}; which is hard to invert.
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Remark 8. For sake of completeness, we can rewrite the one-soliton solution (5.4) in physical nota-
tions. By defining

21n(|m|) Im(A1)
=4\ ! = —4Re(} = ———, 4= 3arct

w | 1| 9 v e( 1)? $0 \/m? a‘rg(’yl) +7T + arctan Re()\l)
with the obvious constraint 4w — v2 > 0, uy, ~, s rewritten in the form used in [2]:

(5.5) Uny i (1 T) = Guoo(T — VE — ag)e PTG @00 =51 [T (o () Py

where

2y/w cosh(V4dw — v2zx) —v e
Do) = 2(4w — v?) '

By the computations in Lemma 6 and Remark 4, we obtain
2
AL A2 — )2

(5.6) a(A) = =
ATz -3

for the one-soliton potential uy, -,. For the L?(R) norm of the one-soliton (5.5) we find
(5.7a) [uag 7 = 2V4w — 112/ 2fcosh =
(5.7b) = 8arctan (M>

2y/w—wv

(5.7¢) — Sarctan @8;)

(5.7d) = 8arg(\).

Here we have used an explicit integral formula found in [7, Section 2.451] in order to obtain (5.7b). The
equality between (5.7c) and (5.7d) holds because of A\; € C;. We use (5.7) to confirm the asymptotic
limit in Proposition 3,

~2
lim a()\) = % — e—4iarg()\1) _ Q%Huxlv’Yl”iQ'
N 2

By using the representation (3.14) in Lemma 2, the explicit formula (5.2), as well as the relation
dy,(1,1) = [dx, (1D, )]~ we can also find the function 1 = (171, 72)" in the transformation (5.1):

N e—i(\z+2X]1)

(5.8) m(t,z) = Ar|e—iOFer2adn 2 ) e +2xfh) 2
and

— ~2 ~4

A\ et(A1z+2X, t)
(5.9) me(t,x) =

)\l‘e )\2x+2)\4t)‘2+/\ ’ez(/\Z:Jc+2)\4t)‘2

where v; = 1 is set for convenience. Since

dx, (n,m) = il
AT )\l‘e—i(A%x+2)\‘1‘t)‘2_i_Xl’ei(/\%x—i-w\‘l*t)‘Q

satisfies the constraint
. <2\
—dx, (n,n)ur, 7, + 2i(A] = A7, = 0,
we confirm the transformation (5.1) by using (5.4), (5.8), and (5.9).
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6. PROOF OF THEOREM 1

Let ug € Z; € H*(R) N HY'(R) and A\; € C; be the only root of a()\) in C;. From Lemma 6, if
n(z) = o_(x; \1)e~ 7, where ¢_ is the Jost function of the KN spectral problem (1.2) associated with

ug, then u(()l) = By, (n)ug belongs to Zy C H2(R) N H>(R). Also, by Lemmas 1, 2, and Lemma 7, the

mapping is invertible with ug = B, (n(l))u(()l) (j)

, where 77(1) is expressed from the new Jost functions ¢
and ¢$) by the decomposition formula (3.27).

Let T > 0 be a maximal existence time for the solution u(t,:) € Z1, t € (=T,T) to the Cauchy
problem (1.1) with the initial data ug € Z; and eigenvalue \;. For every fixed t € (—T,T), the solution
u(t,”) € Z; admits the Jost functions {1 (¢, 2;\), ¢+ (t,x;\)}. For every t € (=T, T), define u(M) by
the Backlund transformation

u =By, (Nu, n(t,z) = p_(t, /\1)e—z'(>\§ac+2>ﬁllt)7
where we have used the boundary conditions (2.1) in the definition of p_ (¢, z; A1) for every t € (=T, T).

By construction (see Corollary 2), u(D(t,-) € Zy, t € (=T, T) is a solution of the Cauchy problem
(1.1) with the initial data u((]l) € Zy. By existence and uniqueness theory [15, 20], the solution u™ (¢, ) €
Zy is uniquely continued for every ¢t € R. Let {gpg)(t,az;)\),qﬁg)(t,x;/\)} be the Jost functions for
uD(t,z). For every t € (=T, T), we have u = By, (n))u!) with

1
nAaM (M)

where a(l) (A1) # 0 thanks to Lemma 6.
On the other hand, since u(l)(t, ) € Zp exists for every t € R, the associated Jost functions

{gail)(t, Ty A), gb(il)(t, x; \)} exist for every t € R so that we can define
i =By, (nMu® teR.

Since u(t,-) = u(t,-) € Z; for every t € (—T,T) by uniqueness, the extended function @ is an unique
extension of the solution u to the same Cauchy problem (1.1) that exists globally in time thanks
to the bound (3.4) proven in Lemma 8. Indeed, by [15, 20] we have ||uM(t,-)||g2nmi2 < My for
every t € (=T,T), where T" > 0 is arbitrary and My depends on 7. Next, by bound (3.4) we have
llu(t, M g2ngrr < Cuy for every t € (=T, T). Thus, the solution can not blow up in a finite time and
hence there exists a unique global solution wu(¢,:) € Z1, t € R to the Cauchy problem (1.1) for every
ug € Z; C H*(R) N HYY(R).

By iterating the Béacklund transformation k£ times and by the same argument as above, we obtain
the global existence of u(t,-) € Z, ¢ H*(R)N H“(R), t € R from the global existence of u*)(¢,-) €
Zo C H*(R) N HY(R), t € R. This completes the proof of Theorem 1.

1

—i(Xz+22dt), (1) t,xi )+ ——m—
e o (t, w5 M) )qa(l)()\l)

n(t,z) = im0 6D (¢, 01),

APPENDIX A. USEFUL PROPERTIES OF dy, Sy, AND G

Recall the definition (3.1) for the bilinear form dy acting on C? for a fixed A € C. One can easily
verify the useful algebraic properties of dy for every n € C? and a,b € C:

(Al) d>\(61,61) = )\, d)\(eg,eg) :X,
(A.2) dx(n,n) = dx(n,m), dx(an,bn) = abdx(n,n),
(A.3) dx(osn,o3n) = dx(n,m), dx(o1n,o1n) = dx(n,n).

where e; = (1,0)* and ey = (0,1) are basis vectors in C2, whereas o1 and o3 are Pauli matrices given
by (1.5).

Next, we recall the definition (3.2) of the operators Gy and Sy acting on C? for a fixed A\ € C. From
(A.1) and (A.2), Gy and S satisfy for every n € C% and nonzero a € C:

(A4) Gre) =5, Gale) =2, Calm) = Cxn), Galam) = Caln)

> >
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and
(A.5) Sxa(e1) = S(e2) =0,  Si(an) = Sx(n).
From (A.3), we also have
(A.6) Ga(o3n) = Ga(n),  Gi(o1n) = Gx(n)
and
(A7) —Sx(o3n) = Sx(n),  Sx(o1m) = Sa(n).
By using (A.4), one can verify the following properties for every A # A;:
ARG, (er) = Af MG (e2) =M N2a2 -3
(A.8) 2 12 =1, 2 _ 12 232 _ )2
A2 =AY A= AT A M
and
A9 NZLGy, (e2) = A ., ARGy, (en) = A a2 3
' A2 — )2 - 22— )2 ISVECDYE
1

These properties are used in Section 3.

APPENDIX B. ON REGULARITY OF JOST FUNCTIONS

Recall that if w € H'(R), then v € L'(R) N L>®(R) and d,u € L'(R), so that the assumptions
of Propositions 1 and 2 are satisfied. In what follows, we establish more regularity results for Jost
functions compared to what was established previously in [20].

Lemma B. For every u € H?(R) N HY(R) satisfying lull 2 mynm iy < M for some M > 0, let
o+ (z; /\)e*“‘% and (ﬁi(m;)\)eﬂ/\zx be Jost functions of the KN spectral problem (1.2) given in Propo-
sitions 1 and 2. Fiz \; € C satisfying Im(A\}) > 0 and denote p_ == p_(;M1) = (p—1,p-2)" and
¢t = ¢ (M) = (941, 04.2)". Then,

(B.1) (@) o—2llr2®) + @) 0o—llr2®) + (@)ool r2®) + 1020— |l 12®) < C,
and
(B.2) {x)ds 1l 2y + 1(2)0c s | 12wy + () 0204 | 2Ry + 11020+ | 12(R) < Ct,s

where the constant Cy does not depend on u.

Proof. We will prove the statement for ¢_ since the proof for ¢ is similar. From Proposition 1, we
know that ¢_ belongs to L>(R). Let us first show that the second component ¢_ 7 is square integrable.
Compared with Lemma 1 in [20], where the existence of Jost functions is proved uniformly in A, the
assertion of this proposition is easier to prove for just one A = A\;. We can work with the integral
equation for ¢_:

p-=e1+ Ko,

where the operator K is given as

Ko_ =X\ / [(1) egiﬁ?w_y)] Q(u(y))p-(y; \)dy.

— 00

This integral operator can be bounded as follows,

”(K(p_)l”lfx’(*oo 900):| 0 1 |:H90— 1HL°°(*oo:Jc )
’ < M|l 2 —so. 1 ’ TN
H(K907)2HL2(700,3:0) < Al ||L2( ,%0) ST (07) Ol | flo—.2 L2(—o0,20)

Thus, we deduce that for every fixed \; satisfying Im(A\?) > 0, there exists zp € R such that K
is a contraction on L% (—o0,xq) x L?(—00, (). Since u € L?(R), we can divide R into finitely many
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subintervals such that K is a contraction as shown above within each subinterval. By patching solutions
together, we obtain that ¢_ 5 belongs to L?(R) and satisfies

(B.3) lp—2llz2@) < Cmllullr2(w)

where C)s does not depend on wu.
Next, directly from the Kaup-Newell system (1.2), we obtain

6%0_71 = )\1ug0_,2 - 833(,0_,1 S L2(R)

and
am(p_’g = —)qﬂ(p_’l + Qi)\%go_,g —— 6m(p_,2 S L2(R).

Repeatedly, the Kaup-Newell system (1.2) directly implies that 02 € L%(R).
Next, in order to show xp_ o, write

Op(xp_2) = o+ x03p_2

and use the second component of the Kaup-Newell system (1.2) to get
Ou(Tp_2) = 2iN{TP_ 2 + P2 — NaTUp_ o
which yields the integral equation

T o(z) = / M@ o (y)dy — A / M@V ai(y)p_ o (y)dy.

—0o0
Since the right hand side is bounded in L?(R), we have z¢_ 5 in L?(R). Then, again directly from
the Kaup-Newell system (1.2), we obtain 20,¢p_,20%2¢_ € L*(R). Lastly, by differentiating the Kaup-
Newell system (1.2) twice and using the additional assumption u € H?(R), we obtain 93¢ € L?(R).
Combining all estimates together, we obtain bounds (B.1) for ¢_. O
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